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V Summary

Equations have been derived for the kinetics of transferring enzymes on the
assumption that the intermediate complex is ternary (enzyme—donor-acceptor)
rather than binary (enzyme-donor). Deductions have been made from these equations
which can be compared with the consequences of the most probable form of the
binary-complex hypothesis. The two hypotheses lead to the expectation of quite
different results in experiments using competing acceptors.

I. INTRODUCTION

The classical theory of enzyme action, as developed by Michaelis and Menten
(1913), envisages the reaction sequence
enzyme +-substrate = enzyme-substrate complex — products

or, in short notation,

ky kg
E+8 = ES - P.
ky

From the rate equation for the steady state of the system it follows that+

. Vs

S (kyt-ks) [y

s

T S+K,)

where v is the velocity of the enzyme reaction, K,, the Michaelis constant
[= (ky+ks)/k,], and V the theoretical maximum velocity when all the enzyme is
bound into the intermediate complex (= k,E). To Lineweaver and Burk (1934)
is usually assigned the credit of developing graphical methods for determining V
and K,, from kinetic data. The most used method is to invert the Michaelis—Menten
equation into the form

v

1 1 K,1
VT TR
If the plot of 1/v against 1/S is linear, then V and K,, can be determined from the
graph.

There exists, however, whole classes of enzymes for which it is doubtful whether
the simple Michaelis-Menten treatment can be applied. These include the transferring
enzymes where an acceptor (4) as well as the substrate (8), otherwise the donor
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t In equations throughout this paper E, S, X, etc. will be used to denote the concentra-
tion of the species E, S, X, etc.
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(D), is involved. A good deal of evidence, summarized in the following paper (Jermyn
1962), suggests that in this case the reaction sequence passes through a ternary com-
plex, EAD, acceptor and donor then being co-substrates.

Woolf (1929) was the first to investigate such ‘“‘two-substrate” systems and
our present knowledge of them has been summarized by Segal (1959). However,
such mathematical treatments as those of Alberty (1953) for what is here called the
sequential case and of Ingraham and Makower (1954) for what is here called the
reciprocal case have not, in general, been cast in a form readily applicable to such
enzymes as the transferring glycosidases. The present paper is an attempt to derive
expressions containing quantities easily measured in experimental work with such
enzymes in a form that can be used as the basis of empirical tests of mechanisms.

II. KineTics OF BINARY COMPLEXES
(@) Single Acceptor

The usual picture of the action of transferring enzymes in terms of binary
complexes may be illustrated for the specific case of glycosidases, which split the
glycosides, GlyOR. A variety of steric and other considerations (Koshland 1953)
lead to the belief that the reaction passes through a glycosyl-enzyme intermediate
(E-Gly) which then reacts with the acceptor (AOH) to give GlyOA and regenerate
the enzyme. This can be cast in a general form, applicable to all transferases, as

k, keg s k,
E+af = E.af fli_ﬁ? +y fE-ﬁy = E+By,
2 4 " 6 8

where of is the donor and y the acceptor, and leading to the equation*®

v = E(kkgksk,.aB.y—kokheks.a.py)/Z, (1)
where
Z = k1k3(k6+k7).aﬁ+k2k4(k5—}—k7)a+k5k7(k2+k3)'y
+ksks(k2+k3) By +kiky(keg +ky).af. atkyks(ks+ky) .aB.y
+k4ks(k2+k6)a-B'}"i’ksks(kz"‘k:s)')’-ﬁ%

This equation is that of a reversible reaction and not easily applied to the
analysis of data; if certain simplifying assumptions are made, i.e. that the measure-
ments are made under initial conditions where the concentration of the species a
and By is zero and that the reaction is irreversible (k, = kg = 0), equation (1)
reduces to

Yy — kykskes ADV )

Foyleglor D F gk (key +s) A oy ooy +-Fer) AD°
where species af is now written as D (donor) and y as A (acceptor). The condition of
irreversibility is fulfilled by the B-glucosidase system that is examined in the following

# For reasons of space, the detailed derivation of the equations in this paper will not be
given, but those which do not already occur in the literature in guises that are only formally
different (references in Segal 1958) may be obtained from the author.
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paper. Under initial conditions of a reversible reaction, i.e. where the only assumption
made is that the concentration of the species a and By is zero, the simplified form
of equation (1) is the same as equation (2), except that the coefficient of D in the
denominator is k,ks(ks+k,). The following treatment still applies with a little modi-
fication. Inverting equation (2)

LMl | bl b 1]
v_V[ Wk Dk T RCAL (3)

If A is taken as constant, which is the case, for instance, for hydrolysis in
aqueous solution, equation (3) may be written

v 7V

1 1kg+k, kq(ky—+ks)| 1
. { 3 2 3 :D (4)

b +k5 =+{“Vklk3 D

The kinetics are thus formally the same as those of a simple Michaelis complex, with
the derived values of V and K, depending on a different set of constants. The
apparent value of the limiting velocity will be equal to

ke, AV
{kegle; + ks A (k3 +;)}

where V is defined as the limiting velocity at saturating (infinite) concentrations of
both donor and acceptor. The attempt to find the Michaelis constant of the enzyme-
donor complex by dividing the value of the intercept of the Lineweaver—Burk line
on the axis of 1/v into the value of its slope will give a K,, equal to

kegleskos A (p +-Fes) [ { (R +e7)leros A +keyegher}

If 4 is a species other than the solvent, the derived values of V and K,, will thus
depend on acceptor concentration, both rising with increase in this concentration.
Equation (3) may also be rewritten as

ke (kg +-ks) ky 1

1 3+k
k1k3D + 755—-[7'27 (5)

V=7 +

showing that Michaelis-Menten kinetics also apply to the case of fixed donor con-
centration and varying acceptor concentration.

If equation (3) and its derivatives are to apply to the irreversible case under
conditions other than the initial ones, the further assumption must also be made
that kg = 0, i.e. that the product (By or P) is not a competitive inhibitor of the
enzyme. If this assumption cannot be made then a term

kg(key +k) P
ks, D
must be added to the right-hand side of equation (5).

So long as P < D, this will not lead to serious departures from Michaelis—Menten
kinetics but, as in less complex cases of inhibition of enzymes by their products,
when P == D, such kinetics will no longer hold even approximately.
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(b) Two Acceptors (irreversible case)

An irreversible statement of the binary-complex hypothesis with competing
acceptors may be written

k5 kﬁ
+y—E.Bn—~E+By,
k, ky
E+4oaf=E.af—E.B
k, +
a k k

7 8
+ve—>E . By,—>E+By,
The ratio of the velocities of formation of the two products By,(P;) and

Bya(P,) is given by

v _ ke BBy, ks EB.y, _ ’fé.ﬁ

vy kg H.By, ki EB.y, k)
so that if the two acceptors are present in concentrations substantially unchanged
during the course of the reaction, the ratio of products is given by

Py ks 4,
P =L = K4, 6)

The ratio of products is thus proportional to the ratio of the acceptors. If
one acceptor (4,) is fixed, as when a competing acceptor is added to an enzymic
hydrolysis in aqueous solution, the ratio of products will be proportional to 4,.
Since the values of neither k; nor k, depend on the donor, the ratio of the products
is thus independent of both the nature and the concentration of the donor.

The overall velocity is given by
v = v+,
_ Foikog(ksks A, Vi +kokn Ay V) D (
klkﬁks(ka+k6)A1D+k1k8k7(k3+k8)AZD+k1k3k6k8D+k5k6k8(k2+k3)A1 +k8k7k8(k2+k3)A2’

7

where V,, V, are defined as the maximum velocities in the presence of 4,, 4, alone.
Equation (7) reduces to equation (2) if 4, is equated to zero. If A,, 4, are held
constant, equation (7) reduces to an equation of form

1jv = K, +(K,/D)
on inversion so that ordinary Michaelis—-Menten kinetics will hold for variations in the

concentration of the donor.

The more interesting case is that in which 4, and D are held constant and
A, is varied, e.g. the case in which an alternative acceptor is added to a hydrolytic
reaction proceeding in aqueous solution. Equation (7) reduces to the form

v = (pA,+q)/(r4,+8),
and the limits of v lie between
kikskol, Ay VoD
kooog(ky k) Ay +ky gk o D —+foy ky(Fog +- k) A, D

when 4, = 0, and
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kksV.D
keyD(leg+k5) +ks(ky+ks)

as A; — co. According to the value of the constants involved, the overall reaction
velocity (as measured by the disappearance of donor) can therefore increase or
decrease with increasing concentration of the acceptor; also v varies monotonically
with 4, and there are no maxima or minima. Furthermore, since both limits involve
the value of D, the amount and direction of the trend will depend on donor con-
centration.

() Two Acceptors (reversible case)

A formulation of the binary-complex hypothesis including a completely revers-
ible reaction sequence and two acceptors may be written

ks k,
+4, = EP, < E+P,
k, ks ke kg
E+P1 :EPI ;\A1+ED ’
k2 k4 9 kll
+A4, = EP, < E+P,
10 k12

where the donor (D) is now considered as a reaction product (P;) exactly parallel
to the products P, and P, produced by transfer to the two acceptors 4, and 4,.
It may be deduced that

CH krkoskok1y(Re +K7) Prd s +kok sk okrs(ks -+ Ks) Pod s — Kok akyokra(ks + K1) Ps Ay — kskokyokra(ks +a) Pod, °

Vo _ Kakskoko(Kro K1) Pods +Eskikokaa(Ke +Ks) Pad s — kokakoko(K1o +511) Pad s — Kok sk okna(ks +%s) Pods (8)

If either of the pairs of velocity constants kg and k,, or kg and k,, are equated to
zero, i.e. P, and P; have no affinity for the enzyme (first case) or are competitive
inhibitors only (second case), equation (8) reduces to the form wv,/v, = KA4,/A,
as in the irreversible case, and the reversibility of the rest of the system does not
preclude the application of the same conclusions as drawn for that case. The
deduction that

K = k5k7(klo+kn)/k9ku(ks+k7)s

in particular, shows that P,/Pj is independent of the nature and concentration of the
donor. For initial conditions, where P, and P, = 0, equation (8) reduces to the same
form.

Finally, where the only restriction is that A, A43> 4, i.e. the acceptors
are present in excess, the reduced form is

vy (@P,+bPy)A,—cPyd,
vy —dPyA,+(eP, 1Py A,

and the ratio of the products will change as the reaction proceeds. The ratio P,|P,
is dependent on both the nature and concentration of the donor.

The equation for overall reaction velocity (disappearance of P,) is too long
to set out in full but takes the form

aPyA4,+bPAs—cPyA,—dP;A,

0= E'eA,+fAf_»+yA3+hP.+1‘,P2+jPa+kP,A1+lP,Ag+mP,A,+nP2A,-1-0P2A2+pP2A3+quA1—|~rP,A2+sPsA3'(9)
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When 4, and A, are fixed, the following form is obtained for the dependence
of » on P;:

. aP;—A,(bPy+cPy)
 d4-ed, +Py(f+gAy) + Py(h+1d,) + Py(k+14,)

For A4 and P, fixed, the form for the dependence of v on 4, is

_ a+bAy,—A,(cPy+dPy)
T €SPy g Py A+ (h1iPy+j Py Ay Tk Py 1P,

Under initial conditions (4,, P,, P; = 0) these reduce to the standard forms
v = Pl/(a+bP1)’

v

v

and

v = (a+bd,)/(c+dA4,).

Hence, only by considering initial velocities is it possible to obtain an analysable
account of the effect of changing one of the variables on the overall enzymic reaction.

ITI. KineTics OF TERNARY COMPLEXES

(@) Linear Sequence

The simplest hypothesis about enzyme action through ternary complex forma-
tion is that the formation of the complex must take place in a fixed sequence; i.e.
the alternative pictures are

key kg ks
E+D = ED+4 = EDA — P,
ky k,
or
ky kg ks
E+A < EA+D <= EAD — P,
ky k,
leading to the equations
Yy — kksVAD (10a)
T (kokey +hoks) +(Fyky ey kos) D +-kgks A + ks AD
or
kk,VAD (10b)

|

kokey +Eokes) -+ (kykoy + oy kos) A +leghes D +kokg AD
Inversion of equation (10a) gives .

11 kg L gtk 1 Ryt 1
;*T/—{_W'T) + S5 (11a)

bV A T kk,V AD

_+_

As A — oo, the situation that occurs for simple hydrolysis in aqueous solution,
equation (1la) reduces to
1 ks 1
v = T] + 70—1—17 .1—),
which is the form for simple Michaelis-Menten kinetics, except that the épparent
K,, is now equal to k;/k, instead of the value (k;-+k,)/k, expected when a ternary
complex is not assumed.
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For finite values of 4 we have
1 1 kA +k,+ks i Akgks +koky+koks 1
vV ks A VAkk, ‘D’
The derived values of V and K,, will vary as A varies, apparent V increasing mono-
tonically with increasing 4, and

kg A (g k)
" k(g A kg ks)
varying between the limits k;/k, and ky/k,. It is apparent also from equation (11a)
that there will be a rectilinear relationship between 1/v and 1/4 when acceptor con-
centration is varied at a fixed donor concentration, similar to the Michaelis—-Menten
relationship usually considered only as applying to donors.

K

Inversion of equation (10b) gives

1 kytks 1 ko(ky+ks) 1

V+ N4 D+kVA+'ka D (11b)
As A — oo donor K, — (k,+k;)/k;, a form identical with the orlglnal Michaelis—
Menten formulation. At finite values of A4,

K,, = (ky+ks)(ky+FyA)[kg(ky A +ks),
and at A =0,

K, = ky(ky+Fs)/ksk;.
Not only the relation between 1/v and 1/D at fixed A but also the relationship between
1/v and 1/4 at fixed D is once again rectilinear.

For the case where 4 = D, i.e. the donor is its own acceptor, both equations
(11a) and (11b) reduce to

1 1 kykythgkythgky 1 kg ko 1

vV FkyV D | kyky,V D¥

and the Lineweaver—Burk plot of 1/v against 1/D will be approximately linear for
high D and parabolic for low D.

(b) Competing Donors or Acceptors (first case)

The two schemes
k k

3 7
+4, = EDA, — P,
ky k,
E+D <= ED ,
ky ks kg
+A4, = EDA, — P,
6
and
kg k,
+D, = EAD, — P,
k, k,
E+A<=EA ,
ks ks k

4D, = BEAD, — P,

6
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are formally the same, leading to equation (12) for competing acceptors or its
equivalent with D and A4 interchanged for competing donors:
V= V; 40,

_ kiks(be+k)V141D +Eiks(ks +k,)Vod4,D ( 1 2)
ksl (ko +ks) Ay +Esko(ks +Eo) Ao +Erko(ks +Fe) ArD +Frkos(ks + k7)Ao D +Ey(ka +F7) (ks +E ) D +Kolka + ko) (Ko + ko)

where V, and V, are the maximum velocities in the absence of other competitors.
Certain corollaries emerge from equation (12) or during its derivation:

b kg(kg—+-ks) V{é
vy ks(ky k) Vy Ay
— K4,/4,

(= P,/ P, under reaction conditions where the concentration of the acceptors is not
substantially changed since this ratio will be that of the reaction velocities so long
as these remain constant). Hence the ratio of the products is that of the acceptors.
This ratio is independent of the concentration of the donor but not of its nature,
since the values of all the constants ks, k,, ks, kg, k;, and kg will depend on the nature
of the donor.

(ii) Where one acceptor or one donor of a pair acts only as a competitive
inhibitor, kg = 0 and consequently V, = 0, and we have (for the donor case)
1 ky+k, 1 ks(ky+k;) D ko(ky+k;) 1
i V+ oV D, ki D, +IcVA+ ki V ADy
where D, = donor and D, = competitive inhibitor. The usual procedure for the
determination of the inhibitor constant involves determining the relationship of
1/v and 1/D, at D, = 0 and at some other fixed value.
Equation (13) may be rewritten

1 1 kq kytky | ks(kyt+ka)Dy | ko(ky+-Kr)
5_7(1+EZ)+ { T gV kAT [ (14)

the coefficient of 1/D, in equation (14) reducing to
kit | balkyty)
ks V kb AV
for D, = 0. The Michaelis—-Menten treatment leads to the presumption that the
ratio of the Michaelis constants in the absence and presence of a known concentra-
tion of competitive inhibitor equals 1 +K,D,. For the present case, however, this ratio
is 14 {ksk,A/ky(kyA+k,)} and K, only extrapolates to the true K, (= k;/k;) as
A — co. This non-equivalence of the true and derived values of K; will also be true
for the more complex cases to be discussed.

(i)

(13)

(iii) Equation (14) may be rewritten for the acceptor case

11 S T T IR R
=P T ED T hd, T kD ) T kgka,v A

The effect of adding a competitive inhibitor of acceptance to the enzymic
system with 4, and D fixed therefore takes the form

ljv = p+qd,,
and a plot of 1/v against 4, should be linear.

(15)
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(iv) If both acceptors are active (i.e. kg 5% 0), equation (12) reduces to
v = (p+qdy)/(r+s4,)

when A, and D are fixed and, depending on the values of the nonce-constants, con-
tinued addition of 4, to the system will increase or decrease the reaction velocity
monotonically. If a partial reaction velocity is measured by the rate of appearance
of one of the products, rather than the overall reaction velocity by the disappear-
ance of the donors, the analysis of the next corollary will apply.

(v) The case of two competing donors is not readily amenable to analysis
unless it is possible to measure v; or v,, the partial velocities of decomposition of
D, and D,, respectively. In this case

U1k 1 kkglbgtk) Dy kglkatbk) Dy | katky  Ealkgtk) 1

vl Vl I’lkl 4 V1k1k3(k6+k8) A‘Dl Vlks(kﬁ +k8) Dl VlkaDl Vlklka ADI

(16)

Normal experimental technique is to hold 4 and D, constant and to obtain
an apparent Michaelis constant from the plot of 1/v, against 1/D. Now equation
(16) can be arranged to give

vy v,

(17)

1(1 +ﬁ +{ ksko(ky+ko)Dy | ks(ky+ko)Dy  kytly  kolky+4ky)| 1
Al AVikiks(bg+ls) — Vikglko+ks) — Viky — AVikily | Dy

and from equation (17) it can be deduced that the ratio of the apparent Michaelis
constants in the presence and absence of D, is
kes(er A +keg)
(ks +kg) (fy A +F,)
The value of K, thus varies between kikg/ky(kg—+kg) for A = 0 and k;/(ks—+kg) as

A — oco.

1+ .D,.

(¢) Competing Donors or Acceptors (second case)

The scheme

E+A, = BA, BA,D > P,
ky ky 2 ks
+D ,
ks kq N kg kyo
E+4, = BA, EA,D — P,

4

and the corresponding one for two donors, present an alternative picture of com-
petition in the sequential reaction scheme. It leads to the formula
v = [kiks A Vi {kg(ky+-Ryo) +hoky oD} +lgler Ao Vo (koo +-kg) +ksko D} 1D Y (18)

where

Y = k5k7D2(k9k10+k1k10A1 +k3k9A2) +‘D[ {k1k4k5(k8 +k10) +k1k7k10(k6 +k9)}Al
+ {Feokeskn (kg +-g) +-Fakosh o(kg oy o) Az +hokesheq (kg +Ty o) +-Rokooky (kg +-Fg)} ]
+A 1k1k4(k6 +k9)(k8 +k1 0) +A2k2k3(k6 +k9)(k8 -’_klo) +k2k4(k6 +k9)(k8 +k10)'
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Corollaries to equation (18) follow:

U _ é‘klksks{’%(ks +ky o) +hrky oD} )
vy Ay kgkokyo{ks(ks+ko) +kskoD}
The ratio of the velocities of formation of the products P, and P, is here

dependent not only on the nature of the donor but also its concentration. When
A, and 4, are fixed, this ratio reduces to the form

(i)

/vy = (p+¢D)/(r+sD),

with the ratio rising or falling monotonically with increasing D. When 4, and D
are fixed, the form is

vyfvy = K|[4,,

and the ratio is inversely proportional to acceptor concentration. For any case
where the concentration of the donor changes appreciably throughout the reaction,
the ratio P;/P, must be appreciably different at different stages of the reaction.

(il) Competitive inhibition of either donor or acceptor types results when k, = 0.
For the donor case

Teykghos VAD, ;
v = .
kykykes AD +kokskgADy +kyksko A +kykoy(kg + ko) Dy +logky (Kg -+ o) Dy + oy (g -+ o)

(19)

Inversion of equation (19) and deduction of the values of the apparent K,
in the presence and absence of D, leads to the result that the value of their ratio
is 14(kg/ky)D,. The value of K, is therefore ky/k,, independent of 4 as would be
expected, so that the normal Lineweaver-Burk analysis gives the correct value when
applied to this case.

(iii) Rewriting equation (19) for the acceptor case and inverting leads to

ks heakgky Ay kgky 1 ketky 1 kylkethy) Ay ketk, 1
T kaV | KykokaV A, | kkyV Ay | kyV D ke, V AD ' k,  AD

(20)

1
v

Hence, for fixed 4, and D, the reduced form of equation (20) shows that the effect
of adding a competitive inhibitor of acceptance once more takes the form
ljv = p-tqd,.
(iv) If both acceptors are active we have as before the two reduced equations

v = (p+qd,)/(r+s4,),
and

ljvy = p+qd,,
for the effect of adding 4, to a system where 4, and D are fixed.

(v) The system where there are two acceptors and one donor obviously defies
Lineweaver-Burk analysis in terms of 1/D and either 1/v or 1/v,. For the case of
two donors and one acceptor, the reduced form of equation (18) is

» = (aDy+b)/(eD; +d),
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when 4 and D, are fixed, and the Lineweaver—Burk analysis also fails; on the
other hand

vy = aDy/(bD;+c),

and here some analysis is possible. When 4 and D, are fixed, therefore, and the
reaction velocity measured is v, the rate of disappearance of D;, it can be shown
that the ratio of the apparent values of K,, in the presence and absence of D, is

1_|_aA2+bA+c
dA2fed+f2)

The inhibitor constant K, is thus a complex function of the concentration of acceptor.

(d) Reciprocal Complex Formation

When the same ternary complex can be formed along two different paths we
have the scheme

k

E+D < ED+A
ky ks N kg

ky
EAD — P,

kq k, 7 kg

E+4 <= EA+D
k4

leading to the equation
v = ADV (kgksk, A +kykesk,D ki kghes +kokakr) | W, (21)

where
W = leghs(kg ko) A% +kikq(kg+ko) D2 +koksk, A2D ks ksk, AD?

A (keghe ko g oy Fogkos oy fosk s+ kokegh, ++kgkeh,) AD

+(keyegleg +Fykgkog Ky Kyl ~hogkh; Kok ko) D

+(kegskg +-kok sk +koksky +klesks +lgkisko) A

ok (leg—+leg+F)-
On inverting, equation (21) takes the form

U = 1V +(1/V){1/(@D+bA +<)} (d-+eD| A-+fA|D+g/A-+h/D-+i| AD),
and, if 4 is taken as fixed, this further reduces to
1o = 1V +Q1V){(L{(D+p)} gD +r+5/D).

Enzyme experiments are generally performed in concentration ranges where the

order of magnitude of the quantities is 1/D> 4> 1/A> D, so that the above
equation is of the form

1 1 1 1 1

;) == T—7 ‘|‘ V.Q—(;r;—all) (Q(very small)+Q(small) +Q(large)-b‘) .
Hence the kinetics of such a system will be approximately Michaelis-Menten when
A is large and D small, and depart measurably from this scheme as D — 4. In

fact when 4 — oo, equation (21) reduces to



244 M. A. JERMYN

k,DV
(kg1 log) 1 ;D

a typical Michaelis-Menten form.

If we equate both k, and kg to 0 in equation (21) we have the important prac-
tical case where the acceptor is also a competitive inhibitor of the donor. This leads
to equation (22)

. ; kykyks ADV
B k3k5k9A2+k1k4k5AD+k1k4(k6+k9)D+(k2k3k6+k2k3k9+k4k5k9)A +k2k4(k6+k9)
(22)
This equation is of such a form that for a given value of D, » must pass through
a maximum with increasing 4, the maximum occurring at
A = {ky(kg+Fo)(kyD+-ks) [fosksk g} *.
Analysis also shows that apparent V = V{1 +(ks+ko)/k,4} and apparent K,,
for the donor equals
koky(ke+ o) +(kokaks +kokghy+hyksko) A +kokskody
Ferkey(les A +keg + ko) ’

apparent V' thus falls and K, rises as 4 increases.

v

(e) Reciprocal Complex Formation with Competing Donors or Acceptors

The scheme here is given by

kl k7 k15
E+4, <= EA,+D = FKAD - P
ky kg
ky Z kyg
k3
E+D = ED-+A4,
k4
kll Iclb'
+4, = FKAD — P,
k12
k13 7/ k14
ks
E+4: = EA»:+D
ks

This formulation leads to an equation which has been worked out but is far too
complex to be given in full, even in reduced form. But the reduced form for the
ratio of the two partial velocities is rather shorter; it is

vy/vy = M|N, (23)
where
M = ad, +BA} +yA3 + 84,4, + €A3A, 4+ (A A%+ A, D+ 042D + WA3D + kA3A,D
+AA,A3D +-p A, A, D4vA D2+ £AD? +0A,A,D?,
and
N = ady +bAF + cAY+dA Ay + Ay A3 + fARA, + gA,D + hAID +iA3D 1 jA, 43D
+kA3A,D+14,4,D4+mA,D2+nA3D? 04, 4,D>.
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If 4; and 4, are fixed, equation (23) reduces to
/vy = (pD*+qD+1)/(xD?+yD+-2),

whence, as 0<« D — oo, rfz< v /v, — pjx. Hence, for experiments in which
4, A, are not sensibly altered, these are also the limits for the ratio P,/P,, which
will obviously depend in a complex way on the concentration of the donor as well
as its nature.

If A, and D are fixed,
V,/vy = (pAZ+qA,+r)(wAZ+xAg+yA,+2),

whence as 0 < 4, — oo, 7/z< v;/v, — 0, and the same remarks as before apply
to the ratio P,/P,.

(f) Donor as One of the Competing Acceptors

Equations (12), (18), and (23) can all be adapted to the case where the donor
can also act as one of the competing acceptors. This is a case of frequent practical
importance.

(i) Equation (12): putting 4, = D, equation (12) becomes

v = V-0,

kyks(ke +IC;)V1AD +kiks(ky +E:) VD2
™ Kakatbs + k) A +Foakeollog + ig) AD +Eaks(ks + k) D2+ {Esko(ks ko) oy (kg + o) (ks + ko) } D +kolloy + ko) (ke +Fs)

(24)

For kg = 0, i.e., where the donor acts as a competitive inhibitor of the acceptor
only, equation (24) becomes

- kykskeVAD

kg A +kykgkoAD +-kykg(ky ko) DTy (ky k) D+ legkeg(ky +k7)’

v (25)

and v passes through a maximum at any given value of 4 when
D = [ {kykg(k, +k7)‘|‘k3ksk7A} [feylos(ky+F)]*.

For a given value of D, » increases monotonically with increasing 4. Furthermore,
for a fixed value of 4

1 kﬁ’k kgkrA +-ko(ky+ky) 1 ks(ky+ky)
P (1 + ) T hEAV D T kAT D

(26)

and the system will approximate to Michaelis—-Menten kinetics at low values of D
and depart increasingly as D increases. When ky # 0, it can be deduced from the
partial forms of equation (24) that, for a fixed value of 4, », has a maximum at

D = [{(ke+g)(koley+koky+lale, A)} [Foikog(by4-k,) ]2
Also
/v = (1/V)(@+b/D+-cD),

and the system will depart from Michaelis-Menten kinetics at high values of D;
and

1oy = (1/Vy)(p+q/D+r|D?),

and the system will depart from Michaelis-Menten kinetics at low values of D.
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The ratio
vy = {hg(kg+hs) Viks(ky—+k7) Vo) (A]D)
= KA|D,
so that increasing 4 at fixed D, or D at fixed 4, merely leads to proportionate increase
or decrease in this ratio.
(ii) Equation (18): for 4, = D, equation (18) reduces to the form

V= Uy 0,
= (aD3+bD2+cAD2+dAD))(aD3+3D2+fD+gAD2*+hAD +id +j).  (27)

For the competitive inhibitor case, i.e. k,, kg = 0, this form may be written
in full
_ akakishioVAD
Fskskok1oD? -+ kykakskyoAD + {ksksk oo +Fakskyo(ke +ko)} D +Eikakrolks + ko)A +Eokakyo(ke +ky)

(28)

with a maximum for v at a fixed value of 4 when
D = [{ky(lg+Fo)(ky A +ky)} [hskisko]?,
and no maximum with increasing 4 at fixed D. At a fixed value of 4, also

11 ky | koks(ke+ko) ket+ky | kolkstko)|1 | kskyD
TV T 5d T hhgd | TR T kk AT D T Bk AT

showing departures from Michaelis-Menten kinetics only at high values of D.

(29)

For k,, kg # 0, the partial equations for v, and v, are not readily analysable,
although it can be shown that neither v, nor v, shows a maximum when 4 is increased
at a fixed value of D. Attempts to define the course of v; and v, when D is increased
at a fixed value of 4 lead to quartic equations.

The ratio-. - - B
0, Jvy = (cAD?*4-dAD)jaD3+bD?
= (cAD+dA)/(aD*+bD).
For A increasing at a fixed value of D, the ratio is proportlonal to 4; for D increasing
at fixed 4 there is a formal minimum at

D = —(bja)+{(b*/a®) —(bd/ac)} ¢,

which cannot, howevel replesent any meaningful positive concentration of the

(111) Equation (23): when 4, = D, equation (23) reduces to the form

v, ad+BA2+yAP+3AD+eAD+{A3D4AD?+HA2D*+. AD?
% aD1bD?* 1 cDP{dD' teAD+fAD?+gAD +hA®D®

For fixed D, equation (30) further reduces to the form
vy [vg = (@ A34-bA2+4cA)[(pA:+qA+r),
and, for fixed 4, to
v, vy = (aD3+bD?+cD—+d)/(pD*+-qD3+rD24sD4-t).

Thus in either case the value of the ratio will depend in a very complex way on
the value of the variable. ‘

(30)
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IV. CoNcLUSIONS

The conclusions to be drawn from the equations presented in Sections IT and
IIT must depend on the purposes to which they are to be applied. Thus, the follow-
ing paper (Jermyn 1962) describes a series of experiments directed to determining
the ratio of the products formed from two competing acceptors by a single enzyme
using a variety of donors. From Sections II(b) and II(c), the only possible case,
on the binary-complex hypothesis, in" which the nature and concentration of the
donor can have any influence on the ratio of the products, is that of a completely
reversible system. Even then the concentrations of the donor and products must
be of the same order of magnitude for the effect to be sensible. Section III(b) out-
lines a form of the ternary-complex hypothesis where the ratio is influenced by the
nature of the donor but not its concentration. The form discussed in Section ITI(c)
leads to the result that the ratio depends on both the nature and the concentration
of the donor, and the same result emerges from Section III(e). But the effect on
the ratio of the products of holding the concentration of the donor and one acceptor
constant and varying the concentration of the second acceptor is quite different
in the last two cases.

By experiments suited to a given enzyme it should at least be possible to
eliminate some of the sub-hypotheses as not giving an adequate account of the
observed data.
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