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Abstract

The radiative meson decays V → Pγ and P → γγ are analysed using the quark triangle diagram.
Experimental data yield well determined estimates of the universal quark–antiquark–meson
couplings gV qq̄′ and gPqq̄′ for the light meson sector. Also predictions for the ratios of
neutral to charged heavy meson decay coupling constants are given and await experimental
confirmation.

1. Introduction

Over the past few years the group at Hobart have examined the strong and
electromagnetic interactions of the hadrons in the context of a supermultiplet
theory which unifies the mesons and baryons of different spins and flavours. This
unification is achieved in the meson sector by use of a relativistic spinor field
Φbβaα:

Φbβaα(p) = (6p+m)[γµφbµa − γ5φ
b

5a]βα/2m (φµp
µ = 0),

where a, b are flavour indices and α, β are Dirac spin indices. Such a field describes
the pseudoscalar and vector meson nonets, and each member has the correct
spin, parity and flavour degrees of freedom, hence the name supermultiplet. This
formalism was first developed around 1965 [1], but it turns out to be a sensible
approximation for the heavy flavoured hadrons, as demonstrated by the success
of heavy quark symmetry over the past five years or so. To account for two–body
meson decays the effective interaction Lagrangian

Lint = GΦBA(p1)[ΦCB(p2)ΦAC(p3) + (p2 ↔ p3)]

with A = (a, α), B = (b, β) and C = (c, γ) was also proposed. Note that the
supermultiplet theory need only assume a single coupling constant and therefore

∗ Refereed paper based on a contribution to the Japan–Australia Workshop on Quarks,
Hadrons and Nuclei held at the Institute for Theoretical Physics, University of Adelaide, in
November 1995.

10.1071/PH96037         0004-9506/97/010155$05.00



        

156 D. Liu and N. R. Jones

implies relations between the standard covariant couplings of mesons with different
spins and flavours. For example, it predicts 2gV PP = m1gV V P where gV PP is
the covariant coupling constant corresponding to the decay of a vector meson
with a mass m1 into two pseudoscalar mesons, while gV V P is the covariant
coupling constant corresponding to the decay of a vector meson into a vector
and pseudoscalar meson.

Table 1. Supermultiplet predictions for gV V P

Decay mode gV V P × 10−2 MeV−1

ρ0 → π0γ 1 ·216± 0 ·156
ρ0 → ηγ 0 ·984± 0 ·094

ω → π0γ 0 ·878± 0 ·033
ω → ηγ 0 ·919± 0 ·165

φ→ π0γ 0 ·731± 0 ·040
φ→ ηγ 0 ·603± 0 ·020
φ→ η′γ < 1 ·69

K∗± → K±γ 0 ·905± 0 ·045
K∗0 → K0γ 0 ·733± 0 ·036

J/ψ → ηcγ 0 ·308± 0 ·073

Recent work [2] compares the supermultiplet theory with the most recent
measurements using channels ρ→ ππ,K∗ → Kπ and φ→ KK. They determined
gV PP ≈ 4 ·58 to within 10%. If we then take an average vector meson mass
of 866 MeV (obtained from ρ, ω, K∗ and φ with equal weights) we find
2〈gV PP 〉/〈m1〉 ≈ 1 ·057× 10−2 MeV−1. The only direct measure of gV V P comes
from the channel φ → ρπ which yields gV V P = 1 ·062 × 10−2 MeV−1. This
compares very favourably with the prediction, but unfortunately there are no
more channels to obtain other measurements of gV V P . Instead, by incorporating
vector meson dominance (VMD) in the supermultiplet scheme, V → Pγ decays
gave an estimate of gV V P . The extra determinations of gV V P offered from the
V Pγ decays are given in Table 1 and lie in a relatively wide range with some
of them significantly different from the supermultiplet prediction. One notable
observation is that from a given parent vector meson, the gV V P determined
from channels involving that parent meson are all relatively similar except for
K∗ → Kγ (the neutral to charged modes differ by at least 4 standard deviations
for their values of gV V P ). We point out that there is some uncertainty in
using VMD to account for these radiative decays which take place at q2 = 0,
the mass–shell of the photon. As we are only able to calculate VMD from
V → `+`− which occurs at q2 = m2

V , the mass–shell of the vector meson, there
is some ambiguity about the correct extrapolation from one mass–shell case to
the other.

To understand the radiative processes further we sought an alternative method
and found a quark triangle scheme [3] which accurately predicted the ratio
ΓK∗0→K0γ/ΓK∗±→K±γ . We decided to apply it to all the radiative processes
considered previously. We shall begin with the quark triangle method and
formalism we have developed and then apply it to known radiative decays. Finally
we provide some predictions in the heavy meson sector.
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Fig. 1. Quark triangle diagrams contributing to V → Pγ.

2. Quark Triangle Diagrams

We shall examine the triangle diagram for the radiative decay of a vector
meson into a pseudoscalar meson as given in Fig. 1. According to these loop
diagrams, we write the decay amplitude as

A(V → Pγ) = −NCgV qq̄′gPqq̄′eQκµεν

×
∫

d4p

(2π)4 Tr

[
γν

1

6p−m
γ5 1

6p+ 6M∗−6k −m
γµ

1

6p−6k −m

]
+ (m↔ m̄,Q↔ Q̄),

(1)

where κµ(εν) is the vector meson (photon) polarization vector, M∗(M) is the
vector (pseudoscalar) mass and gV qq̄′(gPqq̄′) is the vector (pseudoscalar) meson–
quark–antiquark coupling. Here Q is the charge of the quark of mass m. We
used dressed quark propagators and as a result, m and m̄ are the constituent
masses. The loop integral over the momentum p may be carried out with standard
techniques. In the end we obtain

A(V → Pγ) = iNCegV qq̄′gPqq̄′εµνρσκ
µενP ρkσ[QJ/m+ Q̄J̄/m]/4π2 , (2)

with J = m2(J∗1 − J1 + J∗2 − J2)/(M∗2 −M2), where

J1 =

{
Li2(v+, 0) + Li2(v−, 0) if λ ≥ 0

2Li2(R, φ) if λ < 0,

J2 =
m−m
mM2

[
(m2 −m2 +M2) ln

m

m
−
√
λarctanh

( √
λ

m2 +m2 −M2

)]
,

and v± = [m2−m2 +M2±
√
λ]/2m2, R = M/m, cosφ = (m2−m2 +M2)/2 Mm.

The dilogarithm function is defined by Li2(R, φ) = −
∫ R

0
ln(1 − 2 cosφu +

u2)/2u du, and the triangle function for the meson–quark–antiquark vertex by
λ = [M2− (m+ m̄)2][M2− (m− m̄)2]. Here J∗1 and J∗2 are obtained from J1 and
J2 by substitution of M with M∗. Also J̄ , associated with the crossed diagram,
is derived from J by the interchange m↔ m̄. We also note that we have removed
the imaginary part of the amplitude as it is irrelevant to the decay process.
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If we compare the quark triangle amplitude to the general covariant form for
such a decay we find gV Pγ = NCegV qq̄′gPqq̄′(QJ/m + QJ/m)/4π2, and as such
we have now related the couplings at the meson level, gV Pγ , to couplings at the
quark level, gV qq̄′ , gPqq̄′ and eQ.

3. Analysis of K*→Kγ

The experimentally observed widths [4] of radiative K∗ decays are ΓK∗0→K0γ =
116 ·2 keV and ΓK∗±→K±γ = 50 ·3 keV. Using md = 340 MeV and ms = 510 MeV
(≈ Mφ/2) in the J and J̄ above, we obtain the product of coupling constants
gV ds̄gPds̄ = 8 ·43±0 ·37 from the neutral channel data, and with mu = 340 MeV we
extract gV us̄gPus̄ = 8 ·21±0 ·37 from the charged channel and observe that isospin
symmetry is obeyed in the meson–quark–antiquark coupling. Therefore, when
taking the ratio of neutral to charged decay widths we may safely cancel gV qq̄′gPqq̄′
terms and end up with a result solely dependent on the triangle diagram. Our
numerical result using the above quark masses is ΓK∗0→K0γ/ΓK∗±→K±γ = 2 ·29
which is in good agreement with the data 2 ·31±0 ·29 [4]. The experimental
uncertainty in the ratio permits the s quark mass to range between 475 and 545
MeV for mu,d = 340 MeV and a range of 225 to 385 MeV for mu,d when ms is
fixed at 510 MeV.

Fig. 2. Breaking of SU(3)V by s quark mass. The experimental measurement is shown as
the shadow band.

Interestingly, SU(3)V predicts ΓK∗0→K0γ/ΓK∗±→K±γ = 4, a result in stark
contradiction to experiment. Nonetheless, the quark triangle method matches
the SU(3)V prediction if the s quark mass is set equal to the u and d quark
masses as shown in Fig. 2. Hence the violation of constituent quark masses from
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SU(3)V symmetry is responsible for the large deviation in K∗ radiative decays
from the expected symmetry. As ms ≈Mφ/2 has produced an adequate match
between theory and experiment we will continue to use this value. The quark
triangle scheme is also insensitive to the K meson mass and thus J may be
simplified under a chiral symmetry limit [3].

4. Unflavoured Processes

There are numerous decay channels V → Pγ and corresponding data from
which we can determine the product gV qq̄′gPqq̄′ . To do this we firstly interpret
individual meson–meson–photon couplings in terms of meson–quark–antiquark
couplings, deriving relations between them as shown in Table 2. Following this
we extract individual meson–meson–photon couplings from the most recently
measured decay widths ΓV→Pγ = (m2

V − m2
P )3g2

V P γ/12πm3
V . The results are

listed in the first column of Table 3. As shown, they scatter over a relatively
wide range.

If we assume isospin symmetry there are only three unknown products of
couplings involved in the light meson sector; gV uūgPuū, gV ss̄gPss̄ and gV us̄gPus̄.
We are able to determine gV uūgPuū solely from any one of the processes
ρ → π(η)γ, ω(φ) → π0γ. In addition, the decays ω → ηγ and φ → ηγ
simultaneously obtain gV uūgPuū and gV ss̄gPss̄. Our numerical results are shown
in the second column of Table 3 where we use the same quark masses as
previously along with standard mixing angles. The values of gV uūgPuū turn
out to lie in a quite small range, except for that from the φ → π0γ process.
Nonetheless, it would fall into this range had we changed θV by 4 ·6◦. Such
a high sensitivity to mixing angle suggests it is reasonable to exclude φ→ π0γ
from our analysis.

Given the product gV qq̄′gPqq̄′ , knowledge of either gPqq̄′ or gV qq̄′ would
completely determine the other. We are able to calculate values of gPqq̄′ by
applying the triangle diagram to P → γγ and hence ultimately we can also
determine gV qq̄′ . To obtain the amplitude for the decay of a pseudoscalar
meson into two photons we make the following substitutions in the V → Pγ
amplitude (2): M∗ → M, M → 0, gV qq̄′ → gPqq̄′ and gPqq̄′ → eQ and since all
pseudoscalar mesons involved in P → γγ decays must be quark flavour singlets,
m = m, Q = Q̄, J = J. Thus from the decay amplitude, ΓP→γγ = M3g2

Pγγ/64π
we find gPγγ = 2NCgPqq̄′e

2[Q2J/m]/4π2, where

J =


m2

M2 [Li2(v+, 0) + Li2(v−, 0)] if M ≥ 2m

2m
2

M2 Li2(R, φ) if 0 ≤M ≤ 2m

and v± = M [M/m± (M2/m2 − 4)
1
2 ]/2m, R = M/m, cosφ = R/2.

Starting with pion decay, we use the experimental value Γπ0→ γγ = 7 ·95±0 ·55 eV
[4] to calculate gPuū = 5 ·14± 0 ·19. The Goldberger–Treiman (GT) relation at
the quark–level, gives us a good check of our result. For the pion, the relation
reads fπgPuū/

√
2 = mu, and using our coupling value along with mu = 340 MeV
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Table 2. Radiative decays of ground state mesons and relations between covariant couplings
gPγγ , gV Pγ or gPV γ and meson–quark–antiquark couplings gVqq ′ , gPqq ′

Process Relation between covariant couplings and meson–quark couplings

π0 → γγ gπ0γγ = e2

2
√

2π2 gPuūJu[π0]/mu

η → γγ gηγγ = e2

6
√

6π2 {5(cos θP −
√

2 sin θP )gPuūJu[η]/mu−
√

2(sin θP +
√

2 cos θP )gPss̄Js[η]/ms}

η′ → γγ gη′γγ = e2

6
√

6π2 {5(sin θP +
√

2 cos θP )gPuūJu[η′]/mu+

√
2(cos θP −

√
2 sin θP )gPss̄Js[η′]/ms}

ηc → γγ gηc→γγ = 2e2

3π2 gPcc̄Jc[ηc]/mc

ρ0 → π0γ gρ0→π0γ = e
4π2 gV uūgPuūJu,u[ρ0, π0]/mu

ρ+ → π+γ gρ+→π+γ = e
4π2 gV ud̄gPud̄Ju,d[ρ+, π+]/mu

ρ0 → ηγ gρ0→ηγ =

√
3e

4π2 (cos θP −
√

2 sin θP )gV uūgPuūJu,u[ρ0, η]/mu

ω → π0γ gω→π0γ =

√
3e

4π2 (sin θV +
√

2 cos θV )gV uūgPuūJu,u[ω, π0]/mu

ω → ηγ gω→ηγ = e
12π2

{(sin θV +
√

2 cos θV )(cos θP −
√

2 sin θP )gV uūgPuūJu,u[ω, η]/mu+

2(cos θV −
√

2 sin θV )(sin θP +
√

2 cos θP )gV ss̄gPss̄Js,s[ω, η]/ms}

φ→ π0γ gφ→π0γ =

√
3e

4π2 (cos θV −
√

2 sin θV )gV uūgPuūJu,u[φ, π0]/mu

φ→ ηγ gφ→ηγ = e
12π2

{(cos θV −
√

2 sin θV )(cos θP −
√

2 sin θP )gV uūgPuūJu,u[φ, η]/mu−
2(sin θV +

√
2 cos θV )(sin θP +

√
2 cos θP )gV ss̄gPss̄Js,s[φ, η]/ms}

K∗0 → K0γ gK∗0→K0γ = e
4π2 gV ds̄gPds̄(Jd,s[K

∗0,K0]/md + Js,d[K∗0,K0]/ms)

K∗+ → K+γ gK∗+→K+γ = e
4π2 gV us̄gPus̄(2Ju,s[K

∗+,K+]/mu − Js,u[K∗+,K+]/ms)

J/ψ → ηcγ gJ/ψ→ηcγ = e
π2 gV cc̄gPcc̄Jc,c[J/ψ, ηc]/mc

we predict fπ = 93 ·5 ± 3 ·46 MeV which compares well with the experimental
result fπ = 92 ·4± 0 ·26 MeV [4] determined from charged pion decays.

We also use η → γγ and η′ → γγ channels to simultaneously determine gPuū
and gPss̄. The results are given in Table 3. From these it appears gPuū differs as
determined from π0, η and η′ processes. Since the η meson is about four times
as massive as the pion, it may be appropriate to allow for some mass dependency
in the coupling constant. Also included in Table 3 is the estimate of gPcc̄ using a
charm quark mass of mc = 1550 MeV, along with the experimentally determined
width [4] of Γηc→γγ = 7 ·0± 2 ·6 keV.

Now that we have found values of gPuū, we may use these to determine
gV uū from the products gV uūgPuū as listed in Table 3. On average we find
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Table 3. Determination of meson–quark–antiquark couplings

Experimental result Meson–quark–antiquark couplingA

(×10−4 MeV−1)[4] θP = −10 ·5◦ θP = −20◦

|gπ0γγ | = 0 ·2516± 0 ·0091 gPuū = 5 ·14± 0 ·19
|gηγγ | = 0 ·239± 0 ·011

|gη′γγ | = 0 ·312± 0 ·016

} {
gPuū = 4 ·03± 0 ·14,

gPss̄ = 6 ·42± 0 ·67

{
gPuū = 3 ·56± 0 ·12,

gPss̄ = 8 ·19± 0 ·65
|gηcγγ | = 0 ·07297± 0 ·01366 gPcc̄ = 2 ·03± 0 ·38
|gρ0→π0γ | = 2 ·96± 0 ·38 gV uūgPuū = 14 ·82± 1 ·90

|gρ+→π+γ | = 2 ·24± 0 ·13 gV uūgPuū = 11 ·32± 0 ·64

|gρ0→ηγ | = 5 ·67± 0 ·53 gV uūgPuū = 10 ·96± 1 ·02 gV uūgPuū = 9 ·56± 0 ·89

|gω→π0γ | = 7 ·04± 0 ·21 gV uūgPuū = 12 ·53± 0 ·38
|gω→ηγ | = 1 ·83± 0 ·23

|gφ→ηγ | = 2 ·117± 0 ·052

} {
gV uūgPuū = 12 ·3± 1 ·5,
gV ss̄gPss̄ = 7 ·08± 0 ·17

{
gV uūgPuū = 10 ·7± 1 ·3,
gV ss̄gPss̄ = 8 ·66± 0 ·21

|gφ→π0γ | = 0 ·417± 0 ·021 gV uūgPuū = 25 ·1± 1 ·3B

|gK∗0→K0γ | = 3 ·84± 0 ·17 gV ds̄gPds̄ = 8 ·43± 0 ·37

|gK∗+→K+γ | = 2 ·534± 0 ·115 gV us̄gPus̄ = 8 ·21± 0 ·37

|gJ/ψ→ηcγ | = 1 ·67± 0 ·26 gV cc̄gPcc̄ = 1 ·87± 0 ·30

A mu = md = 340 MeV, ms = 510 MeV, mc = 1550 MeV, θV = 219 ·4◦.
B gV uūgPuū = 11 ·9± 0 ·6 for θV = 224◦.

gV uū = 2 ·40± 0 ·08 (weighted average) for θP = −10 ·5◦ and gV uū = 2 ·35± 0 ·08
(weighted average) for θP = −20◦. It differs from gPuū, revealing a substantial
violation of the spin symmetry in the triangle scheme. We repeat this procedure in
the analysis of gV ss̄, but with fewer channels to determine a result. Consequently
we have gV ss̄ = 1 ·10 for θP = −10 ·5◦ and gV ss̄ = 1 ·06 for θP = −20◦, indicating
a large SU(3)V symmetry breaking once again. Estimates for gV cc̄ using the
J/ψ → ηcγ channel yield gV cc̄ = 0 ·92± 0 ·23.

Since K0 → γγ decay is not mediated by pure electromagnetic interactions we
have no means of getting gPds̄ for the kaon in the triangle scheme. But if we
assume the GT relation at the quark level, fKgPds̄(m

2
K) = (mu +ms)/2, and we

find gPds̄ = 3 ·77± 0 ·03 using fK = 113 ·0± 1 ·0 MeV [4]. Subsequently, we have
gV ds̄ = 2 ·21± 0 ·10 (averaged over the charged and neutral processes).

5. D*→ Dγ and B*→ Bγ Coupling Ratios

We now make predictions for the radiative decays of the heavy flavoured
mesons. We assume gV (P )uQ̄ = gV (P )dQ̄ where Q is either the c or b quark to
obtain the ratios

gD∗0D0γ

gD∗+D+γ

=
2(Ju,c[D

∗0, D0]/mu + Jc,u[D∗0, D0]/mc)

− Jd,c[D∗+, D+]/md + 2Jc,d[D
∗+, D+]/mc

, (3)

gB∗0B0γ

gB∗+B+γ

=
Jd,b[B

∗0, B0]/md + Jb,d[B
∗0, B0]/mb

Ju,b[B
∗+, B+]/mu − 2Jb,u[B∗+, B+]/mb

. (4)

Relations (3) and (4) allow us to examine the coupling constant ratios as a
function of the c and b quark mass, respectively. In order to give actual values we
use a c quark mass of 1550 MeV (≈MJ/ψ/2) yielding gD∗0D0γ/gD∗+D+γ = 6 ·47.
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For the B∗ decays we use a b quark mass of 4730 MeV (≈MΥ/2) which gives
gB∗0B0γ/gB∗+B+γ = 0 ·018.

6. Conclusions

We have formulated V → Pγ and P → γγ processes in a quark triangle
diagram scheme. By comparison with available experimental data, we found that
this scheme works well for all radiative processes involving the light mesons,
except for φ→ π0γ decay.

The scheme produces well determined estimates of the meson–quark–antiquark
couplings for the light mesons. The large difference between gV qq̄′ and gPqq̄′
indicates a substantial violation of spin symmetry in the quark triangle formalism.
We also observed a relatively weak SU(3)A chiral symmetry breaking due to
the finite masses of the Goldstone–type pseudoscalar mesons, along with a
more apparent SU(3)V symmetry breakdown arising from the difference in light
constituent quark masses.

Our prediction for gD∗0D0γ/gD∗±D±γ is within range of other theoretical
estimates (1 ·66 ∼ 12 ·9) [5, 6] while gB∗0B0γ/gB∗±B±γ is small compared with
the few results in the literature (near 0 ·6) [6, 7]. However, a b quark mass of
around 5000 MeV places our result near these predictions. We expect future
measurements of these radiative decays will distinguish between these predictions.

Acknowledgments

The authors thank Prof. R. Delbourgo and Dr D. Kreimer for useful discussions.
D. Liu thanks the ARC for financial assistance under Grant Number A69231484
and the organizers of the Japan–Australia Workshop on Quarks, Hadrons and
Nuclei at which Prof. M. Oka and Dr H. Yabu [8] brought their papers to his
attention.

References

[1] R. Delbourgo, M. A. Rashid, A. Salam and J. Strathdee, In ‘High-energy Physics and
Elementary Particles’, p. 455 (International Atomic Energy Agency, Vienna, 1965);
M. A. B. Bég and A. Pais, Phys. Rev. 137 (1965) 1514;
B. Sakita and K. C. Wali, Phys. Rev. B139 (1965) 1355.

[2] N. R. Jones and R. Delbourgo (1995). Aust. J. Phys. 48, 55.
[3] A. Bramon and M. D. Scadron, Phys. Rev. D40 (1989) 3779.
[4] L. Montanet et al., Phys. Rev. D50 (1994) 1173.
[5] E. Eichten et al., Phys. Rev. D21 (1980) 203;

Fayyazuddin and Riazuddin, Phys. Lett. B337 (1994) 189;
A. N. Kamal and Q. P. Xu, Phys. Lett. B284 (1992) 421;
T. N. Pham, Phys. Rev. D25 (1982) 2955;
M. Sutherland, B. Holdom, S. Jaimungal and R. Lewis, Phys. Rev. D51 (1995) 5053.

[6] T. M. Aliev, D. A. Demir, E. Iltan and N. K. Pak, Middle East Technical University
Report METU–PHYS–HEP-95–13 (1995);
P. Colangelo, F. D. Fazio and G. Nardulli, Phys. Lett. B334 (1994) 175;
H. G. Dosch and S. Narison, University of Montellier Report PM 95/41 (1995).

[7] P. Jain, A. Momen and J. Schechter, Int. J. Mod. Phys. A10 (1995) 2467;
P. Singer and G. A. Miller, Phys. Rev. D39 (1989) 825.

[8] M. Takizawa and M. Oka, Phys. Lett. B359 (1996) 210;
I.-T. Cheon and H. Yabu, Tokyo Metropolitan University Report TMU-NT-9503 (1995).


