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Summary 

On considering a sphere in hydrostatic gravitational equilibrium, composed of a 
homogeneous elastic material for which the variation of incompressibility x with pressure 
p is given by dx/dp=n, a constant, we find that there is an upper bound to the radius R 
of the sphere provided n<2, and that for all values of n there is a lower bound to the 
value of 11MRs, where 1 is the moment of inertia about a diameter and M is the mass 
of the sphere. 

For a sphere composed of material for which dx/dp is a decreasing function of 
pressure and dx/dp~5/3 as p~oo, it emerges that 0-40>1IMR2>0'23 and that the 
maximum radius is of the order of 10' km. 

I. INTRODUCTION 

Seventy years ago the major planets were either regarded as "water 
planets" or else they were thought to consist of·a core of terrestrial material 
surrounded by a gaseous atmosphere. The acceptance of these' hypotheses 
was due to the lack of knowledge on the compressibility' of solid and liquid 
materials, and, although both hypotheses are now known to be incorrect, the 
effect of compression is still not completely known. 

The theories of quantum mechanics and finite elastic strain, together with 
the high pressure experiments of Bridgman, have yielded results which should 
ultimately lead to the exact solution of the density distribution throughout a 
self-compressed elastic sphere. The analytical solution of the problem is fore
stalled by the lack of an exact solution of the Lane-Emden equation, but certain 
indicative results will be obtained in this paper by making use of the few cases 
in which the Lane-Emden equation has an analytical solution. 

Using the results of quantum mechanical calculations and solving the 
Lane-Emden equation by numerical integration, Ramsey (1950) has solved the 
problem of the density distribution throughout a hydrogen planet. Earlier 
Birch (1939) used finite elasticity theory combined with numerical integration to 
determine the density distribution throughout a homogeneous layer of the 
Earth. 

The model with which this paper is concerned is a homogeneous sphere 
composed of material for which dxjdp is constant, and emphasis is placed on 
determining the lower bound of the ratio I j MRS and the upper bound of the 
radius. In the discussion at the end of this paper it is pointed out that the 
results can be applied to a sphere of material for which dx/dp is a monotonic 
decreasing function of pressure. 
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II. THE DIFFERENTIAL EQUATION FOR DENSITY 

Using the equation defining incompressibility, namely, x= p(dp/dp), 
where p is the density at pressure p, together with the relation x=xo+np, 
where Xo is the incompressibility at zero pressure, we obtain the pressure-density 
relation 

(1) 

where we have used Po to denote the density at zero pressure. 

Combining (1) with the equation for hydrostatic equilibrium of a sphere, 
namely, 

~. ~(~ dP ) = -47tGp 
r2 dr , p dr ' 

(2) 

where G denotes the gravitation constant and r is distance from the centre of 
the sphere, we obtain the differential equation 

...... (3) 

III. THE DENSITY DISTRIBUTION FOR n=2 
On denoting 47tGpUXo by ~2 and making the substitution P=X/r we find 

that the general solution of (3) is p=C sin (~r-3)/r where C and 3 are arbitrary 
constants of integration. Since density is to be finite at the origin we have 
3=0, and, on considering the surface values of a sphere of radius R, 

p R sin ~r 
Po=; sin ~R· 

(4) 

Since the mass of the sphere M = f: 47tr2p(r)dr we have on substituting 

from equation (4) and integrating, that 

1[5 1 cot ~R 
:3 Po=~2R2-~' 

where p is the mean density given by M =47tR3p/3. 

I =~1t' f: r4p(r)dr, 

. . . . . . . . . . . . . . .. (5) 

Similarly, from the formula 

where I is the moment of inertia of the sphere about a diameter, combined with 
equation (4), we deduce that 

6 
~4R4' 

where a is given by I =aMR2, and on substituting in this equation from (5) 
we obtain 

2 4 
a=3+3(1-~R cot ~R) 

4 
(6) 

~2R2· 
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IV. ,ApPROXIMATE SOLUTION OF EQUATION (3) FOR ARBITRARY dxjdp 
As a first approximation to the density throughout the sphere, we ,take 

p= -p, where p is the mean density of the self-compressed sphere. On solving 
equation (3) and remembering that p must be finite at the origin, we obtain as 
a second approximation to the density 

p=po(A-Br2)CX, .................. (7) 

where A=1+BR2, B=i nGpopjxorx, and rx=lj(n-1). 

On determining the mass and mom~nt of inertia as in the previous section, 
we obtain the results 

where F{a, b; c; z} is the hypergeometric function. 

It is necessary at this stage to give some idea of the range of validity of the 
equations (7), (8), and (9). 

On substituting the approximate solution (7) into the differential equation 
(3) we find that the left side is constant while the right side varies by the fraction 
(A-BR2jA)fX of itself as r varies from 0 toR. Since (A-BR2jA)fX=ljAfX=Pojpc' 
it follows that the solution (7) will be a valid approximation only if the density 
variation throughout the sphere is not large, so that Poj Pc is approximately 
unity. We use Pc to denote central density. 

From this argument it appears to follow that equations (8) and (9) are not 
valid for large compression because of their dependence on (7). This, however, 
is not the case since equations (8) and (9) are obtained from (7) by a further 
use of the equations of hydrostatic equilibrium and are therefore true to a higher 
order of approximation. 

Let us consider the derivation of (8) as follows. 
The equations of hydrostatic equilibrium are 

dp __ GM(r) dM(r) -4nr2 
dr - r2 p, dr - p, 

where M(r) is the mass Within the sphere of radius r, and on using (1) we can 
derive the differential equation for the mass M(r) as 

S~ dM(r)t-2~J_!., dM(r)1 __ Gp~ . M(r) 
(4nr2 dr J dr(4nr2 dr j - Xo r2····· (10) 

To solve this differential equation we ,take as a first approximation that 
M(r) =4nr3 pj3 where p is the mean density of the whole sphere of radiusR. 
Substituting this value of M(r) in the second member and integrating we obtain 
as a second approximation that 

M( ) -~ 3 Arx \ 3. 5. Br21 
r -37tr Po F(-rx, 2' 2' Ay 

which gives equation (8) and no longer depends on the validity of (7). 
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Substituting back into the differential equation (10) we find that the left 
side is constant while the right side varies by a fraction F{ -IX, 3/2; 5/2; BR2/A} 
of itself as r varies from 0 to R. This variation is seen to be equal to p/ Pc. 

Now 

l>F{ -IX'~; ~; B:2}>F{_IX' ~; ~; I}, 
the lower bound being attained in the limit as p-)- 00. Thus we see that, pro
vided F{ -IX, 3/2; 5/2; I} does not differ greatly from unity, the approximate 
solution (8) is valid for all values of p. But 

F{ -IX, 3/2; 5/2; I} 
r(5/2)r(1 +IX) 

r(5/2+IX) , 

which is precisely unity when IX=O and then decreases as IX increases. Thus for IX 
not too large the equation (8) is valid no matter how great is the variation of 
density throughout the sphere. 

Combining (10) with the equation 

3 dI(r) dM(r) 
2r2 dr=~' 

where I(r) is the moment of inertia of the sphere of radius r, we easily derive 
the integro-differential equation 

r 3 dI(r)/n-2 d r 3 
(S1t1"4 ~\ dr (S7tr4 

and, on solving approximately by taking I(r)=S1t1"5p/15 in the . second member, 
we find that 

_ ~ 5 ex r _ ~.!. Br21 
I(r)-157tpor A F( IX, 2' 2' A)' 

which gives equation (9). On substituting back into the integro-differential 
equation we find that the left side is constant while the right side varies by the 
fraction F{ -IX, 3/2; 5/2; BR2/A} of itself as r varies from 0 to R and so (9) 
is valid under the same conditions as (8). 

V . .AN ALTERNATE METHOD OF SOLUTION OF EQUATION (3) 

.As an alternative to the approximate method of Section IV we may take 
p=H -Kr2 as a first approximation to the density in the second member of 
equation (3). On integrating and inserting the boundary conditions that I' is 
finite a,t the origin, and 1'= Po when r=R we have 

(~)n-l =1 +47tGpo(n-l) \-!!(R2_r2)- K(R4_r 4)1\. .. (11) 
. Po Xo (6 20 ~ 

If we take 

H -Kr2=" _pc-pOr2 (12) i""C R2 , ............. . 
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and substitute (11) back into the differential equation (3) we find that both 
sides of the equation vary from Pc to Po as r varies from 0 to R so that the solution 
(11) with the values of Hand K given by (12) should be a valid approximation 
for compression of any magnitude. 

Substituting the values of Hand K given by equation (12) into (11) we 
see that, if Pc is large, then the density throughout the sphere is given 
asymptotically by 

~",f41tGpo . P (~2_r2 _ R4_r4)}1X 
Po -l ¥ c 6 20R2 . 

........ (13) 

VI. THE EXACT SOLUTION OF EQUATION (3) FOR dx/dp=6/5 
When n=6/5 the equation (3) permits of an exact solution (Chandrasekhar 

1939), namely, 
4 P06/6p4/6 _ 302 

r,7tG Xo - (1 +02r2)~' 

where 0 is an arbitrary constant. Inserting the boundary conditions p = Po 
when r=R and P=Pc when r=O we obtain the relation between Pc and R 

1 + \""0 \""c R2= LE • 
41tG,., 6/ 6 ,., 4/6 (,., )2/6 

15Xo Po 
.. ............ (14) 

VII. DEDUCTIONS 

(a) From the equation A=I+BR2 combined with (8) we have 

2_ A-l_l[( P )1/1X ] 
R -13-jj poF{ -IX, 3/2; 5/2; BR2/A} -1, ...... (15) 

so that in the limit as p increases indefinitely, we see that R2 behaves like pn-2. 
Hence in the limit as p~ 00 we have that for n> 2, R~ 00 and for n <2, R~O. 
Thus the case n=2 divides discontinuously the two types of behaviour. 

When n=2, equation (15) reduces to 

R2_1[ P J -Jj poF{ -1, 3/2; 5/2; BR2/A} -1 , 

so that on taking the limit as p~ 00 we find that 

1 /15Xo 
Rmax. = 2 PoJ 7tG' 

On considering the exact solution (5) for n=2, we see that p~oo as [iR~1t, 
so that the exact value for the upper bound of the radius is given by 

Rmax·=~=21poJ~· 
In Section IV the validity of the approximate equation (8) in the case of 

large p was shown to depend on IX, so that the discrepancy between the exact 
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and approximate values of Rmax. for ex=l, found in this section, gives an idea of 
the error .involved. 

As an alternative to the above we see from (13) that as Pc - 00, Pc behaves 
like Pcrx.R2rx., or R 2rx. behaves like p}-rx.. Hence the results deduced from Section 
IV ~re supported by the solution of Section V. 

(b) On combining equations (8) and (9) we obtain 

2 F{ -ex, 5/2; 7/2; BR2/A} 
a=3 F{ ~ex, 3/2; 5/2; BR2/A}' 

so that as p_oo we see that 
2 

amin.=2ex+5. . ................. (16) 

From the exact solution (6) in the case dx/dp =2 we see that, since ~R_7t 

. . . . . .. . . .••.. (17) 

It emerges therefore that the ratio 1/ MR2 has a lower limit as the mean density 
of the sphere increases indefinitely.and the approximate value amin.=2/(2ex+5) 
is not far in error. -

or 

Using equation (13) and the integrals for mass and moment of inertia 

fR r4?(r)dr 
I 2 0 

a= MR2=3R2 ~f~R---' 
r2p(r)dr 

• 0 

where we have made the substitution u=r/R. 

Towards solving the integral 

f: u4(1-u2)rx.(7 -3u2)rx.du 

we make the substitution u 2 =x-, so that it reduces to 
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which can be evaluated by expanding the last term in the integrand by the 
binomial theorem. On integrating term by term, the resulting series can be 
shown to be equal to 

17°cr (ex+1)r(5/2) . F{ -ex, 5/2; 7/2+ex; 3/7}. 
"2 r(7/2+ex) 

Similarly the integral 

can be shown to equal 

~7°cr(ex +1)r(3/21 
"2 r(5/2 +ex) . F{ -ex, 3/2; 5/2 +ex; 3/7}. 

Hence 

lim a=2~5 ~~ -ex, :~~; ~j~ +ex; :~~~, . . . . .. (IS) 
Pc-'CO ex + -ex, ; +ex ; 

which, when ex=l, is seen to be very close to the exact value of equation (17). 
It would appear from this agreement that the equation (IS) gives a slightly 
better approximation to the value of lim a, for large ex, than does equation (16). 

Pc-'CO 

In the case ex=3/2, corresponding to dx/dp=5/3, which is of importance, 
the equation (16) gives lim a=O ·25, while the equation (IS) gives lim a=O ·23. 

Pc-'CO Pc-->-CO 

We thus take a=O·23 to be the lower bound of the ratio I/MR2 for a homo
geneous sphere when dx/dp=5/3, but note that the simple equation (16) gives 
a reasonably accurate approximation. 

(0) Using equation (15) we can express the mass of the sphere in the form 

M =:TCPB!/2[ (PnF{ -ex, 3/2;P 5/2; BR2/A}f/oc -1 f/2, 

so that in the limit as P increases indefinitely we see that M behaves like p3n/2-2, 

and thus M tends to a finite limit as p--+ 00 if n=4/3. 
This behaviour of M can also be deduced from equation '(13) since for 

large values of the central density 

lim M -OC=4 fR 2 [4TCGpo{R2-r2 _ R4-r41]OCd Pc TCPo ,r 6 20R2 5 r, 
Pc-'CO 0 xoex 

or, on making the substitution u=r/R, 

=7tPo(4nGpO)IXR2OC+317OCr(ex+1)r(3/2)p{_ex 3/2· 5/2+ . 3/7} 
15 Xoex "2 r(5/2 +ex) " ex , . 

Hence as Pc--+oo, M behaves like PcocR2oc+3. 
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On making use of the results of deduction (a) we see that for large central 
density M behaves like Pc3n/2 - 2 and so M is finite if n=4/3. 

This result agrees with that of Chandrasekhar (1939) who found an upper 
limit to the mass of a poly trope in the case where the pressure-density relation 
is of the form p=Ap4/3 corresponding to a completely degenerate electron 
gas when relativistic effects are taken into account. 

It also follows from Chandrasekhar's treatment that values of n<4j3 are 
physically impossible; and it would appear that on the Thomas-Fermi theory 
no sphere could have an infinite mass since the ultimate pressure density relation 
for all substances is p =A p4/3• 

(d) The exact solution (14) for the case dx/dp =6/5 bears out the previous 
result that R---+O as Pc---+oo if dx/dp<2. In this case we can find the maximum 
radius which, since it corresponds to dRjdpc=O, is 

J( 15xo ) 
Rmax.= 161tG po2' 

which occurs when (Pc/PO)215=2. 

(e) Taking R as half its limiting value, i.e. ~R=t1t in the exact solution for 
dxjdp=2, we obtain ITom equations (5), (6), (4), and (1) that 

p 12 
Po=~' 

16 
a=2--2• 1t 

where Pc and Pc are the central values of the density and pressure respectively. 
It is to be noted that a sphere of this radius shows very little compression. 

(f) Birch (1952) and Keane (1954) have shown that, at least for the alkali 
metals, dxjdp is a decreasing function of pressure, so that, on assuming its 
universal applicability and in view of the quantum mechanical result for a 
completely degenerate electron gas (neglecting relativistic effects) that dx/dp---+5/3 
as p---+ 00, it emerges from the foregoing results that no homogeneous elastic 
sphere can have the ratio 1/ MR2 less than approximately O· 23, this value being 
approached as the mean density tends to infinity. 

It is also evident from the previous results that, since dx/dp---+5/3 as p---+ 00, 

then there is an upper limit to the radius of the sphere of the order of V(Xo/Gp02). 
On taking XO=1012 dyn/cm2 and Po=1 g/cm3 this upper limit is of the order of 
104km. 

(g) Considering p---+oo is a mathematical idealism and overlooks possible 
large-scale changes of interaction between the individual atoms. Clearly an 
infinite density is impossible and so some mechanism of destruction must be 
brought into operation before the limit is reached. It follows that the lower 
bound for the ratio I/MR2 is unattainable. 
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(h) For the major planets the empirical values of IjMR2 are all close to the 
minimum, 0·23, being, according to Ramsey (1951), for Jupiter 0·25, Saturn 
o ·22, Uranus 0·24, and Neptune 0·27. These low values suggest a certain 
amount of central concentration of heavy material, especially in Saturn, and 
also indicate that the radii of the major planets, all of the order of 104 km, are 
near the maximum for the particular materials of which they are composed. 

(i) Ramsey (1951) has calculated the density distribution for Jupiter and 
Saturn on the assumption that they are composed of a homogeneous mixture of 
hydrogen and helium. From these calculations it was found that a=0·28 for 
Jupiter and has a slightly higher value for Saturn. These values are within the 
limits, for a homogeneous sphere, imposed by this paper but are so close to the 
lower limit as to suggest very forcibly that Jupiter is nearly the largest planet 
possible. In this connexion it should be borne in mind that, since we are 
considering dxjdp~5j3 as p~oo, the lower limit of a does not correspond to 
the maximum radius, but to the zero radius which is attained on shrinking of 
the sphere after the maximum radius has been reached. Hence the maximum 
radius corresponds to a value of a greater than 0·23. 

It is difficult to ascertain Po and Xo for hydrogen since for a sphere of any 
size the hydrogen atoms are likely to form a metallic lattice. However, the 
value of 85,000 km shown by Ramsey (1950), using quantum mechanical 
calculations, to be the maximum radius of a hydrogen planet is not in conflict 
with the upper bound found in this paper. 
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