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Summary 

This paper deals with the problem of the plastic deformation of a beam under the 
action of three perfectly rough rigid dies, two dies applied to one side, one die to the 
other side of the beam, the single die being situated between the two others. It is 
treated as a problem of plane plastic flow. Discontinuous stress and velocity fields 
are assumed and upper and lower bounds for the pressure sufficient to cause pronounced 
plastic yielding determined by limit analysis. 

The treatment is approximate and subject to experimental verification. 

1. INTRODUCTION 

This problem had its origin in an enquiry regarding the straightening of 
the spar-beams for an aircraft. The beams were received bent and it was 
required to straighten them without introducing severe tensile stresses. It 
was suggested that by applying pressure successively along the beam by three 
rigid dies, two on one, one on the opposite side of the beam (Fig. 1), it could be 
straightened by introducing, mainly, shear deformation . 

. Fig. I.-Beam under the action of three rigid, perfectly rough dies. 

The present paper deals with this problem in a highly idealized form. The 
approximate solution presented here enables an estimate to be formed of the die 
pressure necessary to cause overall plastic deformation and also suggests a 
picture of the change of shape of the boundary when the dies are pressed together 
with given velocity. 

II. GENERAL THEORY 

The solution of a problem in plane plastic flow consists of the determination 
of the three stress components ax, ay, and "xy, and the two velocity components 
'It and v. The first and second slip lines are defined as lines in the directions 

* Aeronautical Research Laboratories, Department of Supply, Melbourne; present address: 
Brown University, Providence, R.I., U.S.A. 

B 



420 w. FREIBERGER 

(the first and second shear direction) obtained by 45° counterclockwise rotations 
of the directions (first and second principal direction) across which the tensile 
stress is a maximum and :mfuimum, respectively. These lines are orthogonal 
to each other and it can be shown (Prager and Hodge 1951) that 

w-6=constant along a first slip line, } 
w+6=constant along a second slip line, ........ (1) 

where 2kw is the mean nor-mal stress (k is the yield stress in pure shear and so 2k 
the yield stress in pure tension), and 6 is the angle between the first slip line and 
the negative y-axis. In terms of wand 6, the stress components are ~ven by 

a" =2kw +k sin 26'} . 
ay =2kw-k sin 26, ............... . 

"C"y= -k cos 26. 

(2) 

Th.ese satisfy the equilibrium equations and the yield condition 

(a,,-ay)2+4"C~=4k2. 

It has been shown (Prager 1948; Freiberger 1956) that in cases where it is 
impossible to satisfy all the boundary conditions, discontinuities may be intro
duced to give a solution. Moreover, in some cases which admit continuous 
solutions, it is possible to construct discontinuous solutions as a device to obtain 
approximate solutions mor.e easily (Hodge 1950; Prager and Hodge 1951). 
If a line of discontinuity (" shock ") separates two regions of perfectly plastic 
material, then the following relation must be valid (Prager 1948) : 

61 +62 = 2CXlS' 1 
_ _.. (0 0») ................ (3) 

Ws ~ -sm. VI -vs • . 

Here, subscripts 1 and 2 refer to opposite sides of the shock, CXu is the angle 
between the shock and the negative y-axis. The first equation (1) means that 
the shock must bisect the intersecting slip lines of either faIp.ily. Oonservation 
of mass requires the velocity component normal to the shock to be continuous 
across the shock. 

To estimate the load at which sufficient plastic flow has taken place in the 
beam for pronounced overall yield to take place (" collapse ") we make use of 
the theorems of limit analysis (Hodge 1950; Prager and Hodge 1951) which are 
true for continuous and discontinuous fields of stress and velocity. These 
theorems are: 

Theorem 1.-00llapse will not occur until the largest values of the surface 
trf!.ctions are reached for which it is possible to find a statically admissible stress 
field. 

Theorem 2.-0011apse will occur under the smallest values of the surface 
tractions for which it is possible to find a kinematically admissible velocity field . 

.A stress field is called statically admissible if it satisfies the equations of 
equilibrium and the boundary conditions and nowhere violates the yield 
condition. 
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A velocity field is called kinematically admissible if it satisfies the incom
pressibility condition and the boundary conditions and if the rate at which the 
applied tractions do work on the velocities of their points of application equaJs 
(or is greater than) the rate of internal energy dissipation. For a surface of 
discontinuity, the rate of internal energy dissipation per unit area at any point 
of the surface is (Shield and Drucker 1953) 

D=k'V, (4) 

where 'V is the change in the tangential velocity component across the surface of. 
discontinuity at the point. 

III. VELOCITY FIELD-UPPER BOUND FOR LIMIT PRESSURE 

The slip line field of the right-hand Side of Figure 2 will be assumed for the 
velocity distribution; the surfaces of the dies being perfectly rough, the slip 
lines meet the dies at right angles. It is also seen that the first of equations (3) 
is satisfied across each shock. 

E 

Fig. 2.-Left-hand side: boundaries after incipient plastic flow. 
Right-hand side: slip line field at incipient plastic flow, ·shaded 

areas rigid. 

Let the pressure per unit length on each of the upper dies be pk; for the 
lower die it is therefore 2pk, by equilibrium. Since the assumed relative velocity 
between upper and lower dies is irrelevant; let the dies move with unit velocity, 
. the upper dies downwards, the lower die upwards . 

. Let U and V be the velocities along first and second slip lines, respectively, 
and denote the region to which they refer by a subscript 1, 2, or 3. With 
reference to Figure 2, applying the condition that normal velocity components. 
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must be continuous across lines of discontinuity and applying the boundary 
'condition that dies move with unit velocity, we obtain : 

across EO: U1 cos 30 + V1 sin 30= Ua cos 30 + VII sin 30, 
across OB: Ua cos 30-Va sin 30= Us cos 30-VI! sin 30, 
across AB: U3 =V4 sin 30=1 sin 30, 
across OA: Va=O, across DE: U1 =1, across DO: V1 =0. 

It follows that U1 =1, Us=l, U3=t, 
V 1 =0, Vs=h/3, Va=O, 

or, in terms of· velocities along coordinate directions, with subscripts referring 
to regions: 

uo=O, u1=0, u II = --'-tv'3, U = -tv'3, u4 0, U5=U2= -tv'3, 
. vo=O, v1 =-1, vll=i, va=!, v4 =1, V5=-V2=-!~ 

These values for the velocities are used in the left-hand side of Figure 3 to indicate 
the deformation of the boundaries at the moment of pronounced plastic flow. 
For this velocity field, clearly, 61 =180°, 62 =60°, 63 = -60°. 
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Fig. 3;-Conditions at boundaries of plastio regions. 

There will be a value of p =p* such that if p >p* the velocity field of Figure 3 
is a kinematically admissible velocity field and will yield an upper bound for the 
limit pressure. Denoting by AB etc., the lengths of the boundaries AB etc., 
and by VAB etc., the change in the tangential velocity components across the 
lines of discontinuity, w~ have, for the rate of internal energy dissipation, 

D=2k(AB. VAB+AO. vAc+BO. vBc+OD. vcD+EO. vEd 

=2k(1 . ~3 + ~3 . ~+ ~3 . 1+ ~3 . ~)=4(v'3)k . . (5) 

The rate of external work done by the dies is 

W=4apk. (6) 
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Equating (5) and (6) it is found that the rate of external work done will no1\ 
be less than the rate of dissipation of internal energy if the value of p is not less. 
than 

p*=v'3, ......... r •••••••••••• (7), 

which is an upper bound for the limit pressure, by theorem 2. 
The same upper bound is found by assuming the following displacement 

mode: the si~gle die doubly shears a section of the beam and pushes it a small 
distance between the dies. t 

IV. STRESS FIELD-LoWER BOUND FOR LIMIT PRESSURE 

To find, with the help of theorem 1, a lower bound for the limit pressure; a 
statically admissible stress field must be found. This can be done by using a ~ 
discontinuouB stress field for a truncated wedge (see Winzer and Oarrier 1948), 
employed by Shield and Drucker (1953). This pattern is reproduced in 
Figure 4 (a) and the modified pattern for the present problem in Figure 4 (b). 
The latter is obtained from the former by superimposing a tension of value k 
in the region vertically below what is line DD in Figure 4 (b). 

_k 

(a) (b) 

Fig. 4 (a).-Stress pattern for truncated wedge (Winzer and Carrier 1951). 

Fig. 4 (b).-Modified stress pattern for beam. 
Compression negative, tension positive. 

This stress field, statically admissible for the present problem, at once gives 
for p the value 

p**=k ........................ (8) 

as a lower bound for the limit pressure on the upper dies. 
Hence, combining the results of this section and those of Section III, we 

find, if P L is the limit pressure, 
k<PL <kv'3. .. .................. (9) 

V. OONCLUSION 

Under the assumption of perfect plasticity (flow under constant maximum 
shear stress) and plane strain, bounds are obtained for the collapse load of a 
beam subjected to compression, by three rough rigid dies., 

A discontinuous velocity field, satisfying velocity boundary conditions, is 
used to determine an upper bound to the limit pressure, i.e. the pressure per 

t This comment is due to Dr. J. M. Alexander, English Electric Company, England. 
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unit length on the upper dies sufficient to cause plastic flow throughout the 
cross section of the beam. This is found to have the value ky'3. The velocity 
field is also used to give an indication of the deformation of the boundaries at 
the moment of pronounced plastic flow. 

A discontinuous stress field, satisfying stress boundary conditions, is found 
to determine a lower bound for limit pressure. The value of this lower bound is k. 

The difference between the upper and lower bounds is due to the different 
fields assumed for the velocity and stress solutions. 
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