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Summary 

Tables of Dirac (Jontinuum radial wave functions for an electron in the Coulomb 
field of a mercury nucleus (Z =80) are presented for several energies and l's. Approximate 
methods of interpolation and extrapolation to regions not covered explicitly are 
indicated. 

I. INTRODUCTION 
The Dirac continuum wave functions for an electron in the Ooulomb field 

of a heavy nucleus are required for the theoretical investigation of many atomic 
and nuclear problems. However, analytically, these functions are notoriously 
intractable. Firstly, they are non-separable in the many coordinate systems 
which induce separation in the Schrodinger wave functions and this imposes a 
severe restriction on the facility with which they can be used in certain problems. 
Allied difficulties such as non-integral parameters can also be cited. Furthermore, 
to the authors' knowledge, the only available tables of Dirac continuum radial 
wave functions are those of Glassgold and Mack (1954), which are valid only 
in the extreme relativistic energy region. For these reasons, the following tables, 
which were calculated during an investigation of specific ionization at relativistic 
energies, are presented separately. 

II. DIRAC WAVE FUNCTIONS FOR A OOULOMB FIELD 
The following units are used throughout: energy is measured in moo 2, 

length in Ii/moo, and momentum in moo. Following Rose (1937), the four com
ponents, IjiH 1ji2' ljis,- 1ji4' of the Dirac wave function for an electron, which has 
momentum p and energy W =(p2+1)! in the continuum and which is in a. 
Ooulomb field due to Z times the electronic charge, may be expressed in spherical 
polar coordinates r, 6, tp for the two spin states j=l±t. 

For j=l+t: 

. . . . . . . . .. (la) 
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For j=l-t: 
.(l+m-t)i _ 

1);1=1 2l-1 Jl l - l ,m-if", 

.......... (1 b) 

(l+m+t)! . th= 2l+1 I Yl,m+tg", 

l;>l, -l<m--t<l-l. 

YI,m(6,cp) are normalized spherical harmonics, and the f,,(p,p), g,,(p,p) are the 
radial wave functions, with p =2pr. j represents the total angular momentum 
quantum number, l the quantum number which in the non-relativistic limit is 
identified with the orbital momentum quantum number, and m the magnetic 
quantum number. 

The parameter x is defined so that 

x= -(j +t)= -(l+1), 
x=(j+t)=l, 

when j=l+t, } 
when j=l-t. 

....... , (2) 

The regular continuum radial wave functions f, g, normalized in the energy 
scale, can be written 

{
f,,(P'P)} 

=N'F(x,p)[R,,(p,p)=fR~(p,p)], ............... (3a) 
g,,(p,p) 

where 

R,,(p,p)=p-312K(x,p)M(x,p,p), .................... (3b) 

N'F(x,p)=p!(1=fW)!e1t1J /2 1 r(y+i'Y)) I [7t!r(2y+1)]-I, (3c) 

M(x,p,p)=e-ip/2 (ip)Y+i1F](y+1+h), 2y+1, ip), (3d) 

K(x,p)=i-Y-t[(y+i'Y))( -x+iIXZ/p)l', . .. . . .. .. ... (3e) 

y=(X2-1X2Z2)t, ............................ (3f) 

'Y)=IXZWlp, ................................ (3g) 

and IX, the fine structure constant, is taken as 1/137. 

The functions M(x,p,p) are the Whittaker functions M -i'll-t. y(ip) and are 
solutions of the differential equation (Erdelyi et al. 1953) 

Substituting 
M=X+iY (5a) 

and 

(5b) 
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into (4) gives two coupled real equations: 

X"+FX-GY=O, 

Y" +FY +GX =0. 

III. METHOD OF COMPUTATION OF THE RADIAL FUNCTIONS 

(6a) 
(6b) 

The equations (6a), (6b) were solved by numerical integration from near 
the origin, using the recurrence formulae 

(Zn+1)approx=2Zn-l-Zn-3+4h2(Z~-1 +tLl2z~_1) ...... (7a) 

to integrate ahead, and 

Zn+1=2Zn-zn-l+h2(Z~+I~Ll2Z~) ............ (7b) 

to provide the correction. It was assumed that the interval in p,h, was taken 
sufficiently small so that only one application of the above was required. For 
0<p<;8, h was taken to be 0·02 while for 8<p<;16, h was taken to be 0·2. 
The initial values near the origin were computed using the series expansion for 
the Whittaker confluent hypergeometric functions. 

These calculations were carried out on the CSIRAC (Physics Department, 
University of Melbourne) for Z=80 and for a range of x and p. 

The reason for solving for M rather than R is that M depends only upon 
I x I and not x and thus the values were obtained simultaneously for the two spin 
states. The complex gamma functions required for the coefficients N were 
obtained by interpolation from the National Bureau of Standards table (1954). 

IV. DESCRIPTION OF TABLES 
The radial wave functions were calculated for x= ±1, ±2, ±3, ±4, and 

p=O '2, 0 '4, 0 '6, 0·8. In terms of l, the above values of x correspond, for the 
case j=l+t, to l=O, 1, 2, 3, and for the case j=l-t, to l=l, 2, 3, 4. The 
integrations were effected from near the origin to a distance p=16, which 
corresponds to a radial distance, for p =0 '8, of five times the K shell radius of 
mercury. 

The M =X +iY are tabulated in Table 1 in terms of mantissa and power 
of ten. In the range 0<p<;8, the values are accurate to better than 0·1 per cent. 
In the range 8 <p <;16, the error in the values X and Y is considerably larger 
(generally ,--,2 per cent.) on account of the larger interval employed in the 
numerical integration. 

The K=x+iy are tabulated in Table 2 correct to O'lper cent. The 
normalizing factors N are given in Table 3 to an accuracy of 0·5 per cent. 

The normalized radial wave functions can be written explicitly in terms of 
the tabulated functions 

ix(p,p) =2ip-312N_(x,p)[y(x,p)X(x,p) +x(x,p)Y(x,p)], (8a) 
gx(p,p) =2p-312N +(x,p) [x(x,p )X(x,p) -y(x,p)Y (x,p)]. (8b) 
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TABLE 1 

M(x,p,p) =X(x,p,p) +iY(x,p,p) 

l"I~1 

p~0-2 p~0-4 p~0-6 p~0-8 

p 
X Y X Y X Y X Y -- ------------------------------ - ----------

0-2 -4-840 -2 8-250 -2 -5-405 -2 9-241 -2 -5-590 -2 9-566 -2 -5-677 -2 9-717 -2 
0-4 -1-004 -1 1-539 -1 -1-263 -1 1-962 -1 -1-352 -1 2-109 -1 -1-394 -1 2-178 -1 
0-6 -1-402 -1 1-900 -1 -2-006 -1 2-821 -1 -2-225 -1 3-159 -1 -2-332 -1 3-322 -1 
0-8 -1-638 -1 1-909 -1 -2-706 -1 3-422 -1 -3-116 -1 4-013 -1 -3-319 -1 4-304 -1 
1-0 -1-705 -1 1-624 -1 -3 -324 -1 3-743 -1 -3-981 -1 4-627 -1 -4-312 -] 5-071 -1 

1-2 -1-615 -1 1-122 -1 -3-832 -1 3-787 -1 -4-785 -1 4-982 -1 -5-275 -1 5-598 -1 
1-4 -1-387 -1 4-840 -2 -4-209 -1 3-577 -1 -5 -500 -1 5-079 -1 -6-179 -1 5-873 -1 
1-6 -1-047 -1 -2-170 -2 -4 -445 -1 3-141 -1 -6-105 -1 4-926 -1 -6-995 -1 5-895 -1 
1-8 -6-232 -2 -9-152 -2 -4-531 -1 2-516 -1 -6-580 -1 4-541 -1 -7 -702 -1 5-674 -1 
2-0 -1-450 -2 -1-557 -1 -4-466 -1 1-742 -1 -6-911 -1 3-947 -1 -8-277 -1 5-223 -1 

2-2 3-583 -2 -2-100 -1 -4-254 -1 8-576 -2 -7-088 -1 3 -173 -1 -8-705 -1 4-563 -1 
2-4 8-592 -2 -2-515 -1 -3-902 -1 -9-512 -3 -7-105 -1 2-248 -1 -8-973 -1 3-718 -1 
2-6 1-333 -1 -2-781 -1 -3-422 -] -1-077 -1 -6 -961 -1 1-206 -1 -9-072 -1 2-714 -1 
2-8 1-757 -1 -2-892 -1 -2-827 -1 -2-053 -1 -6-657 -1 8-093 -3 -8-995 -1 1-581 -1 
3-0 2-114 -1 -2-848 -1 -2-133 -1 -2-987 -1 -6-198 -1 -1-094 -1 -8 -743 -1 3-510 -2 

3-2 2·390 -1 -2-655 -1 -1-358 -1 -3-851 -1 -5-590 -1 -2-285 -1 -8-317 -1 -9-446 -2 
3-4 2-574 -1 -2-328 -1 -5-214 -2 -4-617 -1 -4-846 -1 -3 -461 -1 -7-722 -1 -2-273 -1 
3-6 2-661 -1 -1-886 -1 3-559 -2 -5-264 -1 -3-978 -1 -4-591 -1 -6-966 -1 -3-604 -1 
3-8 2-649 -1 -1-351 -1 1-253 -1 -5-775 -1 -3-001 -1 -5-648 -1 -6-061 -1 -4-907 -1 
4-0 2-538 -1 -7-493 -2 2-149 -1 -6-138 -1 -1-934 -1 -6-608 -1 -5-021 -1 -6-153 -1 

4-2 2-334 -1 -1-058 -2 3-023 -1 -6-342 -1 -7 -955 -2 -7-446 -1 -3-861 -1 -7-316 -1 
4-4 2-044 -1 5-527 -2 3-855 -] -6-386 -1 3-939 -2 -8-145 -1 -2-599 -1 -8-369 -1 
4-6 1-678 -1 1-201 -1 4-627 -1 -6-270 -1 ]-612 -1 -8-686 -1 -1-254 -1 -9-290 -1 
4-8 1-248 -1 1-815 -1 5-321 -1 -5-994 -1 2-838 -1 -9-059 -1 1-524 -2 -1-006 
5-0 7-684 -2 2-372 -1 5-923 -1 -5-567 -1 4-049 -1 -9-255 -1 1-598 -1 -1-066 

5-2 2-540 -2 2-855 -1 6-420 -1 -4-998 -] 5-223 -1 -9-267 -1 3-059 -1 -1-109 
5-4 -2-795 -2 3-249 -1 6-800 -1 -4-299 -] 6-340 -1 -9-096 -1 4-512 -1 -1-133 
5-6 -8-164 -2 3-540 -1 7-054 -1 -3-486 -1 7-380 -1 -8-743 -1 5-935 -1 -1-137 
5-8 -1-341 -1 3-720 -1 7-178 -1 -2-577 -1 8-324 -1 -8-2]5 -1 7-305 -1 -1-101 
6-0 -1-840 -1 3-785 -1 7-167 -1 -1 -588 -] 9-153 -1 -7-519 -1 8-598 -1 -1-086 

6·2 -2-298 -1 3-734 -1 7-024 -1 -5-386 -2 9-854 -1 -6-667 -1 9-795 -1 -1-031 
6-4 -2-703 -1 3-570 -1 6-747 -1 5-504 -2 1 -041 -5-675 -1 1-087 -9-576 -1 
6-6 -3-045 -1 3-297 -1 6-340 -1 1-658 -] 1-082 -4-561 -1 1-182 -8-666 -1 
6-8 -3-314 -1 2-925 -1 5-809 -1 2-765 -1 1 -106 -3-340 -1 1-262 -7 -592 -1 
7-0 -3-505 -1 2-465 -1 5-161 -1 3-850 -1 1-114 -2-035 -1 1-325 -6-370 -1 

7-2 -3·610 -1 1-930 -1 4-406 -1 4-894 -] 1-105 -6-660 -2 1-370 -5-018 -1 
7-4 -3-629 -1 1-335 -1 3-441 -1 5-638 -1 1-079 7-439 -2 1-397 -3-557 -1 
7·6 -3·559 -1 6-958 -2 2'501 -1 6-457 -1 1-037 2·171 -1 1-405 -'2-008 -1 
7-8 -3·403 -1 3-003 -3 1-500 -1 7-165 -1 9-778 -1 3-592 -1 1·393 -3'927 -2 
8-0 -3'164 -1 -6-453 -2 4-539 -2 7-751 -] 9-029 -] 4-983 --1 1-361 1-264 -1 

8-2 -2-84 -1 -1-31 -1 -6-20 -2 8-20 -1 8-12 -1 6-32 -1 1-31 2·74 -1 
8-4 -2-45 -1 -1,96 -1 -1-70 -1 8-51 -1 7-08 -1 7-58 -1 1·24 4-60 -1 
8-6 -1,99 -1 -2-56 -1 -2-78 -1 8-66 -1 5-92 -1 8-74 -] 1·15 6-22 -1 
8-8 -1-49 -1 -3-10 -1 -3'82 -1 8·66 -1 4-64 -1 9-78 -1 1-04 7-79 -1 
9·0 -9'36 -2 -3-58 -1 -4-82 -1 8-51 -1 3-27 -1 1-07 9-15 -1 9-27 -1 
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TABLE 1 (Continued) 

1><1=1 

p=0'2 p=0'4 p=0'6 p=0'8 
, 

p 
X Y X Y X Y X Y 

-.------------------------------------- --9·2 -3·57 -2 -3,98 -1 -5·76 -1 8·20 -1 1·83 -1 1'15 7·76 -1 1,06 
9·4 2·40 -2 -4·28 -1 -6'63 -1 7·75 -1 3·39 -2 1'20 6'24 -1 1·19 
9·6 8·40 -2 -4·50 -1 -7·39 -1 7'15 -1 -1'18 -1 1·25 4·61 -1 1,30 
9'8 1·32 -1 -4·60 -1 -8'06 -1 6·42 -1 -2·71 -1 1'27 2'89 -1 1·39 

10·0 2'00 -1 -4·61 -1 -8·60 -1 5·57 -1 -4·23 -1 1·27 1,10 -1 1·46 

10·2 2·53 -1 -4·51 -1 -9·02 -1 4'61 -1 -5·71 -1 1·26 -7,31 -2 1,52 
10·4 3·02 -1 -4·31 -1 -9,30 -1 3·56 -1 -7·14 -1 1·23 -2'58 -1 1,55 
10'6 3·46 -1 -4'01 -1 -9·45 -1 2·44 -1 -8·49 -1 1·17 -4,43 -1 1'56 
10'8 3·82 -1 -3·62 -1 -9·44 -1 1·26 -1 -9·74 -1 1·10 -6·25 -1 1,55 
11·0 4·12 -1 -3·15 -1 -9·29 -1 4·22 -3 -1'09 1·01 -8'01 -1 1,52 

11·2 4·33 -1 -2·61 -1 -9·00 -1 -1'19 -1 -1·19 9'10 -1 -9·70 -i 1,47 
11·4 4·47 -1 -2·00 -1 -8,57 -1 -2·43 -1 -1·27 7·91 -1 -1·13 1·40 
11·6 4·51 -1 -1·35 -1 -8·00 -1 -3,63 -1 -1·34 6'59 -1 -1·27 1,30 
11·8 4·47 -1 -6·61 -2 -7·30 -1 -4·80 -1 -1·39 5·16 -1 -1,41 1'19 
12·0 4·33 -1 4·64 -3 -6·48 -1 -5,91 -1 -1·43 3'63 -1 -1·52 1,07 

12'2 4·12 -1 7·63 -2 -5·56 -1 -6,94 -1 -1·44 2·03 -1 -1,62 9,09 -1 
12·4 3·82 -1 1·47 -1 -4·54 -1 -7·87 -1 -1·44 3·76 -2 -1·70 7·47 -1 
12'6 3·44 -1 2·16 -1 -3·44 -1 -8·69 -1 -1·41 -1,31 -1 -1·75 5·72 -1 
12·-8 2·99 -1 2·80 -1 -2·27 -1 -9·39 -1 -1·37 -2,99 -1 -1,79 3·88 -1 
13'0 2·48 -1 3·40 -1 -1·06 -1 -9·96 -1 -1,31 -4·66 -1 -1·80 1'96 -1 

13·2 1·92 -1 3·94 -1 1·85 -2 -1·04 -1·23 -6·28 -1 -1,79 -2,03 -3 
13·4 1·32 -1 4·41 -1 1·44 -1 -1,06 -1,13 -7,84 -1 -1,76 -2,02 -1 
13'6 6·87 -2 4·71 -1 2·69 -1 -1,08 -1·01 -9,31 -1 -1·71 -4'03 -1 
13·8 3·26 -3 5·09 -1 3·92 -1 -1·07 -8,86 -1 -1'07 -1'63 -6'00 -1 
14,0 -6,32 -2 5·30 -1 5·11 -1 -1'05 -7·44 -1 -1,19 -1,53 -7,93 ~1 

14·2 -1·29 -1 5·40 -1 6·24 -1 -1,01 -5,91 -1 -1,30 -1,41 -9,77 -1 
14·4 -1·93 -1 5·41 -1 7·29 -1 -9,60 -1 -4·28 -1 -1·39 -1·27 -1'15 
14'6 -2,54 -1 5·31 -1 8·26 -1 -8'93 -1 -2·57 -1 -1·47 -1·12 -1,31 
14·8 -3,12 -1 5·12 -1 9·12 -1 -8,12 -1 -8,16 -2 -1,53 -9,47 -1 -1,46 
15·0 -3·65 -1 4·82 -1 9·86 -1 -7·19 -1 9·73 -2 -1'56 -7,62 -1 -1,59 

15·2 -4·12 -1 4·44 -1 1·05 -6,14 -1 2·77 -1 -1'58 -5,65 -1 -1,70 
15·4 -4,52 -1 3·98 -1 1·09 -4,99 -1 4·55 -1 -1·57 -3,60 -1 -1·79 
15·6 -4,84 -1 3·43 -1 1·14 -3,75 -1 6·30 -1 -1'55 -1,47 -1 -1,86 
15'8 -5·09 -1 2·82 -1 1'14 -2·45 -1 7'98 -1 -1'50 6'92 -2 -1,91 
16·0 -5,25 -1 2·16 -1 1'15 -1,15 -1 9·58 -1 -1'44 2,87 -1 -1,93 

1><1=2 

0·2 -1,423 -2 -1'127 -2 -1'510 -2 -1,195 -2 -1,538 -2 -1·217 -2 -1'551 -2 -1,227 -2 
0·4 -6'536 -2 -5,415 -2 -7'379 -2 -6'102 -2 -7'659 -2 -6'330 -2 -7,790 -2 -6'436 -2 
0·6 -1·489 -1 -1,293 -1 -1,794 -1 -1,551 -1 -1'898 -1 -1'640 -1 -1'948 -1 -1,681 -1 
0·8 -2'534 -1 -2'314 -1 -3,269 -1 -2'959 -1 -3,529 -1 -3·188 -1 -3'655 -1 -3·297 -1 
1·0 -3,660 -1 -3,522 -1 -5,075 -1 -4,815 -1 -'5'595 -1 -5'288 -1 -5,848 -1 -5,517 -1 

1·2 -4·744 -1 -4'829 -1 -7,107 -1 -7'076 -1 -8'006 -1 -7'925 -1 -8,451 -1 -8,344 -1 
1·4 -5'682 -1 -6'147 -1 -9,251 -1 -9,683 -1 -1'066 -1,107 -1'137 -1,176 
1,6 -6,394 -1 -7,396 -1 -1'140 -1'256 -1,344 -1'466 -1,449 -1,572 
1,8 -6'820 -1 -8,501 -1 -1,344 -1·563 -1,625 -1,864 -1,770 -2,018 
2·0 -6'925 -1 -9,397 -1 -1,528 -1,881 -1,897 -2·293 -2,090 -2,505 
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TABLE 1 (Continued) 

Ixl=2 

p=0'2 p=0'4 p=0'6 p=0'8 

p 

" [ X Y X Y X Y X Y 
-------------------------------------------

2·2 -6'695 -1 -1·003 -1·682 -2·200 -2·149 -2·744 -2'397 -3'028 
2·4 -6·138 -1 -1'038 -1'800 -2·513 -2·374 -3,208 -2'681 -3·575 
2'6 -5·279 -1 -1·041 -1'876 -2·811 -2·561 -3'675 -2'932 -4,139 
2·8 ~4'156 -1 -1'012 -1'904 -3·086 -2·702 -4·137 -3'140 -4'707 
3·0 -2·817 -1 -9·509 -1 -1·882 -3·330 -2·792 -4·585 -3·297 -5,272 

3·2 -1·319 -1 -8·594 -1 -1'810 -3·535 -2·825 -5·010 -3'397 -5·825 
3·4 2·762 -2 -7·401 -1 -1·686 -3,695 -2·797 -5·400 -3·434 -6,352 
3·6 1·906 -1 -5,966 -1 -1·513 -3·805 -2·707 -5·748 -3·403 -6'845 
3·8 3·507 -1 -4·330 -1 -1·295 -3·861 -2·553 -6·045 -3'302 -7,292 
4·0 5·021 -1 -2·540 -1 -1·035 -3·859 -2·336 -6·282 -3'131 -7'684 

4·2 6·392 -1 -6·462 -2 -7·380 -1 -3·797 -2·060 -6·454 -2'890 -8·012 
4·4 7·574 -1 1·297 -1 -4·111 -1 -3'674 -1·728 -6·555 -2·580 -8,267 
4·6 8·524 -1 3·236 -1 _6·054 -2 -3·491 -1·343 -6·579 -2·205 -8·447 
4·8 9·211 -1 5·118 -1 3·061 -1 -3·250 -9 129 -1 -6·524 -1·768 -8·543 
5·0 9·614 -1 6·892 -1 6'810 -1 -2·953 -4·438 -1 -6·389 -1·276 -8'552 

5·2 9·719 -1 8·512 -1 1·056 -2·604 5·654 -2 -6·176 -7·353 -1 -8·470 
5·4 9·524 -1 9·934 -1 1·423 -2·208 5·798 -1 -5·882 -1·536 -1 -8·291 
5·6 9·033 -1 1'112 1·775 -1·771 1·117 -5·510 4·605 -1 -8·013 
5·8 8·261 -1 1·205 2·104 -1·299 1·658 -5·061 1'097 -7·639 
6·0 7·232 -1 1·269 2·403 -7·984 -1 2·194 -4·539 1·747 -7·168 

6·2 5·974 -1 1·302 2'665 -2·767 -1 2·715 -3·950 2'398 -6,605 
6·4 4·522 -1 1·305 2·884 2·581 -1 3·213 -3·301 3·042 -5'956 
6'6 2·917 -1 1·276 3·056 7·97{) -1 3·678 -2·597 3'667 -5·225 
6·8 1·200 -1 1·217 3'177 1·333 4·100 -1·849 4·262 -4·422 
7·0 -5·810 -2 1·129 3·242 1·857 4·474 -1·064 4'819 -3·552 

7·2 -2·381 -1 1·013 3·251 2·361 4·790 -2·524 -1 5'327 -2·627 
7·4 -4·153 -1 8·734 -1 3·201 2·836 5·043 5·757 -1 5'777 -1·654 
7'6 -5·854 -1 7·119 -1 3'094 3·275 5·228 1·410 6'160 -6·467 -1 
7·8 -7·441 -1 5·325 -1 2·929 3·671 5·339 2·238 6·469 3·850 -1 
8·0 -8,874 -1 3·390 -1 2·709 4·017 5·374 3·051 6'698 1·428 

8·2 -1,01 1·35 -1 2·44 4·31 5·33 3·84 6'84 2·47 
8·4 -1·11 -7,36 -2 2·11 4·53 5·21 4·58 6·89 3·50 
8·6 -1·19 -2·84 -1 1·75 4·70 5·00 5·28 6'85 4·50 
8·8 -1·24 -4,90 -1 1·35 4·79 4·72 5'93 6·72 5·46 
9·0 -1·26 -6·89 -1 9·12 -1 4·81 4·37 6·50 6·49 6·38 

9·2 -1·25 -8,75 -1 4·53 -1 4·77 3·94 7·00 6'16 7·23 
9·4 -1·22 -1,05 -2,30 -2 4·65 3·44 7·42 5·75 8·00 
9·6 -1,15 -1,20 -5'09. -1 4·46 2·89 7·74 5·25 8·69 
9·8 -1·06 -1·33 -9,96 -1 4·20 2·28 7·97 4·66 9·29 

10·0 -9·50 -1 -1,43 -1,48 3·88 1·63 8·11 4'00 9·78 

10·2 -8·13 -1 -1·51 -1'94 3·49 8·50 -1 8·06 3·28 1·02 1 
10·4 -6·56 -1 -1,55 -2,39 3·05 1·23 -1 7·97 2·49 1·04 1 
10'6 -4·84 -1 -1·57 -2,80 2·56 -6,21 -1 7·78 1'66 1·06 1 
10·8 -2·98 -1 -1·56 -3·18 2·03 -1,37 7·49 7'79 -1 1·06 1 
11'0 -1·04 -1 -1,51 -3,52 1·47 -2,12 7·09 -1,26 -1 1·05 1 

11·2 9·46 -2 -1·44 -3,81 8·70 -1 -2·85 6·61 -1'05 1·03 1 
11·4 2·94 -1 -1,34 -4,04 4·60 -1 -3·55 6·03 -1'98 9·91 
11·6 4'91 -1 -1,21 -4,22 -3,70 -1 -4·23 5·36 -2'90 9·43 
11·8 6·79 -1 -1,06 -4,33 -9,98 -1 -4·85 4·62 -3'80 8·83 
12·0 8·57 -1 -8,84 -1 -4·38 -1,62 -5,42 3·82 -4'68 8·13 



36 H. S. PERLMAN AND B. A. ROBSON 

TABLE 1 (Continued) 

1"1~2 

p~0·2 p~0·4 p~0·6 p~0·8 

p 
X Y X Y X Y X Y -------------------------------------------

12·2 1·02 -6·92 -1 -4·37 -2·22 -5·93 2·95 -5·63 7·00 
12·4 1·17 -4·86 -1 -4·29 -2·80 -6·37 2·04 -6·39 6·07 
12·6 1·29 -2·69 -1 -4·14 -3·35 -6·73 1·09 -7·09 5·06 
12·8 1·39 -4·44 -2 -3·94 -3·86 -7·00 1·41 -1 -7·71 3·98 
13·0 1·46 1·83 -1 -3·66 -4·32 -7·19 -8·72 -1 -8·25 2·83 

13·2 1·51 4·09 -1 -3·34 -4·72 -7·28 -1·86 -8·69 1·64 
13·4 1·53 6·30 -1 -2·95 -5·06 -7·28 -2·83 -9·02 4·17 -1 
13·6 1·52 8·42 -1 -2·52 -5·34 -7·19 -3·78 -9·25 -8·26 -1 
13·8 1·49 1·04 -2·05 -5·55 -6·99 -4·69 -9·37 -2·07 
14·0 1·42 1·22 -1·54 -5·68 -6·71 -5·55 -9·37 -3·31 

14·2 1·33 1·39 -1·00 -5·73 -6·33 -6·36 -9·25 -4·52 
14·4 1·21 1·53 -4·41 -1 -5·71 -5·86 -7·09 -9·02 -5·68 
14·6 1·07 1·64 1·34 -1 -5·62 -5·31 -7·74 -8·67 -6·80 
14·8 9·05 -1 1·73 7·15 -1 -5·44 -4·68 -8·30 -8·21 -7·84 
15·0 7·24 -1 1·79 1·29 -5·19 -3·99 -8·77 -7·65 -8·80 

15·2 5·29 -1 1·82 1·86 -4·87 -3·23 -9·13 -6·97 -9·67 
15·4 3·22 -1 1·82 2·41 -4·48 -2·42 -9·39 -6·21 -1·04 1 
15·6 1·07 -1 1·78 2·93 -4·03 -1·57 -9·53 -5·36 -1·11 1 
15·8 -1·12 -1 1·72 3·42 -3·52 -6·86 -1 -9·55 -4·43 -1·16 1 
16·0 -3·31 -1 1·63 3·87 -2·95 2·18 -1 -9·46 -3·43 -1·20 1 

1"1~3 

0·2 2·343 -3 -1·091 -2 2·441 -3 -2·841 -3 2·473 -3 -2·878 -3 2·487 -3 -2·894 -3 
0·4 2·369 -2 -2·674 -2 2·573 -2 -2·907 -2 2·640 -2 -2·982 -2 2·671 -2 -3·018 -2 
0·6 8·874 -2 -9·712 -2 1·006 -1 -1·102 -1 1·045 -1 -1·146 -1 1·064 -1 -1·167 -1 
0·8 2·210 -1 -2·344 -1 2·615 -1 . -2·780 -1 2·753 -1 -2·929 -1 2·818 -1 -3·000 -1 
1·0 4·397 -1 -4·513 -1 5·434 -1 -5·602 -1 5·796 -1 -5·985 -1 5·970 -1 -6·168 -1 

1·2 7·579 -1 -7·524 -1 9·793 -1 -9·786 -1 1·059 -1·060 1·097 -1·099 
1·4 1·182 -1·134 1·599 -1·547 1·751 -1·706 1·826 -1·775 
1·6 1·712 -1·585 2·426 -2·273 2·693 -2·535 2·825 -2·663 
1·8 2·341 -2·088 3·479 -3·155 3·917 -3·571 4·134 -3·776 
2·0 3·057 -2·623 4·771 -4·184 5·321 -4·788 5·785 -5·119 

2·2 3·843 -3·166 6·307 -5·343 7·303 -6·235 7·806 -6·686 
2·4 4·677 -3·692 8·084 -6·611 9·498 -7·838 1·022 1 -8·466 
2·6 5·53.4 -4·177 1·009 1 -7·957 1·203 1 -9·593 1·303 1 -1·044 1 
2·8 6·391 -4·597 1·232 1 -9·347 1·491 1 -1·147 1 1·625 1 -1·257 1 
3·0 7·220 -4·930 1·473 1 -1·075 1 1·811 1 -1·343 1 1·988 1 -1·484 1 

3·2 7·994 -5·157 1·731 1 -1·213 1 2·162 1 -1·543 1 2·390 1 -1·720 1 
3·4 8·6R9 -5·264 2·002 1 -1·344 1 2·541 1 -1·744 1 2·828 1 -1·960 1 
3·6 9·279 -5·240 2·2RO 1 -1·465 1 2·943 1 -1·94l 1 3·300 1 -2·200 1 
3·8 9·744 -5·077 2·563 1 -1·572 1 3·366 1 -2·129 1 3·802 1 -2·435 1 
4·0 1·006 1 -4·774 2·846 1 -1·661 1 3·804 1 -2·303 1 4·329 1 -2·660 1 

4·2 1·022 1 -4·335 3·125 1 -1·729 1 4·251 1 -2·459 1 4·875 1 -2·868 1 
4·4 1·021 1 -3·766 3·394 1 -1·773 1 4·701 1 -2·591 1 5·434 1 -3·056 1 
4·6 1·001 1 -3·079 3·649 1 -1·791 1 5·149 1 -2·696 1 6·000 1 -3·216 1 
4·8 9·630 -2·289 3·883 1 -1·780 1 5·590 1 -2·769 1 6·566 1 -3·346 1 
5·0 9·068 -1·414 4·094 1 -1·739 1 6·017 1 -2·806 1 7·128 1 -3·440 1 
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TABLE 1 (Continued) 

1><1=3 

p=0'2 p=0'4 p=0'6 p=0'8 

p 
X Y X Y X Y X Y 

-------------------------------------------
5·2 8'331 -4·749 -1 4·276 1 -1·667 1 6·422 1 -2·801 1 7·676 1 -3·494 1 

0·4 7·428 0'059 -1 4·424 1 -1·563 1 6'802 1 -2·763 1 8·205 1 -3·504 1 

5·6 6'372 1·504 4·534 l' -1·428 1 7·144 1 -2'677 1 8·704 1 -3·468 1 

5·8 5'182 2·494 4'603 1 -1·261 1 7·447 1 -2·548 1 9·166 1 -3·383 1 

6·0 3·879 3·451 4·628 1 -1·066 1 7·703 1 -2·374 1 9·583 1 -3·247 1 

6·2 2·486 4·352 4'607 1 -8·448 7'906 1 -2·157 1 9·948 1 -3·059 1 

6·4 1·029 5·173 4·537 1 -0·991 8·051 1 -1·897 1 1·025 2 -2·816 1 

6·6 -4·652 -1 5·894 4'417 1 -3·327 8·133 1 -1·597 1 1·049 2 -2·521 1 

6·8 -1·968 6·495 4·249 1 -4·916 -1 8·147 1 -1·257 1 1·066 2 -2·176 1 

7·0 -3·451 6·960 4·033 1 2·474 8'09l 1 -8,830 1·074 2 -1·783 1 

7·2 -4·886 7·279 3·768 1 5·525 7·962 1 -4·777 1·074 2 -1·345 1 

7·4 -6·247 7·439 3·456 1 8·611 7·760 1 -4·582 -1 1·066 2 -8,663 

7·6 -7·507 7·435 3·101 1 1·169 1 7·484 1 4·074 1·048 2 -3·515 

7·8 -8·642 7·267 2·704 1 1·470 1 7·136 1 8·761 1·022 2 1·938 

8·0 -9·631 6·934 2·271 1 1·760 1 6·714 1 1·354 1 9·857 1 7·635 

8·2 -1·04 1 6·44 1·81 1 2·03 1 6·22 1 1·83 1 9·40 1 1·35 1 

8·4 -1·11 1 5·80 1·31 1 2·29 1 5·66 1 2·31 1 8·86 1 1·95 1 

8·6 -1'15 1 5·01 7·98 2·52 1 5·03 1 2·78 1 8·23 1 2·55 1 

8·8 -1·17 1 4·11 2·67 2·72 1 4·35 1 3·23 1 7·51 1 3·14 1 

9·0 -1·17 1 3·10 -2·82 2·87 1 3·61 1 3'63 1 6·67 1 3·72 1 

9·2 -1·15 1 2·00 -8·27 3·00 1 2·83 1 4'04 1 5·79 1 4·28 1 

9·4 -1·11 1 8·40 -1 -1·36 1 3·08 1 2·00 1 4·40 1 4·84 1 4·80 1 

9·6 -1·04 1 -3·59 -1 -1·90 1 3·12 1 1·15 1 4·72 1 3·83 1 5·29 1 

9·8 -9·58 -1,57 -2·41 1 3·12 1 2·71 4'98 1 2·77 1 5·73 1 

10·0 -8·57 -2·78 -2'90 1 3·07 1 -7·01 5·19 1 1·67 1 6·12 1 

10·2 -7·39 -3·94 -3·35 1 2·98 1 -1·60 1 5·30 1 5·43 6·45 1 

10·4 -6·07 -5·06 -3·77 1 2·84 1 -2·49 1 5·39 1 -6,04 6·71 1 

10·6 -4·63 -6·09 -4·15 1 2·66 1 -3·37 1 5·40 1 -1·76 1 6·90 1 

10·8 -3·09 -7,01 -4·47 1 2·43 1 -4·22 1 5·35 1 -2,91 1 7·02 1 

11·0 -2·97 -7·82 -4·74 1 2·17 1 -5·03 1 0·23 1 -4,04 1 7·05 1 

11·2 1·65 -1 -8·49 -4·96 1 1·87 1 -5·79 1 5·05 1 -5·14 1 7·00 1 

11·4 1·82 -9·01 -5·12 1 1·54 1 -6·49 1 4·79 1 -6·20 1 6·87 1 

11·6 3·47 -9·36 -5·21 1 1·18 1 -7'13 1 4·47 1 -7,20 1 6·66 1 

11·8 5·07 -9·54 -5·23 1 7·89 -7·70 1 4·09 1 -8,14 1 6·36 1 

12·0 6·59 -9,54 -5,19 1 3·83 -8·18 1 3·64 1 -9·00 1 5·98 1 

12·2 8·01 -9·37 -5·09 1 -3·57 -1 -8·58 1 3·14 1 -9,78 1 5·52 1 

12·4 9·32 -9·02 -4·92 1 -4,63 -8·89 1 2·60 1 -1,05 2 4·99 1 

12·6 1·05 1 -8·49 -4·68 1 -8,91 -9·09 1 2·00 1 -1·10 2 4·38 1 

12·8 1·15 1 -7·81 -4·39 1 -1·32 1 -9·20 1 1·37 1 -1,15 2 3·71 1 

13·0 1·23 1 -6·97 -4·03 1 -1·73 1 -9·20 1 7·12 -1,18 2 2·98 1 

13·2 1·29 1 -5·99 '-3 ·62 1 -2·13 1 -9·10 1 2·89 -1 -1·21 2 2·20 1 

13·4 1·32 1 -4·89 -3,16 1 -2·51 1 -8,89 1 -6·68 -1·21 2 1·38 1 

13·6 1·34 1 -3,69 -2·66 1 -2,86 1 -8·58 1 -1,37 1 -1,21 2 5·20 
13·8 1·34 1 -2·41 -2'12 1 -3·17 1 -8·17 1 -2·07 1 -1·19 2 -3·58 
14·0 1·31 1 -1,06 -1,54 1 -3·45 1 -7,67 1 -2·76 1 -1,16 2 -1·25 1 

14·2 1·26 1 3·18 -1 -9,44 -3·69 1 -7·07 1 -3·42 1 -1'12 2 -2·15 1 

14·4 1·19 1 1·71 -3·29 -3,88 1 -6·38 1 -4,06 1 -1·06 2 -3,03 1 

14·6 1·10 1 3'09 2·96 -4·02 1 -0·62 1 -4·66 1 -9'96 1 -3'90 1 

14·8 9·92 4·44 9'22 -4·12 1 -4·78 1 -5·21 1 -9,17 1 -4·74 1 

15·0 8·67 5·72 1'54 I 1 -4,15 1 -3,88 1 -5,71 1 -8'1!7 1 -5,54 1 

c 
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TABLE 1 (Continued) 

1"1~3 

p X Y X J y X I y X Y 

15'2-~-----;;---~-1-~-1- -2'93 -1-1~-I-~ 1 -6·29 1 

15·4 5·73 8·02 2·73 1 -4'07 1 -1,94 1 -6'52 1 -6'19 1 -6'98 1 
15'6 4'09 9'00 3·29 1 -3'94 1 -9'15 -6'82 1 -5'02 1 -7'60 1 
15'8 2·37 9'83 3'81 1 -3'76 1 1'28 -7'04 1 -3'80 1 -8'15 1 
16-0 6·07 -1 1'05 1 4·28 1 -3'52 1 1·18 1 -7'19 1 -2'52 1 -8'61 1 

1)(1~4 

0·2 5·343 -4 4·756 -4 5·515 -4 4·928 -4 5'570 -4 4'976 -4 5·595 -4 4'998 -4 
0'4 1·084 -2 9'912 -3 1·156 -2 1'056 -2 1·179 -2 1'077 -2 1'189 -2 1'087 -2 
0·6 6·090 -2 5·700 -2 6·707 -2 6'273 -2 6'910 -2 6'461 -2 7'005 -2 6·549 -2 
0·8 2·020 -1 1'936 -1 2·299 -1 2·201 -1 2·393 -1 2'289 -1 2·437 -1 2·331 -1 
1·0 5'014 -1 4·922 -1 5·903 -1 5·782 -1 6·206 -1 6'076 -1 6·350 -1 6·215 -1 

1·2 1·035 1·041 1·261 1·265 1·340 1'343 1'377 1·380 
1·4 1·881 1·940 2·373 2·437 2·547 2·613 2·631 2'697 
1·6 3·111 3·291 4·065 4·276 4·410 4'633 4·577 4'804 
1·8 4·783 5·193 6·480 6·985 7·107 7·647 7·412 7·966 
2·0 6'940 7·738 9·757 1·078 1 1·082 1 1'192 1 1·134 1 1·248 1 

2·2 9·603 1·100 1 1·402 1 1·589 1 1·572 1 1·776 1 1·656 1 1·868 1 
2·4 1·277 1 1·505 1 1·938 1 2·253 1 2·198 1 2·544 1 2·327 1 2·689 1 
2·6 1·641 1 1·990 1 2·592 1 3·091 1 2'974 1 3·529 1 3'164 1 3·748 1 
2·8 2·047 1 2·558 1 3·369 1 4·126 1 3'911 1 4·761 1 4·182 1 5'082 1 
3·0 2·487 1 3·206 1 4·270 1 5·373 1 5·017 1 6·269 1 5·394 1 6·725 1 

3·2 2·952 1 3·930 1 5·295 1 6·849 1 6·298 1 8·081 1 6·807 1 8·711 1 
3·4 3·431 1 4·723 1 6·437 1 8·565 1 7·754 1 1'022 2 8·426 1 l'lO7 2 
3·6 3·910 1 5·573 1 7·687 1 1·053 2 9·379 1 1·271 2 1·025 2 1'384 2 
3·8 4·377 1 6·468 1 9·030 1 1·275 2 1'1l7 2 1·557 2 1·227 2 1·704 2 
4·0 4·817 1 7·393 1 1·045 2 1·521 2 1·310 2 1'880 2 1·448 2 2·068 2 

4·2 5·215 1 8·331 1 1·192 2 1·792 2 1·516 2 2·241 2 1·686 2 2·479 2 
4·4 5·557 1 9·265 1 1·343 2 2·085 2 1·732 2 2·640 2 1·939 2 2'937 2 
4·6 5·830 1 1·018 2 1·494 2 2·400 2 1·956 2 3'077 2 2·204 2 3·442 2 
4·8 6·020 1 1·105 2 1·643 2 2·734 2 2'184 2 3·550 2 2·477 2 3'994 2 
6·0 6·117 1 1·186 2 1·787 2 3·084 2 2·413 2 4·057 2 2·756 2 4·590 2 

5·2 6·112 1 1·259 2 1·923 2 3·446 2 2·639 2 4·595 2 3·035 2 5·230 2 
5·4 5·993 1 1·323 2 2·047 2 3·818 2 2·860 2 5'161 2 3·312 2 5·909 2 
5·6 5·759 1 1·374 2 2·157 2 4'194 2 3·070 2 5·750 2 3'582 2 6·624 2 
5·8 5·411 1 1·412 2 2·249 2 4·570 2 3·265 2 6'357 2 3·840 2 7·369 2 
6·0 4·949 1 1·435 2 2·320 2 4'944 2 3·442 2 6·976 2 4·081 2 8·139 2 

6·2 4·278 1 1·442 2 2·368 2 5·311 2 3·594 2 7·602 2 4·299 2 8·928 2 
6·4 3·704 1 1·432 2 2·389 2 5'665 2 3·719 2 8'2~8 2 4·489 2 9·729 2 
6·6 2·937 1 1·404 2 2·381 2 6·001 2 3·811 2 8·850 2 4'647 2 1·054 3 
6·8 2'086 1 1·358 2 2·343 2 6·314 2 3'867 2 9·462 2 4·767 2 1·134 3 
7·0 1·168 1 1·294 2 2·274 2 6·599 2 3·883 2 1'006 3 4'844 2 1·214 3 

7·2 1·951 1·211 2 2·171 2 6·850 2 3·856 2 1'062 3 4'874 2 1·292 3 
7·4 -8,136 1'112 2 2·035 2 7·062 2 3·783 2 1'1l6 3 4'853 2 1'368 3 
7·6 -1·840 1 9'957 1 1'866 2 7·231 2 3·664 2 1'166 3 4'777 2 1·440 3 
7·8 -2·866 1 8·645 1 1'664 2 7·351 2 3·495 2 1·210 3 4'645 2 1·508 3 
8·0 -3'872 1 7·197 1 1·430 2 7·419 2 3·276 2 1·249 3 4·453 2 1'571 3 

I 
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TABLE 1 (Continued) 

I" 1=4 

p=O·2 p=0·4 p=0·6 p=O·S 

p 
X Y X Y X Y X Y 

-------------------------------------------
8·2 -4·84 1 5·63 1 1·17 2 7·43 2 3·01 2 1·28 3 4·20 2 1·63 a. 
S·4 -5·74 1 3·96 1 8·73 1 7·38 2 2·69 2 1·31 3 3·89 2 1·68 a: 
8·6 -6·56 1 2·22 1 5·56 1 7·26 2 2·32 2 1·33 3 3·51 2 1·72 3 
8·8 -7·29 1 4·25 2·17 1 7·08 2 1·91 2 1·34 3 3·08 2 1·75 3 
9·0 -7·91 1 -1·39 1 -1·40 1 6·84 2 1·45 2 1·34 3 2·59 2 1·77 3-

9·2 -8·39 1 -3·20 1 -5·11 1 6·54 2 9·52 1 1·33 3 2·04 2 1·78 3 
9·4 -8·75 1 -4·98 1 -8·92 1 6·17 2 4·19 1 1·31 3 1·44 2 1·78 a: 
9·6 -8·95 1 -6·70 1 -1·28 2 5·73 2 -1·45 1 1·28 3 7·97 1 1·77 3-
9·8 -9·00 1 -8·33 1 -1·66 2 5·24 2 -7·35 1 1·25 3 1·0S 1 1·74 a. 

10·0 -8·89 1 -9·85 1 -2·04 2 4·70 2 -1·34 2 1·20 3 -6·17 1 1·71 3 

10·2 -8·62 1 -1·12 2 -2·41 2 4·10 2 -1·99 2 1·11 3 -1·37 2 1·66 3 
10·4 -8·19 1 -1·25 2 -2·76 2 3·45 2 -2·62 2 1·04 3 -2·15 2 1·60 3-
10·6 -7·61 1 -1·35 2 -3·09 2 2·77 2 -3·25 2 9·61 2 -2·94 2 1·52 3 
10·8 -6·89 1 -1·43 2 -3·39 2 2·05 2 -3·86 2 8·72 2 -3·73 2 1·43 3 
11·0 -6·03 1 -1·50 2 -3·66 2 1·30 2 -4·46 2 7·74 2 -4·52 2 1·34 3 

11·2 -5·05 1 -1·54 2 -3·89 2 5·32 1 -5·03 2 6·68 2 -5·31 2 1·23 3 
11·4 -3·96 1 -1·56 2 -4·08 2 -2·49 1 -5·56 2 5·55 2 -6·07 2 1·10 3 
11·6 -2·79 1 -1·55 2 -4·23 2 -1·04 2 -6·06 2 4·36 2 -6·80 2 9·73 2: 
11·8 -1·54 1 -1·52 2 -4·33 2 -1·82 2 -6·50 2 3·12 2 -7·50 2 8·32 2: 
12·0 -2·41 -1·47 2 -4·38 2 -2·59 2 -6·89 2 1·83 2 -8·15 2 6·84 2: 

12·2 1·08 1 -1·39 2 -4·38 2 -3·33 2 -7·22 2 5·23 1 -8·70 2 4·54 2: 
12·4 2·42 1 -1·29 2 -4·33 2 -4·05 2 -7·48 2 -8·04 1 -9·19 2 2·89 2: 
12·6 3·73 1 -1·17 2 -4·22 2 -4·73 2 -7·66 2 -2·14 2 -9·60 2 1·20 2: 
12·8 5·00 1 -1·04 2 -4·05 2 -5·37 2 -7·77 2 -3·46 2 -9·93 2 -5·20 1 
13·0 6·22 1 -8·82 1 -3·83 2 -5·95 2 -7·80 2 -4·76 2 -1·02 3 -2·2:5 2: 

13·2 7·35 1 -7·13 1 -3·57 2 -6·47 2 -7·74 2 -6·03 2 -1·03 3 -3·97 2: 
13·4 8·37 1 -5·32 1 -3·25 2 -6·93 2 -7·60 2 -7·25 2 -1·03 3 -5·67 2: 
13·6 9·28 1 -3·41 1 -2·88 2 -7·31 2 -7·37 2 -8·40 2 -1·03 3 -7·34 2: 
13·8 1·01 2 -1·44 1 -2·47 2 -7·61 2 -7·05 2 -9·49 2 -1·01 3 -8·95 2: 
14·0 1·07 2 5·70 -2·02 2 -7·83 2 -6·65 2 -1·05 3 -9·81 2 -1·05 3 

14·2 1·11 2 2·58 1 -1·54 2 -7·96 2 -6·17 2 -1·14 3 -9·42 2 -1·19 3 
14·4 1·14 2 4·58 1 -1·03 2 -8·01 2 -5·61 2 -1·22 3 -8·92 2 -1·33 3 
14·6 1·15 2 6·51 1 -4·96 1 -7·97 2 -4·98 2 -1·29 3 -8·32 2 -1·45 3 
14·8 1·14 2 8·37 1 5·43 -7·83 2 -4·28 2 -1·34 3 -7·61 2 -1·57 3 
15·0 1·11 2 1·01 2 6·15 1 -7·61 2 -3·51 2 -1·39 3 -6·82 2 -1-66 3 

15·2 1·07 2 1·17 2 1·18 2 -7·30 2 -2·69 2 -1·41 3 -5·93 2 -1-74 3 
15·4 1·01 2 1·32 2 1·74 2 -6·90 2 -1·83 2 -1·43 3 -4·96 2 -1-81 3 
15·6 9·25 1 1·44 2 2·29 2 -6·43 2 -9·24 1 -1·43 3 -3·97 2 -1-86 3 
15·8 8·29 1 1·55 2 2·82 2 -5·87 2 6·85 -1 -1·41 3 -2·82 2 -1-89 3 
16·0 7 ·19 1 1·63 2 3·32 2 -5·25 2 9·55 1 -1·38 3 -1·67 2 -1-90 3 
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TABLE 2 
K(x,p) =x(x,p) +iy(x,p) 

p=0·2 p=0·4 p=0·6 p=0'8 

x 

2·775 
-1·700 
-3·240 

3·231 
2·176 

-3·336 
-0·367 

4·936 

Ixl 

1 
2 " 

3, 
4 

IXI 

1 
2 
3 
4 

y x y 

-1·346 1·611 -0·7315 
-3·105 -1·438 -2·016 

2·651 -2·600 2·087 
3·753 2·755 3·245 

-2·188 0·913 -1·516 
-1·184 -2·476 -0·0267 

4·176 0·736 
-0,398 3·993 

3·257 
-1·475 

TABLE 3 

N±(x,p) 

p=0'2 

N+ N_ 

8·727xl0-1 i8·641 X 10-2 

2'369Xl0-1 i2· 346 X 10-2 

2·810xl0-2 i2· 782 X 10-3 

2·064 X 10-3 i2 . 044 X 10-' 

p=0·6 

N+ N_ 

1·145 i3·171 X 10-1 

1·331Xl0-1 i3· 687 X 10-2 

9·816xl0-3 i2· 719 X 10-3 

5·412 X 10-' il· 499 X 10-< 

I 

x y x 

1·285 -0·5444 1·155 
-1·269 -1·826 -1·195 
-2·477 1·953 -2·439 

2·645 3·154 2·596 
0·5065 -1·301 0·3113 

-2·198 0·342 -2·064 
1·092 2·963 1·264 
3·691 -1·824 3·545 

p=0·4 

N+ N_ 

1·017 iI· 958 X 10-1 

1·522 X 10-1 i2· 932 X 10-2 

1·251Xl0-2 i2·410 X 10-3 

7·302 X 10-4 il· 406 X 10-4 

p=0·8 

N+ N_ 

1·271 i4· 460 X 10-1 

1·303 X 10-1 i4· 572 X 10-" 
9·185 X 10-3 i3 . 223 X 10-3 

4·963 X 10-' iI· 642 X 10-< 

v. EXTENSION OF THE TABLES 

Y 

-0·4538 
-1·762 

1·896 
3·130 

-1·201 
0·520 
2·823 

-1·992 

For values of Z *80, it is evident that the use of these tables for 75 <Z <85 
would involve errors of 5 per cent. or less. 

In the region I x 1>4, the Sommerfeld-Maue type of approximation (Bethe 
and Maximon 1954) is generally satisfactory. 

For values of p not tabulated, the following possibilities arise 
(i) extrapolation to p <0 ·2 ; 

(ti) iIiterpolation for p in the region 0·2 <p <0 ·8 ; 
(iii) extrapolation to p> 0 ·S. 
For case (i), it usually suffices to approximate to the Dirac wave functions 

by means of the Darwin wave functions (Darwin 1928). 
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For case (ii), graphical interpolation of j,g will generally be accurate to a,. 

few per cent. 
For case (iii), the following procedure is suggested. Plot the Whittaker

functions for a given x,p, against "1)=Z(1+p2)ijp, using the tables. Then,. 
determine the appropriate "1) corresponding to the required p (> 0 ,8) and read 
off the unknown Whittaker function from the extrapolated curve. This pro
cedure is justified because the Whittaker functions are fairly smooth functions· 
of "1) in the region from "1)=1'6 (p=0'4) through "1)=1'1 (p=0'6) and "1)=0'9-
(p=O ·8) to "1)=0 ·58 (P= 00). The method was used for a number of cases ami 
found to yield radial wave functions near extrema to within a few per cent~ 
Increased accuracy may possibly be secured if, in addition, the values of the' 
Whittaker functions at "1) =0 are used. These are readily obtainable since, at· 
"1)=0, the Whittaker functions can be expressed, with the help of contiguity 
relations, in terms of real Bessel functions. 
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