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Summary 

The method described in Part I is here applied to an eigenvalue problem in two 
variables 

£Iji(x,y) ~=AIji(X,y). 

The results show that an accurate estimate of the fundamental eigenvalue (to seven 
significant figures) and eigenfunction can be obtained for this problem with only four 
terms in the series expression for Iji, 

1ji=~ak(a:)bk(Y)' 
k 

An application of the Rayleigh.Ritz method to the same problem gives a four-term 
solution of much lower accuracy (Table 5). The example shows that the individual 
functions ak and bk are not uniquely determined. It shows that a calculation based 
ona coarse interval can provide good initial estimates of the ak(x) and bk(y) and, more
over, predict the accuracy of the carresponding solution obtainable without numerical 
approximation. 

I. NUMERICAL ILLUSTRATION 

The methodt described in Part It has been applied to the equation 

(-o2jox2-02joy2+9ccy)v(X,y) =AV(X,y), 

where the eigenfunction v(x,y) is defined within and vanishes on the boundary 
of the square O<:;x<:;l, O<:;y<:;1. Three values of h were used, i, /6' and -h. 

* Chemistry Department, University of Melbourne ; present address: Chemistry Department. 
University of Illinois, Urbana, Ill., U.S.A. 

t In the second formulation, given in Section III, Part I, in which it is formulated as a method 
of solving a numerical form of the eigenfunction problem. 

t BASSETT, I. M. (1959).-Aust. J. Phys. 12: 430. 
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For h= i, the matrix H is the 49 X 49 matrix: 
-4 3 3 
Ji2+S·S 

-4 3 6 
F+s·s 

-4 3 9 
1i2+S·S 

~+~J2 
h2 8 8 

-4+~.15 
h2 8 8 

-4+~.18 
h 2 8 8 

-4+~.~ 
h2 8 8 

11hZ 

l/h2 

-4 6 3 -+_.-
h2 8 8 

l/h2 

I/h2 

in which the zeros have been omitted. 

The equation to be solved for f, namely, 

'2:.gHgf-A'2:.g2f+'2:.gHu-A'2:.gu=0, 
y y y y 

becomes 

-1"'2:.g2 +f( -'2:.g"g+9x'2:.g2y-A'2:.g2 ) 
y y y y 

-4 66 -+_.-
h2 8 8 

+'2:. { -ak'2:.gbic -aic'2:.gb k +9a~'2:.gbkY - Aak'2:.gb k} =0, 
k y y y y 

where u(x,y)='2:.ak (x)b k (y) and 1" stands for the vector whose jth element is 
k 

(l/h2)[f{(j -1)h} -2f(jh) +f{(j +1)h}]. 

If the last equation is rewritten in the form 

1" +p(x)f(x) +q(x) =0, 

after dividing through by _'2:.g2, then the elements of f are the solution of 
y 

-2f(h) +f(2h) +h2p(h)f(h) +h2q(h) =0, 

f(h) -2f(2h) +f(3h) +h2p(2h)f(2h) +h2q(2h) =0, 

f(2h) -2f(3h) +f(4h) +h2p(3h)f(3h) +h2q(3h) =0, 

-2f(rh) +f{(r-l)h} +h2p (rh)f (rh) +h?q(rh) =0. 

Results of the calculations are shown in Tables 1-5. 
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TABLE 3 
h=t AND h= 1Ir 

h=t h=-/,; 

til bl go til b1 go 

0-125 -0-125 0-2 0-0625 -0-0625 0-0625 
0-2567267570 -0-25671942 0-2 0-1268290283 -0-1268266729 0-1303710 
0-3805350478 -0-38051271 0-2 0-1930585893 -0-1930501860 0·2056846 
0-4656209639 -0-46558162 0-2 0-2607784330 -0-2607594424 0-2893524 
0-4789506184 -0-47890051 0-2 0-3268765612 -0-3268430642 0-3772544 
0-3990173670 -0-39896985 0-2 0-3876155807 -0-3875648942 0·4638023 
0-2287914444 -0-22876210 0-2 0-4387724283 -0-4387036028 0-5421943 

0-4756925444 -0-4756067925 0·6045265 
0-4941653416 -0-4940660623 0-6432952 
0-4905300346 -0-4904227652 0·6516494 
0-4625313841 -0-4624232590 0-6249084 
0-4093291761 -0-4092284337 0·5606269 
0-3321804714 -0-3320954907 0-4598159 
0-2348250951 -0-2347632457 0·3277130 
0-1216740439 -0-1216414385 0-1706619 

:Modulus of first 
element - - 0-091266394 0-125000000 0-06527578 0-03949496 

Q - - -- - - 3-854003014 3-96983820 
N -- _. -- 0-177694173 0-18143552 
Q/N -- - - 21-688967 21--880160 
No. of cycles - - 4! 10 
Mean square residual 0-000261 
R.M.S. residual . - 0-0162 

- - -

TABLE 4 
VALUES OF A AND DECREMENTS, CORRESPONDING TO SUCCESSIVE TERMS 

1 
Term 0 Term 1 Term 2 Term 3 

First solution (Tables 1 and 2) 
h=t 21-7368398 21-69058227 21-68896489 21-68896475 

0-0463 0-00162 1·4Xl0-7 

h=* 21-9258745 21-8817581 21-8801570 21-8801570 
0-0441 0-00160 Ox 10-7 

h=.fi 21-973371 21- 92972713 21-92817914 21-92817895 
0-0436 0-00155 1-9xl0-7 

Second solution (Table 3) 
h=t 21-7368398 21-688967 

0-0479 

h=* 21-9258745 21-880160 
0-0457 
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TABLE 5 
COMPARISON OF MEAN SQUARE RESIDUALS OBTAINED BY THE RAYLEIGH-RITZ METHOD AND THE 

PRESENT METHOD 

Term 0 Term 1 Term 2 Term 3 

Rayleigh-Ritz method - - 1-4 0-73 0-073 O-Oll 

Present method (h=:h-) - - 1-4 0-092 0-000043 0-0000045 

The approximate solution which is first guessed (the zeroth term) is written 
ao(x)bo(Y). ao and bo are equal, and are the values of sin 7tX, sin 7ty at the lattice 
points. This choice was made since sin 7tX sin 7ty is the exact solution of the 
original problem with the term 9xy omitted. The notation iiI means aIhjl al(h) I 
that is, the vector obtained from al by dividing by the modulus of the first 
element, and then multiplying by h. The moduli of the first elements are given 
and the vectors themselves can be calculated from these. The" number of 
cycles" is one if, from the initially assumed go, one f has been determined, and 
from that a new g; a cycle is a determination of an f and a g. The" mean 
square residual" is 

~ (Hv-Av)2j ~ v2, 
xv xv 

and the square root of this is the "root mean squal'e residual". For h = 13 
the mean square residual was calculated from the residuals-the 72 individual 
values of Hv-Av. For h= l2 the mean square residual was calculated from 
integrals, using the identity 

~ (Hv-Av)2== ~ (HV)2_AQ. 
xv xv 

Calculation by this method, as the mean square residual is small and Q is large, 
provided a sensitive check on arithmetic errors in the calculation of A. 

The character of the solution is essentially independent of h. The shapes 
of the functions a k , the sizes of the mean square residuals, the rapidity of con
vergence of the iterative process for determining the products ak(x)bk(y), and the 
decrements of A (Table 4) all point to this conclusion. 

These same properties would certainly persist no matter how small h were 
taken, so that an expression of the form 

3 

~ak(x)bk(Y) 
o 

would provide a solution of the original problem of similar accuracy. This 
illustrates, too, that calculations based on a coarse interval can prf)vide good 
initial estimates of the eigenfunction for a refined calculation, and can be used to 
predict the accuracy of that refined caleulation, the truneation error associated 
with the coarseness of the interval being irrelevant to that prediction. * 

* The fuxther refinement of the solution was not undertaken, as lack of computing facilities 
made the labour seem not worth while, in view of the strong indications already obtained that 
the accuxacy and other characteristics of the solution are independent of h. 
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Two different solutions to the problem were obtained from different go's 
used in the calculation of the first term a1(x)b1(y). One solution is shown in 
Tables 1 and 2 and the other in Table 3. Note that the existence of two solutions 
does not contradict theorem 3 (Part I). 

The cyclic improvement of f and g was stopped when it seemed that no 
essential further changes would take place. While the vectors a1(x), b1(y) at 
which A(aobo+a1b1) is stationary with respect to a1 and b1 evidently satisfy 
a1(t) = ±b1(t), a1(x) and b1(y) were left in the slightly unsymmetrical form in 
which they were got. 

A rough idea of the degree of accuracy of the eigenvector can be got from 
the magnitude of the root mean square residual. Since A is approximately 20, 
if the absolute values of the errors in v cluster around 10-4, the root mean square 
residual must be about 2 X 10-3• Since this is the approximate size of the root 
mean square residual to the third term for h=t and h=i2;, the eigenvector 
to the third term must be right to about one part in 10,000 (the table of residuals 
for h= t and samples of the residuals for h= i2; showed the error to be fairly 
uniformly spread over the eigenvector). An approximate upper limit on the 
absolute error in the eigenvalue estimate can also be set in the following way: 
for h= t and h= i2; the third term reduces the mean square residuals by a factor 
of about 10, and probably reduces the error in the eigenvalue estimate by a 
similar factor. Those figures in the eigenvalue estimates which are unchanged 
by the third terms, namely, 21·688965 and 21·928179, are therefore probably 
correct; both are almost certainly correct to seven significant figures; this is 
supported by the coincidence to seven significant figures in the case of h = 1 
of the eigenvalue estimate belonging to the other solution (Table 3). 

The mean square residuals obtained in a Rayleigh-Ritz calculation are shown 
in Table 5. For the zeroth term, sin 7tX sin 7ty was used, and the subsequent 
terms were multiples of sin 7tX sin 27tY, sin 27tx sin 7tY, and sin 27tx sin 2ny 
respectively; the solution to term 3 is the best linear combination of these four 

functions. 
The accuracy obtained by the present method, and the comparison with the 

Rayleigh-Ritz method, are both satisfactory, but the evidence is of course not 
weighty. The main 1unction of this example is to show that the equations 
developed are formally correct and that the method can work in a simple case. 
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