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Summary
In derivations of formulae for D and W for electrons by the method of free paths
(Huxley 1957a, 1957b) the assumption was made that along a number of successive
free paths an electron travels at essentially the same speed c¢. As this assumption is
not true of ions it would not be legitimate to apply the formulae to the motion of ions
in gases without further discussion. However, the formulae are in fact valid for ionic
motion and in what follows they are established in a more general form.

~ I. COEFFICIENT OF DIFFUSION D
Consider a large number p of free paths x,, ,, . . ., #, all traversed at the
same speed ¢ by the ion or electron, but not necessarily consecutively.

If 1, is the mean free path then
n
ply=X2x,.
1

Let g be the mean speed of the ion (with speed ¢) relative to the molecules which
move at random and let N be the number of molecules in unit volume.

The sum of the times spent in traversing the paths , is t=pl,/e, that is to
say, p=ct/l,. But p=gFiNrc? consequently ly=(c¢/§)Nno2=ly(c). For electrons
g=c; ly=1/Nmc® o is the limiting value of the impact parameter beyond which
deflections of the ions are unimportant.

Consider a diffusing group of n electrons or ions. In the absence of an electric
or magnetic field the rate of increase of the mean of the squares of the distance
of the m particles from a fixed origin is given by the well-known formula
dr?|dt=6D.

In time ¢ let the kth particle traverse a succession of free paths x, , 8o that
its vector position changes from ry, at time {=0 to r, at time ¢. That is,

re=To+ X Xy
m=1
Also, if r, is the position of the centroid of the group,

n
nry= X r,=

Tor 3 % X x,=0,
k=1 k

k=1 m=1

r,%:Zrk-rk= = r%k+2r0 2 2x,,+2E Zx )0(Z Zx.).
1 k k=1 k=1 m=1 k=1 m=1 k=1 m=1

T

k=
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The total increment in the squares of the distances r, is, therefore, since the
middle term on the right-hand side is zero in the mean,

& 2 2
Ar2= > (Tk“‘rﬂk):( >
k=1

2 Xk,m)'( 2 2 xk,m)
m=1 k=1 m=1

=2 {Z -’”I%m +2 2 2, (@, (n41) €08 (01)k,m +Ts, sy €08 (02)m+- - . +)},
k=1 m=1 m=1

where (0;),, is the angle between the mth free path and the (m —+j)th free path
of the kth particle.

Of the total number T of free paths x, , let the proportion of those traversed
at speeds lying between ¢ and (c+dc) be fde.

The contribution of such free paths to

DD Y,

k=1 m=1

is T21§fdo, where, as explained above,

zo=10(0)=(§) (1%.2), and f : fdo—1.

Their contribution to

23 X @, @m1 008 (01),, + &, mya €08 (05)5,+. . )
k=1 m=1

is (Tfde)21,S ; where S is the mean value of the sum in the bracket, namely,
[j§1 T,m+i €08 (0,)5,m]0r

associated with those free paths z, traversed at speed c¢. In general the free
paths @,,; in § are not traversed at speed c.

Thus the contribution to Ar? by those free paths traversed at speed ¢ is
Ar%:(dec)2lo(lo—|—S ), and the average increment over a free path of that quantity
is 20y, +8). Since the average time spent over a free path is ly/e, the mean rate
of increase is 2¢(l,+8) from each particle moving at speed ¢. It follows that the
rate of increase of the mean of the squares of the distances 7, taken over the
distribution of velocities over the whole group of n particles is
g—tﬁ — 30, 8) —6D.

Thus
D=4{ly+8)c=%e, ................ (1)
where

1 -
I=,+8; Z(,:(—;.) (I\_Trc_cz) ; and S=[,-§1 Piymarj €08 (0;)r,,1.=8(c).

The evaluation of .§ is simplified in the case of diffusing electrons because, if the
free path ,,,, is traversed at speed ¢, the succeeding paths z; ,,,; are also traversed
at almost the same speed.
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Thus S =l,(cos 0,+cos 0,4. . .4cos 0;+. . .), where cos 0; is the mean
value of the cosine of the angles 6, between a free path traversed at speed ¢ and
its jth succession.

Consider cos 0,; if the angle between the second and third free
paths is «, then 0,=(6;+a), and cos 0,=cos 0; cos a—sin 6, sin «, and
cos B, =(cos 0,)(cos a)=(cos 0;)2, the term in the sines disappearing in the mean.
Proceeding thus, it follows that (cos Oj)=(chTl)f.

Consequently, S=I, cos 0,/(1—cos 0,) and

D=1(le) with I=ly/(1—cos 0;) and l,=1/Nwe% .... (2)
If the ions and electrons are scattered isotropically, then cos 6,=0 for all values
of j.
It may be remarked that § is also the mean value of the corresponding sum

for the free paths preceding a free path x, ,.; traversed at speed ¢, since the
reversed sequence is dynamically possible.

II. VELOCITY OF DRIFT IN A UNIFORM AND CONSTANT ELECTRIC FIELD

In the absence of an electric field the number of free paths in a large group
of n, free paths all traversed at speed ¢, whose lengths lie between # and »+-dw,
is (with NA(c)=1/ly=(Nro?)j/c)

dn, = —n,NA,(c) exp (—NA,(c)x)dow=—N Ay(c)n,dz,

where n,=n, exp (—NAyw).
‘When, however, an electric field E is present the velocity of the ions or electrons
changes over the course of a free path and at a distance » along a free path the

velocity has become ¢-+Ac(xz) where Ac(x) is proportional to E. In what follows
it will be assumed that Ac(z)/c<1 and terms dependent on E? are rejected.

Thus at the end of a free path of length x, the collisional cross section has
become Ay(c)+{dA,(c)/de}Ac(x). Consequently,

dn, d4,
i [NAO(G) —l—N—%Ac(w)] Ny,
g0 that the number of free paths that exceed  in length is
z
Ny =Ny 6XP [—N Agpw—N dHAE" J‘ Ac(x) dx] )
0
and the number of free paths whose lengths lie between # and x-+dz becomes

dn,=n, [NA0 +N%’Ac(w)] [exp ( —NAg —N%’fz Ac(w)dw)] da.
0 .

Consequently,

dn,

= {N Ay+N Nd4, (Ac(w) —N Aofx Ac(w)dw)} exp (—NA)-de.

Ny de 0
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In terms of the mean free path l,=1/NA4, equation (3) becomes

(—1%1—-6 p( l){l 1 dl( f Ac( —Ac(w))%dx. ........ (4)

Consider a group of » ions or electrons moving in a steady state of motion and
let the number whose speeds lie between ¢ and ¢+de be dn,=nf(c)de. In the
course of each free path the ion or electron is displaced by the field E by a small
amount in the direction of E so that the centroid of the group drifts with a
velocity W.

In travelling at speed ¢ at an angle 0 to E along a free path of length ,
an ion is deflected a distance }(He/m)(x/c)? sin 0 at right angles to the direction 0
and is on this account advanced a distance }(Ee/m)(x sin 0/¢)? in the direction
of the force Ee.

In addition it travels the distance x cos 0 as in free flight without E. The
increment in speed due to E is Ae(x)=(Ee/m)(x/c) cos 6 in the direction 0, the
proportion of those free paths that begin in direction 0 and are terminated between
2 and x+4dx is obtained by substituting this value of Ac(x) in equation (4).

~ The mean displacement along a single free path of an ion of the group dn,
taken over all directions 0 and free paths x is, therefore,

T [° (He (x\2 1,1 di, FEe
1 pkdl ) I - —¢
zfo fo {2 (0) 8in? 0 4+ cos 0;{ +l2 dc(2l 1)9: cos 0- c}

X exp (— ;_v) sin 0d0dx

0

Ee Eeldl Elld
()+3 ¢

KU Gk 2
m ¢ de m ¢ ¢ dc(lc)'

The average time taken to traverse a single free path at speed ¢ is ly/c, conse-
quently the mean speed of drift of the centroid of the dn, electrons of the group
n is

Fe 1 d

w. %m c? dc( 00®)-

It remains to consider the contribution to W, of the equivalent mean exten-
sion of the free paths # that arises when the scattering of ions or electrons in
encounters with molecules is not isotropic so that cos 6; is not zero. This
extension was defined in Section I and was denoted by S=8(c).

In effect, the displacement in the direction of E of an ion traversing a free
path z between encounters at an angle 0 with E is increased from x cos 6 to
(#+8) cos 0, but this quantity vanishes in the mean taken over all directions 6.
Nevertheless, the extension § is responsible for an addition to the mean displace-
ment as given in expression (5). The field E produces a change in direction of
the velocity c¢ at the end of a free path @, of an amount A6 =(He/m)(x/c?) sin O
and an increase in the speed by an amount Ac(x) =(FEe/m)(z/c) cos 6. Thus S is
increased to §--(dS/de)Ac(x), and through the operation of the field E along »
the ion or electron receives an additional displacement {S-(d8/dc)Ac(x)}A6 -sin 6
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in the direction of E. The mean value of this displacement for all free paths of
length 2 and direction 0 is

%f” fw{gﬁief ze+(1§§ffcosesm0}lexp( )sinedﬂdw
0 " " l

L Be ], 28, 8) _ ey 1, 4
c de m ¢ ¢ de

=i —(8¢3). . (6)
The total mean displacement of an electron or ion traversing a free path at
speed ¢ is the sum of the final terms in expressions (5) and (6), namely,

doBel a oo Bel d .,
(L e

where [=1l,4-8 as defined in equation (1). The mean time to traverse a free
path is (ly/e), consequently the speed of drift of the centroid of those ions or
electrons moving at speeds ¢ is

He 1 d

.__ 2
W= Sm ¢ dc(l ):

Consequently, the velocity of the centroid of the group as a whole is,

LEel d %Ee 1 d /e
m c2 dc _Nm ¢® de

W=1 Z), ........ (7)

where the equivalent collisional cross section is A=1/NI and the average is
taken with respect to the distribution of speeds ¢ (Huxley 1957a, where the
derivation of the formula is restricted to the motions of electrons).

From the expressions for the coefficient of diffusion D and velocity of drift W
(equations (1) and (7)) it can be seen that the ratio W/D is given by

N

B = (5009 @)
Te {2 c~2d (le?) /(lc)% L (8)
%mc
_ Py
Ime? )

Consider the expression c—2d(lc?)/dc in the special case in which the speeds of
agitation of the ions or electrons are distributed according to the law of Maxwell,
that is to say, dny/n=(4/ad+/7) exp (—c?/a2)c2dec.

The mean value required is, therefore,

4 ® c\d . 4 2 (= e\, 5
'as—wcfo exp ( )dc(lc )d. 0(3'\/TC “2 . exp (— &—'2)10 de
=(2/a2)(le)
=3(lc)/c?.
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The formula for W/D in this case reduces to

W 3/ Ee
o == ( i—_-é) s s e et e e s e e s e e (9)

Ime N
Suppose instead, that the dependence I(c) of I upon ¢ is of the form loce (inverse
fifth power interaction), then the factor F also reduces to 3/2 and equation (9)
is again valid. In general, however, equation (9) is not exact since F' assumes

values other than 3/2 when the law of distribution is not that of Maxwell or l(c)
i8 not proportional to ¢. In general, for electronic motion, F+£3/2.

ITI. REFERENCES

Huxtey, L. G. H. (1957a).—Aust. J. Phys. 10: 118.
Huxiey, L. G. H. (1957b).—Aust. J. Phys. 10: 240.





