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Summary 

The paths of rays in inhomogeneous anisotropic media are studied, starting from 
Fermat's Principle of Stationary Time. The media considered have a refractive index 
which depends on the angle between the direction of propagation and an axis of symmetry 
in the medium, and on several scalar parameters; both these and the direction of the 
axis are functions of position. Expressions are developed for the curvature of a ray 
path and are applied to (a) radio rays in an ionized medium pervaded by a non-uniform 
magnetic field and (b) acoustical rays in a moving fluid. 

I. INTRODUCTION 

The expression for the curvature of a ray path at a point in an inhomogeneous 
isotropic medium is well known: 

K-~~ 
-f1. oxT' 

(1) 

where f1. is the refractive index of the medium and X T is the coordinate in the 
direction of the projection of Vf1. on the plane perpendicular to the ray.t This 
formula, which is useful in ray tracing, applies equally to various types of media 
(optical, radio, acoustical, etc.) whenever " geometrical optics " is valid as an 
approximation to the full solution of the equations of propagation; that is, 
whenever the properties of the medium vary by only a small amount over a 
distance of the order of a wavelength of the disturbance. 

In an anisotropic inhomogeneous medium certain complications arise. 
Firstly, the ray (giving the direction of energy flow) is in general inclined to the 
wave-normal (direction of phase propagation) and, secondly, the value of the 
phase refractive index f1. depends not only on position in the medium but, at each 
point, on the direction of the ray relative to one or more axes in the medium; 
and these axes may themselves change in direction from point to point. In 
this paper we shall be concerned to develop the appropriate generalization of 
(1) for anisotropic media. We shall do this mainly in the context of the propaga
tion of radio waves through an ionized medium in the presence of a non-uniform 
magnetic field. This is an important and fairly general case, but the analysis 
and many of the results obtained will apply with only minor changes to propaga
tion in other anisotropic media; thus a particularly simple application is provided 
by the propagation of acoustical rays in an inhomogeneous moving fluid. 

* Presented at the Conference on the Sun-Earth Environment, Brisbane, May 24-26, 1961. 
t Division of Radiophysics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 
~ This direction serves also to define the osculating plane ,of the ray path. 
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Suppose the phase refractive index [1. of the medium is given by 

[1.=[1.(X,Y, 6), (2) 
, 

where X, Yare scalar functions of position and 6 is the angle between the direction 
of the wave-normal and some direction in space associated with the medium, 
which may itself be a function of position. That is, 

cos 6=n. HIH, (3) 

where n is the unit vector along the wave··normal and H is some vector function 
of position. (In the radio case X and Yare the well-known Appleton parameters 
of magneto-ionic theory, and H is the magnetic field-vector.) The ray (direction 
of mean energy flow) is in general inclined to the wave-normal (direction of phase 
propagation) at an angle given by 

t 1 0[1. (4) . 
an IX= - iL 06' 

angles being taken as positive in the sense of rotation from the direction of H 
to the direction of the wave-normal. It is clear by symmetry from (2) and (3) 
that the directions of the ray, the wave-normal, and H are co-planar. We shall 
write 

for the angle between the ray and H, and 

m=[1. cos IX 

for the ray refractive index. It is then easy to show that 

1 om 
tan IX= - in oq>' 

II. RAY PATHS IN Two DIMENSIONS 

(5) 

(6) 

(7) 

Initially we shall restrict attention to the problem of propagation in two 
dimensions, so that the trajectories of the rays lie in one plane: in general this 
requires that there should be no variation in the properties of the medium per
pendicular to this plane, and that H should lie always in the plane. Here as 
always we also suppose (a) that the variation of X, Y and of the direction of H 
is small over any interval of the order of the wavelength considered, namely, 
that the medium is "slowly varying ", and (b) that the radii of curvature of 
the surfaces of equal phase (eiconels) in the region of propagation are everywhere 
large compared with the wavelength. These two assumptions assure that the 
application of geometrical optics is justified. 

Let the direction of H at any point be specified by the angle, ~ say, which 
it makes with some direction fixed in space. We shall express the curvature K 
of the ray path at any point in terms of the quantities X, Y, and 6 (or q» and of 
the gradients of X, Y, and~. In particular problems some of these six quantities 
may be constant, but in general they are all functions of position. 

G 
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The trajectory of the ray between two points A, B, is specified by Fermat's 
principle of stationary time in the form 

aJ: mds=O, (8) 

where ds is an element of length along the ray. If (x, y) are Cartesian coordinates 
this becomes 

a f: mcrdx=O, (9) 

where 
(10) 

Thus by Euler's condition in the calculus of variations, the differential equation 
of the ray is 

~[a(mcr)] _ a(mcr)_O 
dx ay' ay - . (11) 

This equation is intractable except in a few simple cases. It may, however, 
be used to calculate the curvature of the ray path in even the most general case. 

At the point 0 on the ray take axes Oxy with Ox tangent to the ray path. 
Then at this point 

and 

y' =0, cr=l, dcr/dx =y'y"/cr =0, 
acr/ay =acr/ay' =0, 

y"=K, 
the curvature of the ray path. Writing 

~=tan-l y', 
we have 

am am a~ 
ay'= a~ ay' 

am 1 
= a<p l+y'2 
= -fL sin r:t./cr2, 

using (7). Then, writing 

M =fL sin r:t., 

(11) becomes 

K =~ [(am) + dM]. 
m ay X,y' dx 

Now 

(am) = (am) + amv T~ ay y' ay '" a<p 

=(~;) '" -m tan r:t. VT~' 
denoting by V T~ the y-component of V~. 

(12) 

(13) 
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Also 
dJf (OJf) oJf O~ 
dx = ax y,+arr . ax 

=(OJf) + oJfv .'+KoJf ax cp ocp L'I' O~ , 

denoting the x-component of vtJ; by VLtJ;. Now 

oJf oJf a 
o~ =arp=ocp(m tan IX) 

OIX =m (sec2 IX - -tan2 IX) ocp , 
using (7). Hence 

K=(l- OIX)-l cos 1X[(om) +(OJf) +oJfV tJ;-JfV tJ;]. (14) ocp fL oY cp ax cp ocp L T 

Also 

(15) 

and, employing a well-known transformation (Goursat 1904, p. 76), 

(OfL) _(~) +(OfL) (~) / oe ax cp - ax 6 ocp X ax cp ocp 

(OfL) OIX / oe 
= ax 6 +fL tan IX ax a~' 

using (5) and (7). A similar expression holds for (OfL/oy)cp. 
for the curvature 

where 

(16) 

Hence we obtain 

(17) 

(18) 
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Here [1. and ex: are given as function of X, Y, and {) by (2) and (4) respectively, 
and V LX, V TX, etc. denote the components of V X etc. respectively along and 
transverse to the direction of the ray.* 

III. RAY PATH IN THREE DIMENSIONS 

So far we have been considering the case when the ray paths are confined 
to a plane. This requires that there should be no variation of the properties 
of the medium, and no componentt of the vector H, perpendicular to the plane. 
In general this condition will not be satisfied and the trajectories of the rays will 
be twisted curves in three dimensions. 

These trajectories are again determined by Fermat's principle (8), from 
which the equations of the ray are easily found: 

where cri =1 +y'2 +Z'2. 

~ [o(mcr1)] _ o(mcr1) =0 
dx oy' oy , 

~ [o(mcr1)] _ O(mcrl) =0 
dx oz' oz ' (19) 

These equations will serve to derive an expression for the curvature of the 
ray analogous to (17). There is, however, an initial difficulty: the gradient 
of the angle, ~ say, between a fixed direction and the direction of the vector H, 
is no longer, in the three-dimensional case, independent of the fixed direction 
itself. That is, the vector V~' in (17) etc. is no longer determined by the vector 
field H alone. Suppose that (Vi) V2' va) are the direction cosines of the fixed 
direction, and define the tensor 

1 oH. 
Tij=H ax> (i,j=1, 2, 3). 

J 

Then, with the usual summation convention, 

H cos ~ =viHi, 
so that 

Now 

Hence 

and we obtain 

(20) 

(21) 

(22) 

* Some attention must be paid to the convention of signs. It is perhaps best always to take 
angles as positive in the sense of rotation from the direction of H to the direction of the ray, even 
if this should involve left-hand axes. 

t The case where H is everywhere perpendicular to the plane of propagation is excluded as 
trivial, since the medium is then essentially isotropic for propagation in this plane. 
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In our applications the relevant direction (Vll V2, v3) will, of course, be that of 
the ray. 

Now take right-hand coordinates (xL) xn xp) with XL along the ray and XT 
in the plane determined by the directions of the ray and H. Let Kll K 2 be 
the curvatures of the projections of the ray trajectory on the XLX T and the XLXP 
planes respectively. Then, by analysis similar to that used to obtain (17), 
we find 

KI =~ {ZfVLX +Z~VTX}, (23) 
X,Y,<jJ 

K =sin cp cos ot\(OfL) V X+(OfL) v' yL+Sin otT 
2 fL sin 8 (aX e p oY e p 5 sin 8 PL' 

(24) 

where the Z's are those defined under (18). Thus (23) is the same expression 
as (17). 

The curvature K of the ray path is given by 

K2 =Ki + K~, (25) 

and the angle, Q say, between the osculating plane of the ray path and the XLX T 
plane (namely, the plane containing the directions of the ray and the field) 
is given by 

(26) 

IV. RADIO RAY TRACING 

In applying the curvature analysis to the propagation of radio waves through 
an ionized medium in the presence of a magnetic field, X and Yare interpreted 
as the .Appleton parameters usual in magneto-ionic theory: 

X =Ne2/o.omp2, Y =eBo/mp, (27) 

where N is the electron density, p is the wave frequency, Bo is the induction of 
the magnetic field, e and m are the charge and mass of the electron, and 0.0 is 
the permittivity of free space. The phase refractive index neglecting collisions 
is then given by the .Appleton-Hartree expression 

2=1_ 2X(1-X) 
fL 2(1-X)-Y2 sin2 8±[Y4 sin4 8+4Y2(1-X)2 cos2 8P' (28) 

where 8 represents the angle between the wave-normal and the magnetic field. 

When H represents the magnetic field vector and Y has the meaning given 
above, the expression for the curvature of a plane ray path may be simplified 
by using the field equations to express Vy; in terms of VY. In fact, in a region 
where there are no macroscopic currents, these two vectors are always per
pendicular, as we now show. 

Suppose that (cos (0, sin (0) is some fixed direction and y; represents the angle 
between this direction and H. Then 

H cos y;=HI cos (O+H 2 Bin (0, 
whence 
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Also, since H2 =Hi + H~, 

Now choose axes OmIm2 so that Omi lies along the direction of the field. In this 
coordinate system, 

and we find 

and similarly (29) 

Also, since Y = (elLo/mp)H, we have 

(30) 

For a region in which no macroscopic currents flow, the field equations give 

oH 2/oml -oHI/om2 =0, 

oHI/oml +oH2/om2=0, 

and hence with (29) and (30) 

(31) 

, so that V Y is perpendicular to V i.jJ and Y times its magnitude. Thus, in 
particular 

1 
VLi.jJ=- yVTY=-VTlog Y, 

1 
VTi.jJ=yVLY =VL log Y. (32) 

This enables the curvature to be expressed entirely in terms of V X and 
VY, for using (17) 

(33) 
where 

(34) 
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(a) The Quasi-longitudinal and Quasi-transverse Approximations 
Explicit expressions for the Z coefficients obtained by substituting the 

value (28) for [J. in (4) and (18) are naturally complex. The well-known quasi
longitudinal and quasi-transverse approximations for the refractive index may, 
however, be employed in many cases to give a good idea of the behaviour of the 
ray path. 

The quasi-longitudinal approximation, valid when 

I Y sin2 0 I 
2(1-X) cos 0 <1, (35) 

is 
2-1_ X 

[J. - l±Y cos 0' (36) 

the upper (lower) sign referring to the ordinary (extraordinary) mode with 
X <l(X <1-Y). 

We obtain 

where 

zt = ±ar Y T(2a -qX), 
Z~ = - 2a2brq, 
ZI=rX sin O{(qX -2a-2b)YL ±2ab}, 
Z~= ±2abrqX cos 0, 
zt =4a2b2rq -1, 
Z* = =r 2abrqXY n 

a=l±YD 

b=l-X±YD 

r=(4a2b2+X2Y~)-\ 
q =1 +2r X{ (a +b )Y~ ±abY L}, 

and Y D Y T denote respectively Y cos 0 and Y sin O. 

The quasi-transverse approximation is valid when 

I Y sin2 0 I 
2(1-X) cos 0 ~1. 

(37) 

(38) 

For the ordinary mode the correct expression for the refractive index is 
(Whitehead 1952) 

whence we obtain 

where 

[J.2=(1-X)j(1-X cos2 0), 

~=l-X cos2 0, 
'YJ=(4~2+X2 sin2 20)-\ 
~=1+2'YJ(2~X cos 20-X2 sin2 20). 

(39) 

(40) 
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It is notable that in this approximation the gradient of the field-strength 
has no effect on the ray path, though the curvature of the lines of force does 
exert an influence. 

For the extraordinary mode, the quasi-transverse approximation gives 

[L2=I-X(I-X)/(I-X _y2 sin2 8), (41) 

and this, too, can be used to calculate the coefficients of curvature; but the 
resulting expressions, which are somewhat complex, will be omitted here. 

V. ACOUSTICAL RAY TRACING 

A moving fluid, such as a windy atmosphere, is essentially anisotropic 
for the propagation of sound. The phase refractive index [L is given by 

[L=I/(c+w cos 8), (42) 

where c is the speed of sound in the fluid at rest, w the speed of the fluid flow or 
wind, and 8 the angle between the direction of the wind and the wave-normal. 
The angle between the wave-normal and the ray is then, by (4), 

tan Cl = - [Lw sin 8. 

Hence, in terms of the angle cp =8 +Cl between the wind and the ray, 

sin Cl=-(W/C) sin cpo 

(43) 

(44) 

The expressions (42) and (43) may be used to calculate the coefficients of 
curvature (18). Here we shall treat the special case where the velocity w of the 
fluid is small compared with the velocity c, so that 

W _w/c<l. 

With this condition we have approximately 

Zc 2W' L =(; SIll cp, 

c 1 ) ZT=-(2W cos cp-l , 
c 

Z~=sin CP(2W cos cp-sin cp), 
c 

1 
ZT=-[(I+cos2 cp)W -cos cp], 

c 
zt=-W cos cp, J 
Z~= W sin cpo 

(45) 

(46) 

The component of V ~ in the direction of the wind is, at any point, the 
curvature, Kw say, of the streamline of the wind through that point. Hence 

ZtVL~+Z~VT~=-W(COS CPVL~-sin CPVT~) 
=-WKw' (47) 
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It will usually be the case that when wjc is small I Vw Ijc is small also, so 
that, to the first order of small quantities, the curvature of a plane sound-ray 
in a light wind is 

K=Ko+ 2W(sin cpVLc+cos CPY'Tc)-WKw-! cos cpY'Tw, (48) 
c c 

where Ko is the value of the ray curvature for w =0, namely, 

Ko= -(ljc)Y'Tc. (49) 

If Vc=O so that the velocity of the sound relative to still air is constant, we have 

K = -(ljc)(WKw +cos cpowjoxT), 

exhibiting the bending of the ray path by the wind alone. 
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