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Summary 

A method of correcting for unresolved levels in fissile nuclei is described. The 
method is based on the distribution of the ratio of the reduced neutron width to the 
total width of a level. Calculations are carried out on three sets of data for 233U, and 
it is shown that approximately one-quarter of the resonance levels are undetected. 

I. INTRODUCTION 

In many applications of low energy neutron cross-section data it is not necessary 
to know the resonance parameters of particular levels, but only average parameters 
such as the 8-wave strength function and the mean level spacing. To determine these 
quantities an important correction must be made to the experimental data for 
resonances that are unresolved in the measurement. 

A method for calculating this correction based on the Porter-Thomas distribu
tion of reduced neutron widths has recently been described by Fuketa and Harvey 
(1965). An experimental resolution limit varies as a power of the neutron energy, and 
levels lying below this limit are undetected in the measurement. Integration of the 
Porter-Thomas distribution up to this limit, over the energy range under considera
tion, gives the relative probability for missing levels. However, when overlapping of 
levels occurs a level may remain unresolved with a reduced neutron width in excess 
ofthe limit of detectability. For levels ofthe same spin sequence, overlapping between 
resonances is negligible, owing to the level repulsion effect, but the probability of two 
levels overlapping becomes appreciable when two spin sequences are superimposed, 
since the spacing distribution for each state is independent. The probability of 
finding a l~vel spacing. less than l' for a superposition of two independent level 
sequences with average level spacings Ih, D2 and average level width r is given by 

_ D (7T1I21') (-7T Tz) D (7T1I21') (-7T 1'2) P(D ~ T) = -=- erf -_- exp ~ + -=- erf -_- exp ~ , 
DI 2D2 4Dl D2 2DI 4D2 

(1) 

- - - 2 fZ 2 
where liD = IIDI + IlD2 and erf z = - e-t dt. 7T1/2 0 

The function P is shown in Figure 1 plotted against the ratio Dl1'for the case 
Ih = D2• For nonfissile nuclides for which Dlr is large the probability of levels 
overlapping is still small, and, therefore, the method of correction described above 
is quite adequate. We cannot ignore levels missed by overlapping in the fissile 
nuclides, however, because of their much smaller value of D(f', and the method of 
correction described below was developed specifically to deal with these cases. 
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In the single-level Breit-Wigner approximation to the neutron cross section the 
peak height of a resonance is given by ao = A2grn/7Tr, where A is the de Broglie 
wavelength of the neutron (in the centre-of-mass system), rn is the neutron width and 
r the total width of a resonance, and g is the spin weighting factor. When ao is small 
compared with the background cross section there will be a large probability of 
failure to resolve the level. We base our method of correction on the distribution of 
the resonance peak heights, comparing the energy-independent ratio r~/r, where r~ 
is the reduced neutron width, with the predicted distribution. This gives a more 
powerful test for missed levels in those nuclei where the correction is expected to be 
greatest. 
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Fig. l.--Probability P for a level spacing D less than the mean 
level width r for two superimposed level sequences with equal 
mean level spacings, plotted against the ratio Dir. D is the 

mean spacing of the double sequence. 

II. THE METHOD OF CORRECTION 

A detectability limit is selected, and the number of levels for which r~/r lies 
below the limit is compared with the number predicted from the theoretIcal dis
tribution. The probable number of levels missed below the chosen detectability limit 
is the difference between the expected and the observed numbers. The limit of 
detectability is then increased until the number of unresolved levels below this limit 
remains constant (except for statistical fluctuations), and this then gives the total 
number oflevels missed in the measurement. Since we cover a wide range oflimits we 
no longer need to take into account the energy dependence ofthe cutoff value. Further
more, the correction now includes levels that are undetected as a result of overlapping 
with neighbouring levels, since we use a variable detection limit. 
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Suppose that NObs levels are observed experimentally in an energy range 
EN-Eo, where EN and Eo are respectively the energies of the highest and lowest 
levels in the sequence. The ith resonance has reduced neutron width r~i' fission width 
rri, and total width rio Further, suppose that the total number of missed levels in the 
energy range is r and the number of levels missed below a detectability limit k is rk. 

- -0 
Then the actual average level spacing D, the average reduced neutron width rn' and 
the average total width r may be written 

Jj = EN-Eo 
Nobs+r-l' 

NObS ° rO' 
~ rnt +r n 

-0 li .::-=.l.".".._-;-__ 
I'n = NObs+r 

Nobs 

~ ri +rf' r = ..!.l_~~l,....----:-__ : 
. NObs+r 

(2) 

(3) 

(4) 

where r~' is the average reduced neutron width of the missed levels and i" is the 
average total width of the missed levels. The expected number oflevels missed below 
the detectability limit k is given by 

rk = {Nobs+r}Py(k) - Nk, (5) 

where N k is the number oflevels observed below the cutoff k and P y(k) is the probability 
of finding a level with r~/ r ~ k. For k not too small we may approximate r by rk in 
equation (5) and solve by iteration: 

r(m) '" {N +r(m-l)} p(m-l) (k) - N k '" obs k y k, (5a) 

where m is the order of the iteration; r~) is put equal to zero and the iteration 
continued until r~m) = r~m-l); then r may be estimated by averaging rk over a 
number of detectability limits. 

It is possible by this method of correction to detect overall imperfections in the 
original data .. Ifthe number of missed levels continues to decrease as the detectability 

. limit increases it is an indication that spurious levels have been included in the 
analysis. These levels typically are given small values of the ratio r~/r and are 
included in order to improve the fit to the experimental cross section. 

III. THE DISTRIBUTION FUNCTION P y(k) 

It is well known that the distribution of reduced neutron widths about their 
mean may be represented by a Porter-Thomas distribution with one degree of 
freedom 

P(x) dx = (271")-1/2 e-x/2 x-1I2 dx (0, 00), (6) 
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where x = r~jr~. The fission-width distribution is usually represented by a member 
of the same family of curves with n degrees of freedom 

nnl2 
P(w) dw = e-nwl2 w(nI2l-1 dw 

2n/2 ran) 
(0, (0), (7) 

where w = rriTr. In this case n is not normally an integer, since the partial fission 
widths in each channel do not necessarily have the same mean, and, also, when two 
spin states are present the average fission width for each state may be differcnt. If we 
assume that the radiation width ry is constant, the probability element for r(tf may 
be obtained from equation (7) by substitutingy = w+c, wherey = TjTr andc = i\jTf , 

a constant, to obtain 
nnl2 enc/2 

P(y) dy = 2nl2 r(tn) e-nyl2 (y_c)(nI2l-1 dy (c, (0). (8) 

The joint probablility element in the distribution of x and y is, therefore, 

P(x, y) dx dy = K e-(x+nyl/2 X-1I2 (y_c)(nI2l-1 dx dy, 

where 

nnl2 encl2 

K = 2nl2 r(!n)(211")1I2' 

(9) 

The element for the ratio xjy is then obtained by making the substitution x = uv, 

y = vjn in equation (9). The distribution function for the variate xjy becomes 

P(xjy~t) = e U-1I2du e-(1+ulvI2 v1l2(v-nc)(n/2l-1dv (10) ncl2 ft1n fro 
"" 2n/2 r(tn) (211")112 0 nc . 

The integration over v cannot be performed analytically, and to facilitate computation 
of the integral in applications we integrate over u to obtain 

enc/2 fro P(xjy ~ t) = e-vl2 (v-nc)(nI2l-1 erf(tvj2n)1I2 dv 
"" 2n/2 r(ln) . 

2 nc 
(11) 

It is now a simple matter to obtain P~(k) as 

enc/2 f 00 (kTf V) 1/2 pn(k) = p(rOjr~k) = e-v/2 (v-nc)(n/2l-1 erf -=- dv. 
y n "" 2n/2 r(l-n) 2nro 

2 nc n 
(12) 

The superscript n refers to the number of degrees of freedom in the fission-width 
distribution. 

IV. CALCULATION OF MISSED LEVELS FOR 233U 

Calculations were made for the number of missed levels in 233U using three 
different sets of experimental data. These were the compilation of recommended 
values of Stehn et al. (1965) and two analyses of Nifenecker (Nifenecker 1964; 
Nifenecker and Perrin 1965). The energy interval selected was 1· 8-26· ° e V. 

Recently, Lynn (1964) has suggested that resonance parameters obtained from 
the cross sections of fissile nuclei may be greatly in error due to the level-level inter
ference term. To test this suggestion Monte Carlo methods were used to generate 
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cross sections with both multilevel and single-level formulae. More realistic average 
parameters were inserted than those used by Lynn, and it was then found that, 
although large differences between multilevel and single-level cross sections occurred 
in valleys between resonances, the discrepancy at the peak height of a resonance was 
rarely greater than 10%. However, the resonance half-widths were often altered by a 
greater amount. The same levels were "missed" in both methods of generation. 

Since our method in effect simply corrects the distribution of peak heights, it is 
thought to be independent of the method used in obtaining parameters, provided 
interference has no systematic effect on the fission widths and, hence, on rr. In
directly, however, level-level interference may have a. significant effect on the average 
parameters. This is caused by the inclusion of broad levels in some analyses to lessen 
the discrepancies caused by interference in the valleys between resonances. The effect 
of these spurious levels is to increase rand N obs, thereby giving too large a number of 

NobS 

Nobs 

~ r:i(mV) 
i~l 

Tr(mV) 

ry(mV) 

TABLE 1 

AVERAGE DATA VALUES USED IN CALCULATION 

Stehn et al. Nifenecker Nifenecker and 
(1965) (1964) Perrin (1965) 

25 27 30 

4·79 4·76 5·18 

283 304 415 

45 45 45 

missed levels calculated for small detectability limits. The number of levels missed 
then decreases with increase in the limit of detectability as spurious levels are 
included in N k, the number of levels observed below the limit. 

In the more recent data of Nifenecker, single-level parameters were obtained by 
performing a least-squares fit to the fission cross section. Asymmetric resonances were 
assumed to be due to the overlap of a broader level with a narrow resonance, and, 
furthermore, broad levels were included to improve the fit between resonances. The 
average fission width for this set of data is therefore much larger than that in the 
other two. In order to bring this set more closely in agreement with the earlier 
compilations we omit the resonances at 2 ·19, 6·72, and 15·56 e V for this calculation. 
Table 1 gives the data averages used in the calculation. In all cases the average 
reduced neutron width for the missed levels was assumed to be 0·02 m V. When other 
values were tried it was found that 100% variations produced differences of less than 
one level in the number oflevels missed. Missed levels were assumed to have the same 
average total width as that for the observed levels. The number of degrees of freedom 
assumed for the fission-width distribution was 3, and a range of detectability limits 
from 1 X 10-5 to 3 X 10-4 was chosen. Figure 2 illustrates the number of levels missed 
below each detectability limit for each set of data. 
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There is a tendency for the correction to the data of Stehn et al. to show a 
continuous rise with increasing detectability limit, while that for the more recent 
Nifenecker data falls after peaking for small values of the cutoff. This may be taken 
as evidence of significant departures of the appropriate sets of parameters from the 
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Fig. 2.-Most probable number of missed levels ric below detectability limitk, shown for 
the three data compilations used. 

TABLE 2 

CORRECTED AVERAGE PARAMETERS 

Stehn et al. Nifenecker Nifenecker and 
(1965) (1964) Perrin (1965) 

Number of levels missed 12·6 11·4 8·7 

Variance of number missed 10·0 4·0 3·5 

Total number of levels present 38±3 38±2 39±2 

D(eV) 0·65±0·05 0·65±0·03 0·64±0·03 

2gr2 (mV) 0·13 0·13 0·14 

expected distribution shape, either because of the inclusion of spurious levels or from 
the poor quality of the data. However, when we average rk over detectability limits 
greater than or equal to 1·4 X 10-4, good agreement is obtained among the three data 
compilations for the total number of levels in the energy range under consideration. 
Table 2 shows the average parameters when the correction produced by missed levels 
is included. The 8-wave strength function r~/15 = 2 X 10-4• 
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V. CONCLUSION 

The method of correction for missed levels described here in effect corrects an 
experimental distribution of resonance parameters by comparing this with the 
expected distribution. Since the method is insensitive to the precise experimental 
resolution limit, unlike the method of Fuketa and Harvey, in which a careful 
determination of the limit must be made, levels missed above the resolution limit owing 
to overlapping are included in this correction. Furthermore, provided the number of 
levels considered is large enough to permit reasonable statistical accuracy, this type 
of test may show the presence of other systematic deviations from the expected 
distribution of resonance parameters. 
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