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Summary

Using integral representations of the bound state wave functions it is shown
that, near the so-called Butler pole, DWBA amplitudes of (d,p) and certain (d,n)
reactions depend only on the asymptotic parts of these wave functions. Furthermore,
the zero-range approximation for the n—p interaction in the deuteron is exact at
the pole. As well it is found that for (d, n) stripping to loosely bound levels of heavy
nuclei the Butler pole disappears in the sense that the amplitude is no longer infinite
there.

I. INTRODUCTION

The amplitude M of a (d, p) or (d, n) reaction, at fixed incident deuteron energy,
may be regarded as a function of the variable @2,

Q=02
where
Q = kl——kg, k2=mA/mBk,,.

k; and k, are the momenta, in the centre of mass frame, of the incident deuteron
and the outgoing nucleon y, while m 4 and mp are the masses of the target nucleus
A and the residual nucleus B, which consists of 4 plus a captured nucleon x.

For (d,p) and (d, n) reactions the amplitude M(@2) has a singularity at the point
Q2 = —«2, where

K2 = —2my 4 By[h2, Mga = Mgzmal(Mmgtma),

and B, is the binding energy of the captured nucleon. If Coulomb interactions are
neglected, this singularity is a pole, the Butler pole (Schnitzer 1962), but when
Coulomb interactions are included this singularity is a branch point. In the case of
(d,p) reactions the cut is in the phase of the amplitude only and there is a simple
pole in the modulus. The (d,n) case is somewhat more complicated.

In both cases the amplitude in a neighbourhood of the singularity, the so-called
pole term, is of considerable interest. It represents the high partial waves in the
partial wave expansion of the amplitude. It can therefore be used to aid the compu-
tation of these amplitudes (Bertram and Tassie 1968).

Another reason for current interest in the pole term is that the residue at the
pole is proportional to the reduced width of the captured nucleon so that, at least
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in principle, model iﬁdependent reduced widths may be obtained from the angular
distribution of the differential cross section either by extrapolation (Amado 1959)
or, in the case of sub-Coulomb stripping, by employing the method of Morinigo
(1967). ‘

In the distorted wave Born approximation (DWBA) the amplitude for deuteron
stripping reactions is (see, for example, Glendenning 1963)

= f i (mafmp)r+ R $a(r) $a(R) Va(R) i (r-+(my/ma)R} dr dR, (1)

where {? and ¢ are elastic scattering optical model wave functions of the incoming
deuteron and the outgoing nucleon respectively, ¢4 is the internal wave function of
the deuteron, ¢, the bound state wave function of the captured nucleon, and Vg4
represents the neutron—proton interaction in the deuteron. The aim of this paper
is to show that near the pole the amplitude M (Q?) depends only on the asymptotic
parts of the wave functions and that the zero-range approximation is exact at the
pole. We shall neglect the spins of the particles involved and choose our units such
that # = 1.

II. (d,p) AxD (d,n) REACTIONS

If we introduce the Fourier transforms F1(p1) and Fa(ps) of the scattered wave
functions by the relations

P(r) = fFl(Pl)eXP(iPI- r)dps, @)

_)*

$ () = fFZ(Pz) exp(—ipz.r) dp2, - 3)
then the amplitude (1) can be written as (Clement 1965)
M = —}map JF 1(P1) Fa(pe) (<a-+45) G1(q1) Ga(qe) dpy dpe, 4)

where

q1 = p1—(ma/mp)p2, g2 = (my/ma)p1—pP2,

(mpm.a)(gi+rz) = (mafmy)(gs+ra), ()
Gh(q1) = f éa(r) exp(igy. ) dr, (6)
Ga(qe) = f‘ﬁd(R)eXP(i%-R) dR. . (7

Suppose that the potential V¢ and the potential V4, acting between A and the
captured nucleon, can be expressed as superpositions of exponential or Yukawa
potentials ’

Va(r) = — fy C(x) exp(—or) de, (8)
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Vaa = (@mca)r * — fw B(a)r " exp(—ar) do. (9)
u

The use of exponential potentials in one case and Yukawa potentials in the
other is of no great significance as they can be related by partial integration. The
first term of V4 represents the Coulomb interaction between x and 4 with

Z g€2mgalxy if x is a proton

1] —
0 if x is a neutron.

The wave function for the internal motion of the deuteron, which is assumed to be
in a pure s-state, can be expressed as (Martin 1959)

$a(R) = (4ﬂ)_1"NaR_leXp(—KaR)(l+ L’ p(x) exp(—akR) da) ; (10)

where p(x) satisfies the equation

&=
a(oe+2kq)p(a) = Cle)+ J;) C(a—B) p(B) dB

and N4 is & normalization constant.

The bound state wave function of the captured particle, which is assumed to
be captured into a state of definite angular momentum, may be written as (Andrews,
to be published)

ba(r) = N, Yip(r)rexp(—rgzr) fo (o) exp(—ar) da. (11)

The constant Ny, is related to the reduced width (see, for example, Dullemond and
Schnitzer 1963) and o(«) satisfies the equation

oa—u
o 20" (2) — 2 Lo+ i) - ez mhole) = fo B(a—B)o(B) dB. (12)

The right-hand side does not contribute for 0 << « < p, and the solution can easily
be seen to be

ole) = oo@) 0 <a<p, (13)
where
ao(e) = oLt (a+2kz)L7.
For all greater values of « equation (12) can then be solved recursively.
If we define
o1(a) = o(x)—oo(x),
equation (11) becomes

(1) = N Ym(r) rLexp(——Kx 7) (J oo(a) exp(—ar) da + J o1() exp(—ar) doc) .
’ g (14)
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Substituting (14) in (6) and (10) in (7), we find

. * ® atky
Gi(q1) = 877(21)L(L—|—1)!q1L YLM(ql)NL(L Go(a)m o
G+Kx
[ e
T we
Galg)) = (4w>*Na( s +f 2 2da)~ (16)
ga+Kd 4 ga+(xtxq)

Using (15) and (16) in equation (4), the amplitude M becomes
—2mnp M = M1+ Mz (mama/mymp)(Ms+M,).
Writing '
R(p1, po) = (4m)P2 (2% (L+1)! 2N a N1.gF ¥11(90) Fr(p1) Falpo),

we have
My = on oo(a) de JR(pl,pz ——ﬁ_ﬂx—m dp: dp2, (17a)
0 {4 (a+rz)y
@ G+Kx
Mp = f o1(e) do fR(P »D2) dp: dps, (17b
2 L 1,P2 PR 1dps v )
® ® (e trz) g+ 3)
M=f U(a)daf (ﬁ)dBJR(P,P) dp: dps,
P » " P G e G B} (170)
(2t ko) (@i +3)

[ee] ]

M=J‘acxdocf dJ‘R, dp1 dp2.

a= |, 1(x) ) p(B) dB | B(p1 Pz){ T ot P P G (B el py P2(17d)
In Section III it is shown that the term M is infinite at the point @2 = —Ki for
n < 1 and that this singularity is an end-point singularity from the lower limit of the
integration with respect to «. Since R(p1,p2) does not explicitly depend on «, g,
and kz, and since og(a) = 0 at o = 0, the singularity of M; can only come from the
vanishing of the term ¢2+4(ax+xz)2 at « = 0 in the integrand, i.e. the singularity
arises from ¢3-+«2 = 0 or equivalently from ¢Z4«2 = 0.

Comparing equations (17b) and (17d) with (17a) it follows immediately that

My and M, in general have no singularities at @2 = —xg.

The term M3 may be rewritten as

P1,P2) * L+n L—-n oKy
M. =f (B)dﬁf——-—dp Pf o at2u6g) " 57 da
’ g go+(B+xa)® 7 et

(p1,P2) ® Lin# L-n+1 o+Kg
—| »Bd ﬁf - dp1dps f oL gy ey i AT g,
f Et(B+xa)? 0 T d et )
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When ¢2 = —«2 the integrands of both terms on the right of (18) behave like

a1l ag « — 0. Therefore, for > 0, the lower limit of the integration with respect

to « does not cause any singularities in M3 at Q2 = —«2.

In the case of 9 = 0, the integration with respect to « in (17¢) can be carried
out explicitly to yield

My = L p(B) dB fR(Pl,Pz) (B+(B+xa)  dprdp..

The integrand is finite at the point g2 = —«3, and M3 cannot have a singularity at
Q2 = —«2. Therefore, as Q2 — «2, M(Q?) — M1(@?), except when the Coulomb
parameter 7 of the captured particle is greater than unity.

The amplitude M7 when expressed in terms of wave functions is

f¢‘ "{(majmp)r} go(r) g (r) dr, (19)
with
bo(r) = Ni Ypp(r) exp(—rpr) 1" fo o o4 2u5)" " exp(—ar) dec. (20)

Thus M is the DWBA amplitude for the stripping reaction when the zero-range
approximation for the deuteron is made and with the bound state wave function of
the captured nucleon replaced by its asymptotic part.

After carrying out the integration in (20) we find that for (d, p) reactions (y = 0)
the correct asymptotic form of the bound state wave function is

$o(r) = Nph) (ixgr) Yim(r),
where h{!(z) is the spherical Hankel function of the first kind, and for (d, n) reactions
(n>0)

do(r) = Npr AW y(kzr) Yu(r),
where W, 4(2) is the Whittaker function.

ITII. Tee TerM M,

In this section we shall show that the term M; in the amplitude is infinite at
Q2 = —«2, the singularity arising from the lower limit of the integration with respect
-to « in equation (17a).

The scattering wave functions ¢{* and #{ in (19) can be expanded as Born
series; the leading terms in these expansions are given as (Mott and Massey 1965)

D (r) = exp(—3mn1) T'(1+in1) exp(iky. r) F{—in1; 1;i(kyr — k1. 1)}, (21)
Pi*(r) = exp(—4mng) T(1+-ne) exp(—ika. 1) F{—ing; 1;i(ker +ke. 1)},  (22)

where
11 = (Zae*mq)/k1
and
Zpe2mpylky for (d,p) reactions

ng = )
0 for (d, n) reactions.
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The amplitude M is then

M=K L oo(e) do f exp(iQ. r) r* Y1 a(r) exp{— (a+rz)r} F{—iny; 1;i(ky r —ky. 1)}

X F{—ing; 1;i(kar +kg. 1)} dr. (23)

All the constant factors that occur in M; have been absorbed in the quantity
K. In order to keep the expressions in the remainder of this section as concise as
possible, any other constant factors that may appear as the result of our manipula-
tions shall be automatically included in K.

If we assume that 7; and 7 contain a small imaginary part ie (¢ > 0), which
we can put equal to zero after the calculations, we may use the integral representation
of the hypergeometric functions (Erdélyi 1953) and write

1 (1 . ©
M=K f f s (1 —g) I )2 gg gy f oo(a) dex
0o Jo 0
X frl‘ exp{— (ax+a)r} YZM(r) exp(iq.r) dr, (24)
where
a = kg—i(k1s +kst), (25)
q = Q—Fki1s+kat. (26)
Integration with respect to r yields
11 )
M, =K f f s (] —g) T2 () gy M2 gg gy
0 Jo
xq" You(q) fo oo(@) (et-afg*+(a+a)} " dar. (27)

For large « the integrand goes as «~4 and thus the integral converges at the upper
limit of the a-integration. Hence, if M is to have a singularity at @2 = —«2, the
only way this can happen is when the term {g2-}-(x+a)2} in the integrand vanishes
at Q2 = —«2. From equations (25) and (26) we find that this occurs only when
«=¢=1t=0. Hence we have shown that if M, has a singularity at Q2 = —«2
it must arise from the lower limit of the integration with respect to «.

In order to show that M is in fact infinite at Q2 = —«2 we make use of a
result due to Cejpek (1966)

1 1
A& = fo 571 (1—g)! " ds fo £ (1)
X er—l YZM(T) exp{i(O—kls + ko t) . r} exp[_{ﬁ_i(kls iy t)}f’] dr

ArofmarB L L ([ 4n V(2L +1)* )
- @-+p4 Z .2 ) Uy ) (Bt M—m b | LM
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Xy Y (—k2)' Y11, sr—m(k1) Y im(ke) D(L—1+1+ing) T(U+1)

o 3 Dl=imts) 1 (—1°c
2o T(—im) L—lts+D)T0—s+D) T+ 140y
ey —_T(—ing+j) D(L—j+1+in)
14B)7 12 T) J 2
< B B R N DTG4 D)
X oFy(—ing+j; —im+s; L—I+s+1; H), (28)
with
B:—zikgﬂ—:kf;kg—(f’ 0=——2iklﬂzkf—:k§—(?2’ "1 2Q2+132 5
Q"+B Q4B B+ (kr—Fk2)

Comparing this formula with equation (24) it follows immediately that, with B = a-} i,

i =K [ o) d%(A(QZ, ) as. (29)

When Q2 = —«2, a typical term in the integrand of (29) behaves like a7+/-2 as

« — 0. Therefore, due to the terms with j = 0 in (28), M} is infinite at Q2 = —«2
only if p < 1.

IV. CoNcLUSIONS

We have shown that the DWBA amplitude M(Q2) for stripping reactions can
be expressed as a sum of four terms, the first of which M;(§Q?2) corresponds to DWBA
when the zero-range approximation is used for the deuteron, and with the bound
state wave function of the captured nucleon replaced by its asymptotic part. The
term M is infinite at Q2 = —«2, this singularity being known as the Butler pole.
Since the other terms are finite at the Butler pole, M(Q?) — M1(Q?) as @2 — —x2.

There is, however, one exception. In the case of (d,n) reactions with » > 1,
that is, when the proton is captured into a loosely bound level of a highly charged
nucleus, M is no longer infinite at the point @2 = —«2 and therefore in this case
M(Q?) does not approach M;(Q?) as Q2 — —x2.
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