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Abstract

A generalized theory of radiation pressure forces for arbitrary non-dissipative
acoustic systems is applied to the calculation of the force and torque exerted on a
body elastically scattering an incident plane wave. The theory leads to the Westervelt
and Maidanik formulae for force and torque respectively. Alternative forms for the
Maidanik formula are generated by application of the generalized optical theorem.

I. INTRODUCTION

When sound waves are scattered by an object, steady forces and torques are
exerted on the object as a manifestation of the radiation pressure. The radiation
pressure force arising from the scattering of an incident plane wave has been investi-
gated theoretically by numerous authors (e.g. Westervelt 1951, 1957 ; Olsen, Romberg,
and Wergeland 1957, 1958; Olsen, Wergeland, and Westervelt 1958), Westervelt’s
formula, or a closely related result, usually being obtained. Correspondingly, the
torque exerted on the scattering body has been derived by Maidanik (1958). Wester-
velt’s and Maidanik’s results are obtained by integrating respectively the stresses
and the moments of the stresses of the average momentum flux density tensor of the
radiation field. The integrations are most conveniently performed over the surface
of a sphere of large radius using the asymptotic form of the scattered wave, and the
results are obtained in terms of the scattering amplitude f(6,4). The methods used
rely on the fact that, apart from at the boundary of the scatterer, the wave is free,
so that (for a uniform non-dissipative medium) the stresses are transmitted to the
scatterer alone and to no other boundary or body. Consequently, the methods are
normally limited to single scattering in a free field.

An alternative approach to the general problem of calculating average radiation
pressure forces and torques is available (Smith 1964, 1965). This formalism leads
to or, equivalently, can be incorporated in a generalization of the adiabatic theorem
(Smith 1971). If F, is the generalized radiation pressure force corresponding to a
generalized coordinate x, which specifies the configuration of an acoustic system,

wFy 80 = —1i U{p S(v*.n) +(v.n)dp*} d4, 1)
J _

where p and v are the complex r.m.s. pressure and velocity of the sound field of time
dependence exp(iwt), S is a mathematical surface of unit outward normal n enclosing
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the system, and § denotes changes resulting from a small adiabatic change 8z in the
coordinate . Equation (1) is not restricted to single scattering or affected by the
presence of boundary surfaces ete. or the nature of the external excitation but is a
result which holds for acoustic systems of arbitrary complexity, provided only that
dissipation is negligible.

Equation (1) is used here to derive expressions for the radiation pressure force
and torque exerted on an elastic scatterer in a plane wave incident field. It is shown
that, when the force and torque are expressed in terms of the scattering amplitude,
Westervelt’s (1951, 1957) and Maidanik’s (1958) formulae are obtained. In addition,
alternative formulae for the radiation torque are obtained from the generalized optical
theorem (Schiff 1968).

II. RADIATION PRESSURE FORCE ON A SCATTERER

For computations using equation (1) it is useful to introduce a velocity potential

Y, where
v=—VY¥, p = iwp¥, (2)

p being the density of the medium. Equation (1) then becomes
Fydx = %p Jf {(o¥]on)6W* —W o(8¥*)/on} d4 . (3)
s

To discuss scattering we use polar coordinates (r, 0, ¢) and take S to be a large sphere
centred on the origin. The differentiation 8/0n along the normal in equation (3) then
becomes 9/or. "

For the scattering of a plane wave of velocity ¢ and wave vector k (with
k = w|c), the incident wave is represented by the velocity potential

Y = exp(—ik.r), 4)
while the asymptotic form for large » of the scattered wave velocity potential is
Vs = r-lexp(—ikr) f(0,4), (5)

where f (0, ¢) is the scattering amplitude for the incident wave (4). The asymptotic
form of the total velocity potential is then

VY = ¥;+¥s = exp(—ik.r) +r-lexp(—ikr) f(0,¢). (6)

In order that equation (3) may be used to find the force on the scatterer we need
an expression for the change 8% in ¥ on the surface S due to a vector translation
3« of the scatterer without change of orientation. In this case the incident wave is
not affected but the scattered wave potential is changed asymptotically to

WL 8W, — exp(—ik. 5x){ | r— x| Lexp(—ik | r—8x|)} £(0, ). (7)
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The first factor arises from the phase change in the arrival of the incident wave at
the scatterer, the second incorporates changes in the radial distance (only the phase
change part proves to be significant), while the angular scattering amplitude remains
unchanged.
Noting that
|[r—8x| =r—8x.7,

where the circumflex denotes a unit vector, from equation (7) we can write
8Wy = ikr-lexp(—ikr){(8x.7 —Sx . k)-+r 1 8x.7} f(6,4). (8)

Since only terms in r—1 are significant asymptotically, equation (8) becomes
8Ws = ikr—lexp(—ikr) (8x.7 —8x.k)f (6, ) 9)
= Sxikr—lexp(—ikr) (cos B —cos«)f (0, ), (10)

where « and B are the angles between 6x and k and dx and r respectively.
In order to integrate the incident wave potential ¥;, the asymptotic 3-function

resolution of a plane wave into incoming and outgoing spherical waves (Morse and
Feshbach 1953) is used to give

¥ = exp(—ik.r)

_ zﬂ(%(if’") S(m+u—0) S(v—g) — engkir@a(u—a) S(v—4) ) . an

where the polar angles u and v correspond to the direction of k and the §-function
distribution is defined for continuous functions g by '

ff 9(0, ) 8(u—0) 3(v—¢) A2 = g(u,v),

d.Q2 being an element of solid angle which is integrated over all directions.
Finally, for substitution in equation (3), the total velocity potential may now
be written

w_ 277(%@ S(m--u—0) S(v—g) — %‘rl’”) S(u—0) a(vﬂﬁ))
+ SRR g, 4) (12)
and we have
SW = 5. (13)

Substitution of (12) and (13) into (3) gives, on retaining only terms of order r—2,
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Fapde = ip Sxﬂ [{ (eXP K1) & - — ) 8(v—¢)+?~}g;_—.iki)8(u70)8(v——¢))

_lﬁﬁi‘l’f‘;i’@f(o,@}(_—mw@f *(9,¢) (cos f —cos “))

f{zw(exf,ir’” 8(m+-u—0) 8(v ¢>—W8(u—e>8(v—¢))

_}_Mf(g,qg)}(wf* (8, ¢) (cos B —cos ) )] d4

r

= _2p3xﬂ (cosB—COSoc)(‘L—m—Iff (6,4)8 S(v—¢)+ 21sz 0,4) f*(0 45)
N

= 8z k’p ff (cos e —cos B | £ (6, 4) [*— (2mfik) *(6, $) 3(u—0) S(v—g)} A2

= Sxk’p U (cosa —cosB) | f (6, 4) > d2 (14)

since B = « for § = u and ¢ = v. Hence the force F; in the direction of 8« is

Fy = H (cosa —cosB) | f(6,4) > dQ (15)

for unit r.m.s. amplitude of the incident potential. From equations (2) this corresponds
to an energy flux
pv¥. - pwk,

so that for unit energy flux, equation (15) becomes

=c! H (cos o« —cos B) | £ (6, ) | de2. (16)

In the usual description of scattering, k is taken in the § = 0 direction and the
force in the direction of k then becomes

= c“lff (1—cosf) | £(6,4) A2, (17)

since « = 0 and 8 = §, while the force in a perpendicular direction is

F,= —c‘lﬂ cosB| f(8,4)° A2, (18)

where 8 is now the angle between the direction in which F | is being evaluated and the
current radius vector in the solid angle integration. Equations (17) and (18), which
have been obtained here from the generalized adiabatic theorem, are Westervelt’s
(1951, 1957) formulae for zero absorption. They have the obvious physical interpre-
tation (Olsen, Wergeland, and Westervelt 1958) that the force results from the
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momentum reaction exerted on the scatterer in compensation for the change in
momentum of the scattered radiation. Although the force equation (1) is in some
respects of very general applicability, it cannot accommodate dissipation. The
addition to equation (17) of a term corresponding to the momentum absorbed by the
scatterer gives Westervelt’s results for inelastic scattering.

ITI. RapiaTioN PRESSURE TORQUE

Let N be the torque about the origin exerted on the scatterer and 6@ a vector
representing a rotation of the scatterer through a small angle 8@ about an axis
through the origin in the direction of 8@. Then, instead of equation (3), we obtain
from equation (1)

N.30 = %pff {(9P)on) 59* —W 3(8P*)|on} A4, (19)
S

where, as before, S is a large sphere centred on the origin.

To calculate the torque on the scatterer we take ¥ to be the potential when
the scatterer is in its initial orientation (i.e. as described by equation (12)) and then
Y4-8% must correspond to a solution when the scatterer is rotated through 8@.
The easiest way to find such a neighbouring solution is to rotate both the scatterer
and the fields together. Thisis a valid procedure because there is no angular momentum
associated with the incident plane wave which itself undergoes rotation too. Thus
the potential ¥--8¥ at some point r on the sphere § arises from the potential ¥ at
the point obtained by rotating r through — 38, i.e.

PLSY — R(—8O) W, (20)

where R(®) ¥ indicates the value of ¥ at a point obtained by rotating through a
vector angle @ from the current direction. For functions that can be expanded
in Taylor series, the rotation operator R can be written as

R(®) =exp(®.L), L=rxV. (21)

The component of the operator L in any direction is the derivative with respect to
angle about that direction as axis. A familiar explicit form is

. 0 0 0 . 0 2
L, = —(sm(f;% ~+cos ¢ cot 0%) , Ly = (cosgS% —sin ¢ cot 9%) , Lp= % (22)
For infinitesimal rotations,
R(8O) =1+46860O.L (23)

so that from equations (20) and (23)

S¥ = {R(—80@) —1}¥ = (—8@.L)¥. (24)
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Substitution of equation (24) in (19) gives
N.5O@ = 380.%p J:f {YL(o¥*|or) —(0W[or) L¥Y*} dA . (25)
S

Because of the relationship of L to infinitesimal rotations,

f L(flfz) d4 =0 5 or fffl sz d4 = — J:[fz Lfl d4. (26)
s 8 K
Using (26), equation (25) can be written in a variety of ways, e.g.
N.5@ = —80.3p ff {(oW*[or) LY +(0W[or) LY*} dA, (27)
K}

which is equation (15) of Maidanik (1958).
If N is expressed in terms of the scattering amplitude by substitution from
equation (12) into (25) then, on retaining only terms of order r—2,

© = b0 [[ [[2r(22E a0+ u—t) 10—~ 22 5y 30— g)
S

iler
SR ¢)}
% 50. L{2w(%7~i—k0 S(rLu—0) S(o—¢) - .‘31’7(”@ S(u—80) a(vﬂﬁ))
+ﬂcexp (W) £y ¢;

—{%(2"’?’—”—) S(r+u—0) s(o— ) + TP 5, ) 8<v—¢))

lkexp( —ikr) f0 ¢}
X560 . L{2w(9§%g—k@ S(u—0) s(v—¢)—ﬂ’5iﬂ S(m+u—0) a(vﬂf)))

) g g 0. 29

7

In equation (28) only terms in f(6, $) contribute since, physically, N is zero when
fis. To mathematically interpret the operation of 8@ . L on 3-functions, it is necessary
to use the more basic definition 1—R(—8@) implied by equations (24). Thus

N.5®@ = p H (21 (0, $) 5O . L3(u—0) 8(v—p) —S(u—0) S(v—g) 80 . Lf*(6, $)}
ik f(8,4) 80 . Lf*(6,4)] d2, (29)
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or, by virtue of equations (26),

N.5@ = —27p ff S(u—0) 8(v—o) 6@ . L{f (0, d)+f*(0, )} dQ2

+ikp fff(& $) 6@ . Lf*(0,¢) d2.
Since this is true for all @,

N= —4np Re(Lf(G, ¢>))
0
¢
which is Maidanik’s (1958) result. For unit incident flux,

—|—ikpf fLf*dQ, (30)

N= —(47-rc/w2)Re(Lf(0, ¢>)) —|—(i/w)ff fLf*dQ. (31)

=
The second term in equation (31) is the reaction to the angular momentum carried
off by the scattered field, while the first term represents the interference between the
scattered wave and the outgoing component of the incident plane wave.

An alternative derivation, which initially yields a different expression for the
torque N, is obtained by regarding the direction of the incident plane wave as
unchanged in the variation. The scattering amplitude is then best regarded as f (k, 0, ¢),
that is, as a function of both (6, ¢) and k in the body fixed axes. As well as the rotation
operator used above, a corresponding operator Ly for changes in the k direction is
required. Since only the scattered wave undergoes change, we have, for substitution
in equation (19) 8% = 3%, where 6% is composed of two contributions:

(1) theincident wave arriving from a different direction relative to the body, and

(2) the radiation scattered relative to the body being rotated relative to the
fixed surface of integration.

The combined effect of these when the scatterer is rotated through 8@ is
0¥ = —rlexp(—ikr) 8@ .(L+Lg)f(k,0,4) (32)
with
Ly = kX V. (33)

Substitution of equation (32) into (19) leads to

N = ikp Hf(LJrLk)f* dQ —2mp ﬂa(u—o) S(v—g) (L+Lp)f*dQ.  (34)

However, the generalized optical theorem for elastic scattering (Schiff 1968) may be
used to show that

fff Lif* dQ = (2afik) f f 8(u—6) 8(v—g) (L f* —Lf) d2, (35)

which may then be used to eliminate Ly from equation (34), thus reducing it to the
previously obtained equation (30).
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Alternatively, although it cannot be entirely eliminated, L can be removed
from the interference term to give

N = 2kp fflm(f*(%L—l—b:)f) dQ —4mp Re(ka) (36)

=
as another form for the radiation pressure torque. In this case, the interference term
depends on the variation of the forward scattering amplitude as the incident wave

is rotated.

IV. CoNcCLUSIONS

A generalized radiation pressure force theory has been applied to the calculation
of forces and torques exerted on a scattering body and the expressions of Westervelt
(1951, 1957) and Maidanik (1958) for the average force and torque on a non-absorbing
scatterer have been obtained. For the radiation torque, some alternative formulae,
which depend on variations in the scattering amplitude for changes in the direction
of the incident plane wave, have also been obtained by means of the generalized
optical theorem.

Although the generalized radiation pressure theory may be applied to an acoustic
system. of arbitrary complexity, it is strictly valid only when dissipation is absent.
In the present application the scattering is required to be elastic, i.e. the net average
energy flux to the scatterer is zero. On the other hand, Westervelt’s and Maidanik’s
methods, although effectively limited to simple systems (e.g. single scattering), can
accommodate absorption by the scatterer. In all cases, however, the assumption of
zero absorption in the medium is made. Radiation pressure is usually discussed
using some such idealized model and if there is any significant departure from ideal
behaviour it may sometimes be estimated as a correction. However, within its domain
of applicability the present generalized theory has been shown to include the Wester-
velt and Maidanik formulae as special cases.
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