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Abstract

A method is given for solving the inverse reaction problem to obtain complex
potentials as in the optical model of the nucleus. The method reproduces reaction data
to the accuracy with which the reaction matrix can be least squares fitted to a sum of
simple poles. The method couples multichannel phase shifts in such a way as to give
the correct complex single-channel phase shift.

I. INTRODUCTION

Previous work by Cook (1970, 1972) has shown that, given the complex phase
shifts in each channel of a reaction, a set of real channel wavefunctions and potentials
can be evaluated which reproduces the phase shifts to the accuracy with which the
reaction matrix can be least squares fitted to a sum of poles. This formulation can be
generalized to derive an equivalent alternative theory which uses complex potentials as
in the optical model (Preston 1962). Traditionally, the absence of uniqueness has been
overcome by selecting trial potentials which reproduce the data satisfactorily, with the
requirements upon the potentials that they have the smallest number of maxima and
minima possible and can be represented by a few elementary mathematical functions.
This method appears plausible in that it assumes that the experimental evidence will be
insufficient to permit the calculation of a unique potential and therefore that the human
investigator is entitled to choose potentials which are quickly evaluated.

The present authors do not wholly subscribe to the above view. Firstly, the lack
of data concerning the behaviour of phase shifts in all channels except the elastic
channels has prevented the study of systematic relationships between channels.
Such a study could reveal a sufficient number of new rules to permit unique solutions.
Secondly, an investigation of the shapes of potentials allows the possibility of recogniz-
ing physical characteristics known from other experiments. Thirdly, plausible
physical models of the structure of the scattering target, which have sufficient detail to
remove the necessary degrees of freedom, can be constructed; this is illustrated in
Section IV with a well-known example. Such models are essentially guesses of the
assumed missing rules.

One must also answer the criticism that the traditional calculation makes use of
the principle that if a set of alternative hypotheses leads to the same conclusion, one
should choose the simplest member of the set. Since the forward, i.e. potential to
phase shift, calculation is quite adequate, why attempt the inverse calculation?
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Our answer is that we have chosen even simpler initial data, namely the experimentally
measured cross sections. Furthermore, when proceeding with the inverse calculation,
the above simplicity criterion was applied. Specifically, in the single-channel calcu-
lation (Cook 1970, 1972) the simplest form for a particular unitary matrix was chosen
to remove the non-uniqueness. In other respects the inverse calculation is comparable
in speed and simplicity to the forward one, and there is little to choose between the two
approaches in this regard.

A further peculiarity of the forward and inverse calculations is that if one
chooses a trial potential, calculates the phase shift, and then applies the inverse
method to the latter, the trial potentials are generally not reproduced. This is because
the simplest unitary transformation matrix does not often lead to the simplest potential
which reproduces the phase shift.

II. OpTicAL MODEL

Before giving an account of how a complex potential can be determined, we must
consider the formal theory of the optical model in order to establish exactly the ex-
perimental information that is required for the calculation. The basic radial wave
equation for the optical model wavefunction U,, for the incident channel ¢ and orbital
angular momentum / is (Preston 1962)

QU Jdr? + {0, I+ D]r*} U,y = 0. M

For simplicity we assume the bombarding particles to be neutrons. The more general
theory containing Coulomb effects is not difficult to derive. This wavefunction has the
asymptotic form

Uc,( - D [{1+exp(—2B,)}sin(k . r —n+a,,)
r—> )
+1{1 _exp(—zﬁcl)}cos(kcr —%ITC-FCXC)], (2)

where 9., is an arbitrary complex constant and «,, and f,, are the real and imaginary
parts of the phase shift respectively, with 6., = o, +1f,;.

Neglecting spin for the present, the cross sections are:
elastic cross section

0. = Qu/k2) X 2I+1)| 1 —exp(+2id,)|?, (3a)
absorption cross section l

Oea = (m/k2) Z 2+ 1){1—exp(—4B.))}, (3b)
total cross section I

0. = (2n/k2) ZI‘. 21+ 1)[1 —Refexp(+25,,)}]- (3c)

Let us suppose, for the sake of simplicity that there are two channels in the
reaction. The generalization to many channels is straightforward. We may associate
with the cross sections a two-channel S matrix

Scc, = (Sll Slz)
S12 S22
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such that
Sy = exp(+2i6y), |Si21? = 1—exp(—4P;), Sz = exp(+2id,). “

Although it is almost never experimentally realizable, we shall assume that the
analysis of angular distributions in all channels has permitted the determination of all
complex phase shifts. Means of overcoming deficiencies in experimental information
are indicated in Section IV.

The T matrix is defined as

T = (S-D/2i, ®)
while the reduced transition matrix T’ is defined by the equation
T=Q*-D2i +QT' Q, 6)

where Q is the diagonal matrix (Lane and Thomas 1958)
(CXP(—igu) 0 )

Q)
0 exp(—ify;)

and 6, and 0, are the hard sphere phase shifts for channels 1 and 2. Since the S matrix

is unitary and symmetric it can be readily shown that the T’ matrix must be of the form

, 1 ( nexp(2iajy) —1 (1—n*)*exp(id) )

2i\(1 - exp(2ig) —nexp{2i@hi—oi)} —1)
where # = exp(—2f;,), ¢, is an independent function, and the reduced phase shifts
are o), = o, —0,.,. These are required to calculate the potential using Cook’s (1970,
1972) calculation.

In solving the inverse reaction problem, one associates a real channel wave-
function y,, with each phase shift 8., such that each ¥, obeys Schrodinger’s equation,

2 2
d'”“+(k%—V1—’(’“)>w“=0, d*”2’+(k%—V2—'(1“)>l//u=o. ©)

dr? r? dr? r?

®

Yy, and ,; have the asymptotic forms
Yy = Cysin(kr —3in+oay,), Yoy = Cyysin(k, r —3in+oa,)). (10)

It can be shown that y/;; and V/,, are not independent of each other but are coupled
through their asymptotic normalization constants C;; and C,,. This coupling arises
as follows. The i/, and i, are single-channel wavefunctions which reproduce the real
part of the phase shifts, but in order to establish their connection with the complex
wavefunctions describing multichannel processes it is necessary to invent a fictitious
outgoing scattering channel which permits the determination of an equivalence.

The wavefunctions ¥, and yr,;, may be renormalized to yield functions ¢,; and
¢,, which satisfy equations (9) and have the asymptotic forms

¢1, — sinlky r —3in+ayy), ¢2y — sin(kyr —n+oy). an

This renormalization is carried out only to simplify subsequent equations, and does
not affect the conclusions.
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III. EQUIVALENT OPTICAL MODEL

The problem is to find for given ay,, a,,, and # the complex potential in equation
(1) which yields the same T matrix as the equivalent psuedo-scattering wavefunctions
¢y, and ¢, (the T matrix is the measurable quantity). This can be done as follows.

The inverse reaction calculation (Cook 1970, 1972) is used to determine effective
potentials ¥, and ¥, such that wavefunctions ¢, ¢, satisfy the transposed energy
equations

d*¢ — A+ D\- d’¢ — I+ 1)\
dr;’+(k2— Pu=== Jpu =0,  F+H{M-Vu==75")pu=0, (12)
with the asymptotic forms

all( Z) Sin(kzr—%ln-l-d”), 521( —;) Sin(kll’—-%—lﬂi-l-ocu). (13)

We now introduce complex asymptotic normalization constants 4,;, 4,;, By,
and B,, such that for large r

A1 ¢11+ By by — sin(ky r —4In+6y), A1 $21 + By by — sinlkyr —3in+5,),

where 6;; and J,, are the complex phase shifts in channels 1 and 2 respectively.
Hence we find

A = sin(8y;—a,;) _sin(8,;,—0y,)
u=s T 2= T
sin(oty;— ;) sin(oy— o)
149
sin(d,;—oy ;) isinh f,, isinh f8,,
By, = = 2L

sin(ot;—0tz) sin(ory—oty;)’ sin(oy;—aqy) J

The functions U,; and U,, defined as
Uiy = A dyilkyr) +B“$2,(k1r), U, = Bz:&u("z") + A3 ¢,(kyr) (15)
will satisfy equation (1) provided
o = A Vi +B V, 0, v, = B, Vip, +A, V5 ¢, (16)
! Ay +By ¢, 2 B¢, +4,¢,
are the complex potentials in each channel. Since the real psuedo-scattering wave-
functions and real potentials have been determined, we need to know the constants

Ay, A,, By, and B, to find the complex potentials. More generally, one could use
source terms, as occur in meson theory, of

Vc ¢lc = pca Uc Ulc = éc (17)

and the multichannel equations given by the asymptotic conditions (13) and (2).
Whatever approach is used, the forms (11) and (13) lead to the results

exp(iécl) = Ac exp(iacl) + 2 Bcc’ exp(iac’l) ’ (183)
c’'#C
exp(_iécl) = Ac exp(_iacl) + E Bcc’exp(_iac’l) J (lgb)

Since 4., = «.,+if,, as in equation (2), all quantities are known in equations (18)
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except the constants 4, and B,... We shall now consider the determination of these
quantities. Equations (18) state the connection between asymptotic normalization
constants (C;, and C,;) which as functions of 4,,, A,,, By,, and B,, are no longer
independent.

It is at this stage that we are confronted with the lack of uniqueness of the
potential that is to be calculated. The arguments are quite general to this point, and
upon close examination of equations (18) it is found that for an n x n collision matrix
these equations consist of 2z equations containing 2n*> unknowns. Enforcing the
requirement that the matrix B, should be symmetric, reduces the number of un-
knowns to n?>+n. Even so, the elementary 2 x 2 case still cannot be solved uniquely
for it has four equations and six unknowns. This is a serious deficiency of inverse
reaction calculations.

IV. ExamMPLE OF CoMPOUND NUCLEUS MODEL

As an illustration of a simple and experimentally verified model which allows
one to overcome lack of other experimental data, let us suppose that a particular
particle and target are observed to have two channels, a scattering channel and a
distinct reaction channel. In the S matrix specifying this process, given by equations
(4), the element S,, and the phase of S;, are arbitrary, and only é,; is known. To
determine the unknowns, we introduce the equiphase assumption discussed by Cook
(1967) to the reduced transition matrix in equation (8). This condition states that all
phases of T’ are equal. It yields the constraints

tan2¢, = —nsinaj, [(1—ncos2ay), ¢y = Hon+az).

These can be found by equating the phases of elements in equation (8). The above
procedure allows S,, and the phase of S, to be found. This assumption has a basis
in reality in that it represents the Bohr (1936) compound nucleus condition for the
resonant part of the reaction. This condition is still of practical importance in nuclear
theory.

V. CONCLUSIONS

The above method for calculating optical potentials in multichannel problems
where only the complex scattering phase shifts are known has been seen to give both
the complex potential required to reproduce the phase shift and an optical model
wavefunction. Although such functions reproduce all the data, they are not of course
unique. This difficult question of uniqueness is worthy of further investigation.
We would point out, however, that the calculation of a set of consistent values of p,
has been performed successfully (Clayton 1972a, 1972b) for a wide range of phase
shifts, and given this information the above method cannot fail to reproduce the data.
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