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Abstract

A theoretical discussion is presented of the structure of a stream of electrons
moving through a gas under the action of a uniform electric field. The treatment
incorporates the phenomenon of longitudinal diffusion in which the coefficient D, can
be different from the isotropic coefficient of diffusion D. The treatment also is not
restricted to the case in which the aperture through which the stream enters the
diffusion chamber is small. The solution satisfies the boundary condition n = 0 at the
surface of the anode and everywhere on the cathode except over the plane of the source
aperture. The theory therefore provides criteria for the validity of simplified solutions
employed hitherto.

I. INTRODUCTION

In the well-known method introduced by Townsend to measure the ratio
of the drift velocity W to the coefficient of diffusion D of electrons in a steady
state of motion in a gas, it is necessary to determine the distribution #n(x, y, z) of the
number density of the electrons in a steady stream moving through the gas in a
uniform electric field E. The source of the stream is an aperture in a plane cathode
through which pass electrons from a broad stream (assumed uniform) which moves
in a uniform electric field also equal to E and is intercepted by the cathode of the
diffusion chamber. The restricted but spreading stream that emerges from the
aperture then flows through the gas and is received by a plane anode. The experimental
procedure consists in measuring the proportion R of the whole current received by
a central region of the anode. It is necessary to determine R as a function of W/D
and the known dimensions of the diffusion chamber so that W/D may be deduced
from the measured value of R (see e.g. Crompton 1972 for a summary of the develop-
ment of the theory). To derive the theoretical formula for R it is first necessary to
determine the distribution of the number density n(x,y,z) in the stream from the
equation of continuity for » and the boundary conditions. In Townsend’s analysis
the equation of continuity to be satisfied by n(x, y,z) was taken to be

V2n = (W|D)én|oz = 24 énjoz, )

and the boundary condition to be n = 0 over the surface of the cathode except over
the aperture. Let the origin of coordinates (z = 0,p = 0) lie at the centre of the
circular aperture (of radius p = a) in the cathode which lies in the plane z = 0,
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the axis of the stream being +0z and the plane of the anode z = h. The diffusion
chamber, which was cylindrical in form, was limited laterally by annular rings that
served as potential dividers. Townsend also assumed that » = 0 at the effective
radius of the cylinder p = ¢, while he arbitrarily assumed that » was constant over the
source aperture, 0 < p << a. He supposed the distribution in the stream to be that
in a stream proceeding to infinity and then assumed that the current density nW over
the anode in the plane z = A was that over the geometrical plane z = 4 in the
uninterrupted stream. Under these conditions he found the appropriate solution of
equation (1) for n(p,z) in a stream proceeding to infinity in the form of an infinite
series whose terms involved Bessel functions of orders zero and unity (e.g. Townsend
1915). Later, Pidduck (1925) derived a solution for the case in which the aperture was
a parallel sided slot. He used the correct boundary condition n = 0 at the anode
z = h and also assumed that » was constant across the aperture.

Much later, Huxley (1940) gave a more convenient form of solution that is
appropriate to apparatus in which the aperture is made small, that is, a/h << 1.
Distant solutions of the form

n = exp(U) () 3 A K,(r) Py(cosb) @)
k=0

were assumed for the stream proceeding to infinity, where K is a modified Bessel
function of the second kind, r = (p?+2z%)?*, and cos@ = z/r. It is found that for
alh < 1 the aperture behaves as a point source and is a simple dipole source giving

n = —A, exp(Az) &{r "' exp(—Ar)}/oz. ’ 3

With this solution n vanishes over the cathode except at the origin. The condition
n = 0 over the anode z = / for a stream not proceeding to infinity is satisfied by the
addition of supplementary solutions in the form of dipole “image” sources at the
positions p = 0, z = +2nh (n = 1,2,...), all directed parallel to the original source.
In practice, unless z is small, the distribution n(p, z) is well represented by the system
comprising the original source and the single image source at z = 24.

In what follows, the theory is generalized to remove the restriction in Huxley’s
formulation that a is small and the special assumption in the work of Townsend
(1915) and Pidduck (1925) that n is constant across the aperture. Moreover, it is
now known (e.g. Huxley 1972) that the equation of continuity (1), must be modified
to take account of the difference between the longitudinal coefficient of diffusion Dy

and the transverse coefficient D, when electrons diffuse in the presence of an electric
field.

II. INTEGRAL SOLUTIONS

The modified equation of continuity which takes account of the difference
between the longitudinal and transverse diffusion coefficients is

%n 02n) 0’n on
D\—+-—|+D,— = W——. 4
((3x2 oy? Loz2 0z @
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Division of all terms in equation (4) by Dy, with the substitutions x'2 = (D, /D)x2,
y'? = (D./D)y?, and 24, = W/D,, then gives :

n  0*n +02n on

x? ey o gy
If we write n = exp(Jy z) V(x',)’, 2), it is seen that ¥ is a solution of
Vi =2V, - )

where V2 = (92/ox'? +82/8y'? +2%/oz?).

A solution is required such that n = 0 (V¥ = 0) on the cathode z = 0 except
across the aperture 0 < p < q, that is to say, V,_, exhibits a discontinuity in its
functional form at p = a. We therefore seek a solution in the form of an integral
since there exist classes of integrals regarded as functions of their parameters that
show such discontinuous behaviour. It is also evident that cylindrical coordinates
should be adopted. If p*> = x*>+y? and p'? = x'2+y'2 = (D./D)p? then, since the
stream is symmetrical about its axis, equation (5) is equivalent to

10(,6v\, v .,
o' op’ (p 6p’) 2z " ©
Put
V(p’,z) = exp(£2) U(p'). (7

It then follows from equation (6) that
;L(iip,(p'g—{)ﬂﬁ—mu =0, ®)
which is Bessel’s equation of zero order. Consequently a solution finite at p’ = 0 is
U oc Jo{(t* = A2)*p"}
and the solution of equation (6) is
V(p',2) o exp(£ ) Il D)0} ©

Since ¢ is a parameter, which is arbitrary except for the requirement ¢ > ;, we may
multiply the right-hand side of equation (9) by a function ¢(¢) to obtain a more
general solution of equation (6). Furthermore, provided the integral is convergent
another solution is

Ve [ " exp(12)dol(P ') o) dr. (10)

Consider first a stream that proceeds in a uniform field to z = + o0, that is
to say, the anode is at so great a distance that it has no effect on the structure of the
stream at finite distances z from the cathode, We therefore adopt the negative sign
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in the exponential term in (10) and let the origin of coordinates be the centre of the
aperture and the cathode the plane z = 0. We also replace the variable of integration
by v where v* = t>*—2 with vdv = rdr. Consequently the expression (10) for V
becomes

(11)

V=4 Jw exp{ —2(v2 + A3)¥} Jo(p'0) p((v? + iD)* v dv
0 (UZ +/{12‘)'§' ’

where A is an arbitrary constant. The factor $((v* +17)*) may include the case in
which it is free from A, and of the form ¢(v). We shall, in due course, seek the form
of ¢(v) that gives V the appropriate behaviour on the cathode when z = 0 but for the
moment we note the form of V(p',z) when ¢(v) is given particular forms. First let
¢(v) be a constant equal to unity, in which case

(12)

V= A Jw exp{ —z(V® +i})*} Jo(p'v) v dv
0 2 +i)* '

However (Watson 1944, Section 13.47, equation (2)),

? K {a(P 42D ey g, b (@40 2 ok
fo Jﬂ(bt)_mv—t“ dt = =l Ge— K, —1{z(a®+b*)*}. (13)

1t follows from equation (12) that

_ s [ o Ke{z(® +4D)%)
V = AQ2z|n) fo Jo(p'v) _———(vz+/1f)* vdo
= A /) K (o2 +22) (0% +27)*
= Aexp(=A_r)r, (14

where ¥’ = (p?+z)*and K, = K_,.

Thus the expression (14) gives the solution of equation (6) that represents the
distribution of ¥ from a “pole” source of V at the origin. It also follows from
differentiation of (14) with respect to z that additional solutions are

VoA J‘ © exp{ —z(v2 + A2)*} Jo(p'v) (v + A)"v do
0 W+ )"

g (A _ iy acimyin O (KsGar)
(=1 A(?z’”( r ) (=DrA@m) AL(?Z'”( (ALr’)*)' (1)

In particular, the distribution of ¥ from a “dipole” source of ¥ at the origin is

V= —Ai(i"_p(_‘@_”'l) - —A(z_’h)%i(&M)
02 r’ T 62 r";"

=A on exp{ —z(v* +A2)*} Jo(p'v) v dv. (16)
0
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ITI. PLANE SOURCES
(a) Ring Source
Consider the pole source of equation (14) to be uniformly distributed over a
narrow circular annulus in the plane z = 0 and with its centre at the origin. At a

point (0,z) on the +0z axis the value of V, when the radius of the annulus is g, is
from equation (14) )

V = Aexp{—A(z> +¢')*}(2* +q'*)*, (17

where ¢’ = (D./D)*q. The value of V at a point (p,z) not on the axis is given by

V=A foo exp{ —z(v” + i))*} Jo(p'v) Pp(v) v dv
. 01 i) ’

in which ¢(v) is to be determined. Since V is given by equation (17) when p = 0 it
follows that

© exp{ —z(v? + i))*} $p(v) v dv — _ 2 BV (2 g 12\E
fO (02+)~12,)% exp{ A’L(Z +q ) }/(Z +q ) .

Comparison with equation (14) shows that ¢(v) = J,(¢'v) and therefore that the
general expression for ¥ from an annular source of poles is

© 2 2\% ’ ’
V — Af exp{—z(v +)'L) }Jo(/’ U)Jo(q U)l)le' (18)
0 V2 +43)*

Similarly the expression for ¥ from a ring of dipole sources is

V=A f ? exp{ —z(v® +1})*} Jo(p'v) Jo(q'v) v dv. (19)
0

(b) Infinite Plane Source

Consider a uniform distribution of pole sources over the whole plane z = 0.
Let s be the strength of sources per unit area, that is to say, the rate of emission of
electrons from an element dS of the surface is sdS. The value of V at a point (p, z)
is a function of z but not of p. It follows from equation (17) that

Vo= [ 7 fep( =+ a e+ a ) on dg
q=0

= A(2nD/Dy) fio exp{—A(z* +4'9)*} d{(2* +¢'H)*}

= AQnD/Dy)[ —exp{—/u(z>+4'*)*} /i 170

= A(4nD|/W)exp(—1y z), (20)
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since 24, = W/D,. Also,

n =exp(i z) V = A@4nD/W),
and at the surface z = 0
n=V=A@4rD|W).

However, the rate of emission from an element of surface dS is given both by sdS
and nWdS = V,_, WdS, and consequently

s = 4nDA or A = s/4nD. 21
Thus if V in equation (14) is due to a pole source with strength s then
V = (s/dnD)exp(— A, r")/r . (22)

Similarly, when the annular source of equation (17) carries a total strength
(2rqdq)s = 2nD|D;)q’ dq' s then (17) becomes

V = (2nD/Dy)(q' dg' s/AnD)exp{— A (z* +q')*}/(2* +4'*)*
= [(s/2Dy)exp{— (2> +q*)*}/(z* +q'*)*1q' dg'. (23)

Moreover, equation (18) can then be written

© 2 22 ’ 1,
v = 6200 aq) [ RHT DB I@ e de
0 "+ 4i0)?
Equation (20) becomes
V = (s/W)exp(— A z) (25)
and
n=s/W.
The value of dV/dz is given by
dV/dz = —(si/W)exp(—ALz) = —(5/2D)exp(— 4y 2) (26)

when z is positive. For negative values of z the sign of dV/dz is reversed and conse-
quently at the surface there is a discontinuity in d¥/dz of an amount

AdV}dz) = s/Dy.. A @7)

Consider the field of V of two infinite parallel plane sources, one on the plane
z = 0 with source density +s per unit area and the other on the plane z = —#h
with source density —s. The expression for V on the plane z = const. is

V = (s/W){1—exp(—ALh)}exp(—2,2).
If 4 — O then
V > (shi /W)exp(— AL z) = (m/2Dy)exp(—7p2), (28)

where m is the “dipole” strength per unit area on the plane z = 0. Since V changes
sign in crossing the plane z = 0 the discontinuity in V" at the plane z = 0 is

AV= m/DL.
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Also, on the positive face of the plane z = 0
n="V=m2D,. 29)

Thus on the plane z = 0 the behaviour of ¥ is that of an electrostatic potential.
It follows from the above that equation (16) when related to an isolated dipole
with strength m is

__ m_ 0 fexp(—4_r)
V= 4nD 0z (__—r’—) (30)

Equation (19) when related to an annulus of dipoles with total strength 2mmgdg
becomes

V = (m2D)(d dq') f " exp{—2H DI g de. (1)

(¢) Plane Distribution in which s and m are Functions of q'

Let s and m be functions of the radial distance g and therefore of ¢ = (Dy/D)?q,
that is, s = s(¢’) and m = m(q’). It follows from equations (24) and (31) that the
expressions for V(p', z) produced by the distributions s(¢") and m(q’) respectively are

w© _ 2 a2v% o
V(p',2) = f e"pivzfiz;;“) }Jo(p'u)( fo Jo(@'0) {5(a)/2De} ¢’ dq')vdv (32)

and
Vi',z) = f exp{ —2(v* + )t} Jo<p'v)( fo Jo(@') {m(@)/2D,} ¢’ dq')vdu. (33)

Also, it follows from equation (32) that

oV ’,Z © X , © , N ) ’
_ gpz ) = fo exp{ —z(V* +AD)*} Jo(p u)(fo Jo(q'v){s(q")/2D.} q’ dq )U dv.
(34)
We see from equation (32) that in equation (11)

H* D)) = $(v) = f I @D A 35)

On the positive face of the plane z = 0, m/2D;, = V(q') = n(g") and consequently,
since z = 0, equation (33) becomes

V(g) = f: To(p'0) (o) v do, (362)
with o
V@) = L T V(@) q dq'. (36b)

The pair of equations (36a) and (36b) are a particular example of Hankel’s inversion
theorem (Watson 1944, Section 14.4; Webster 1955, p. 369; Bowman 1958, p. 114).
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IV. DISTRIBUTION OF # OVER PLANE z = 0

The boundary conditions specify the behaviour of n over the plane z = 0,
namely
n#0, 0<p<a; n=0, p>a.

It follows from equation (36b) that if the function ¥(g’) is known then y(v) can be

determined in principle and V(p’, z) is then

Vip,2) = f " exp =27 1D o) Y00 do. (37)

For instance, Townsend (1915) assumed that on the plane z = 0
n = const. =n,, 0<p <a; n=0, p>a.

From equation (36b)
W) = no f "I 04 g’ = nfa (a0,

where @’ = (Dy/D)*a. Consequently

Vp2) = noa’ [ " exp{ =207+ ) S0 (@) o
0
and
n(o'2) = exp(n2) V(o',2).

The assumption that » is constant across the aperture is unrealistic in that it
neglects the loss of electrons by diffusion to the edges. On the contrary it is to be
expected that » would vary from a maximum value n, at the centre to zero at the
edges. We note that when J; is zero equation (5) reduces to Laplace’s equation and
that V" behaves therefore as an electrostatic potential. The problem under consider-
ation then reduces to the corresponding electrostatic problem of the penetration of
a uniform electrostatic field through an aperture in a plane conductor. It is known
that in the latter problem the distribution of potential across the aperture is

V(g) = Vo(1—g*/a®)*.

We therefore take the distribution of electron number density across the aperture
to be »

@) = n(q') = ny(1—q*a®)’ = no(1—q"a’%y, (38)

where v is, for the moment, unspecified. Equation (36b) then shows that

Y(v) = no f: Jog'v)(1—q"%[a'?)q' dq’, (39)

since n(q’) is zero when g’ exceeds «'.
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In order to evaluate the integral in equation (39) consider Sonine’s first finite
integral (Watson 1944, Section 12.11) which is

fjn J(zsin@)sin"* 0 cos® 10 d0 = {2 T(r+1)/2"" "} 1y 44(2), (40)
for Re(n) and Re(v) > —1. Write sinf = ¢ in order to effect the transformation
fol J(z) (L= et de = {27 D(v+1)/2 1 g y44(2) - 41)
It follows from equatibns (39) and (41) that
Y(v) = noa'? J: Jo{(g'la’)a'v)} (1 —q"*[a"*)(q'[a") d(q'[a")

= no @2’ T(v+ 1D}, 1(@0)/ (@) (42)

The distribution of the number density # in the stream is from equations (37)
and (42)

n(p’,z) = dnga'* 2" ' T(v+1) exp(dy. 2)
X f ’ exp{ —z(v2+iH)*} Jo(p'v) {J,+1(a'v)/(a'v)"* v dv. (43)

When z = 0 the integral in this expression becomes an example of a Weber—Shaf heitlin
discontinuous integral (Watson 1944, Section 13.4). The series expansion of
T+, (@) (@v) ™t = yis

_To+D) $ w T+2) (Gd'v™"
y_T_(\J+—2)m§o(—l) Ir(m+v+2) m!

When 11, @’ is small in comparison with unity (see Section VIII) the expression for
n(p’, z) is determined by the first term in the expansion for y, and thus

ST+ [
’ 1 2
', 2) = 3o a" Fy ||

exp{ —z(v® +A2)*} Jo(p'v) v dv

as 3. @’ —» 0. From equations (6) and (16), this gives

, L T(v+1) \ 0 (exp(—AL ")
—1 2 Tl i’ 2 S SR
n(p s Z) - 2o @ l—-(v+2) exp(A’L Z) az( v . (44)

Thus a small aperture behaves as a simple “dipole” source, as is usually assumed.
It is, however, convenient to postpone consideration of the general case in which
1A, d’ is no longer very small.
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V. REPRESENTATION OF #n(p’,z) FROM SOURCE DISPLACED ALONG 0z AXIS

If Y(v) is replaced by exp{l(v> +A{)*}y(v) in equation (37), the new expression
for V then is

V) = f " exp = =D+ ATl DY v do, 45)

in which ¥(v) retains its original form and / is less than z. - Evidently equations (45)
and (37) are the same but for the replacement of z by z—/ and consequently

V(p,’ z, l) = V(p,: Z_l) .

The solution is therefore that appropriate to the displacement of the source plane
from z = 0 to . The expression for # is

exp{(z=D} V(p',z—1) = exp(d 2)exp(— A, 1) V(p', 2= 1)

exp(4,2) Vi(p',z—=1D), (46)

in which ¥ is what V(p’, z—1[) becomes when the strength of the dipole distribution
over the source plane is everywhere changed by the same factor exp(— A4, ).

n

VI. SOLUTION WHEN STREAM TERMINATES ON ANODE IN PLANE z = /

In this case the solution must be such that n and therefore V are zero over the
plane z = h. We refer to equation (9) and note the alternative possibilities of + 1z
in the exponential. In seeking an expression for a stream proceeding to z = +
it was necessary to exclude the positive exponent. However, when the stream is
limited in length it is legitimate to include terms in both exponents and indeed
necessary to do so in order to meet the requirement n = V' = 0 when z = A. In what
follows, the terms are associated to form a hyperbolic function. For a stream origin-
ating from a distribution of pole sources over the plane z = 0 we replace equation
(32) by

¢(w)v do, 47

o« _ [@ sinh{(h—2)@®+2})*} Jo(p'v)
V'2) = f o sinh{h(?+iH)} (> +1D)}

where, as before, ¢(v) is given by equation (35). It will be noted that V(p’,z) = 0
on the plane z = 4 and that when z = 0

: ® Jo(q'0)
Vigh =] =227 d@)ovdo,
@ =] 25000
which is what equation (32) gives when z = 0. The conditions over the plane z = 0
are therefore the same as for the uninterrupted stream that proceeds to infinity.
Similarly, the stream that originates from a distribution of dipoles over the
plane z = 0 is represented by the following modification of equation (37),

) = [ O

o sinh{h(v®+22)%} Jolp'v)Y(v)v dv, (43)
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where

V@) = f Jo(@'0) {m(q)2D}q’ dg .

Again, V(p’,h) = 0 and the original distribution of sources in the plane z = 0 remains
unmodified. The distribution of number density in each stream (pole or dipole) is
found to be

n(p’,z) = exp(d2) V(p', 2).

In particular when the stream enters through a circular aperturé in the cathode
it follows from what has immediately preceded and from equation (43) that

n(p',z) = 3nya> 2 T(v+1) exp(iyz)

@ sinh{(h —2)(v*+ AL)’%} J,14(a'v)
8 fo sinh{h(uz + j,lz‘)‘tl Jolp'0) ==y (a’ )v+ (vt vdo. 49)

When 14; @’ — 0 (see Section VIII) this expression approaches the form

2T +1) [ sinh{(h—z)(v?+2)*}

n(p’,z) = Inga - Jo(p'v)v do, (50
(p ) 2”0 F(V‘I‘Z) o smh{h(vz+j,f)‘%} 0(p ) ( )

which represents the distribution of electrons in the stream from a small aperture
such that 1), o’ < 1.

VII. REPRESENTATION IN TERMS OF SUPPLEMENTARY IMAGE SOLUTIONS

We return to equation (48) which is an expression for V(p',z) appropriate to
a stream that falls on an anode in the plane z = h, the number density being
n(p’,z) = exp(ALz) V(p’,z). The factor in the integrand that is the ratio of two
hyperbolic functions can be expanded into a series as

sinh{(h —z)(v*+ i})*}
sinh{h(v*+ i})*}

= 2 (exp{—(z+2kh)(v*+2})*} —exp[ —{2(k+ Dh—z}(*+iD)*]). (51
k=0
An equivalent form for the number density from equation (48) is therefore
n(p’,z) = exp(i2) V(p', 2)

= exp(A 2) (ki:]o J:o exp{ —(z+2kh)(v>+ 13)*} Jo(p’, ) Y(v) v dv

- E‘. f ? exp[—{2(k+ Dh—z}(0* + 2D ¥ Jo(p'v) Y(v) v dv) . (52
k=0 ,J0
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It follows from Section IV that the first sum of integrals on the right-hand side of
equation (52) is the contribution to n(p’,z) between the electrodes of the original
distribution of dipole sources over the plane z = 0, with supplementary contributions
from image distributions of dipoles over the planes z = —2kh, k = 1,2, 3, ..., whereas
the second sum of integrals is the contribution of plane image distributions of dipoles
over the planes z = 2(k+ 1)k, k = 0,1,2,.... The sense of polarization is the same
on every plane and is that of the source plane z = 0, that is, in the direction +0z.

In the same way equation (47) is seen to be equivalent to the contribution from
the original distribution of pole sources over the plane z = 0, together with image
distributions of poles over the planes z = +2kh. The sign of the poles on the planes
z = +2kh is negative and that on the planes z = —2kh is positive.

When (A, h) is large, as is usually the case in practice, the number density n(p’, z)
in the stream except near the source, is given with adequate accuracy by the sum
of the contributions of the source distribution over the plane z = 0 and of that over
the plane z = +2Ah. In the case of the stream emerging from a circular aperture in
the cathode, the source and its images behave as simple dipoles when the radius a
is such that (3A. @’) < 1 in accordance with equation (44). The use of image solutions
has been frequently made in practice (Huxley 1940; Huxley and Crompton 1955;
Crompton and Jory 1962; Crompton et al. 1965).

VIII. APERTURE WITH FINITE RADIUS

We seek a representation in series of the right-hand side of equation (43) in
which the restriction a/z < 1 is removed. The factor 2'*1J . (a'v)/(@’v)’*! in the
integrand can be replaced by its series expansion

v+1 Jv+ 1((1,0) _ 1 < 1y r(v+2) (_%alv)Zm
2 (a'v)’*! T T(v+2) ,,EO( D Trv+2+m) m!
= oF {v+2; —Ha'v)*}/T(v+2), (53)

where (F;{v+2; —1(a'v)?} is a generalized hypergeometric function expressed in
Pochhammer’s notation (Watson 1944, Section 4.4). In this notation

qu(al’aZ’"‘sap;ﬁl’BZ"”’ﬂq;Z) = Z %;%—ZE%%,

n=0

where each (), is given by
(), = a(a+1)(a+2)...(a+n—1) = T'(a+n)/T(c)

and (a), = 1, with a corresponding interpretation of (f),,.

The right-hand side of equation (43) can be represented in series form in several
ways, but because the limiting case where a/z <1 as expressed in equation (44)
depends upon the effective polar distance ' = (p'*> +z%)* we seek an expansion that
is a function of r’. To this end we transform the right-hand side of equation (53)
to become a function of a’?(v?+1}) in order to employ equation (15). If we write
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u = 3a*(v* +13), or Ya’*v?* = u— (%A, a’)?, it then follows from Taylor’s theorem that

1 1
oo 1 +2; —(av)’) = INCE) kZ C (%iL ')2" (Fl{v+2 —u})
i 2k oFl{V+2+k; —u}
= T0+2) 2 2 N T (EIN
- 3 M0F1{V+2+k; —1a* W +iD)}. (54)

=0 KIT(v+2+k)

We now assemble the right-hand side of equation (54) to form a series in
ascending powers of a'%(v? +%). The coefficient of (— 1)™1a'?(v? +i})}"/m! is

§ (A a')** 1 r(v+2+k) 3 $apa’)**
i=o k! TO+2+k)T(v+2+k+m) o kiT(v+1+m+1+k)
=Ly em(GAa)/Gia) i,

where I, ., is @ modified Bessel function of the first kind. Consequently

1 ny y a2+ D" '
Ty ofilv+2 -G’} = 2( D" Ly om(3ha )% (55)

It follows that equation (43) can be replaced by
@ S

(0, 2) = dmoa explin2) [ " expl—2(e+ D o
0

<(ro+n £ i ha )M)vdv (56)

% 2 r)v+ 1+m m!
We conclude therefore from equations (56) and (15) that

n(pla Z) = exp()'L Z) V(pla Z)

0 13 !
— o exply METO+1) 5 (= 1)(Gag a2t D Toeien(ind)
0 Gaa)y ™ Frml

1 m (K%(/IL r’)) 7

Aim+1 622m+1 (iLr’)*

As shown in the Appendix, the derivatives

alm (K%(AL r/)) and ('/2m+ 1 (K%(ZL r/))

aZZm (;LL r/)—;- aZZm+ 1 (AL rr)%

can be represented respectively as the sum of terms of the forms

{K2u+ 1 /Z(AL )G r ')%}P 2;;(‘305 6) and {K2u+3/2(/1L ) r ')%}P 2u+ 1(cos 0).
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The coefficients 4,, and 4,,,; in their expansions are given by equations (A8) and
(A9) of the Appendix. It follows from equation (A9) that (57) can be transformed
by rearrangement to an ascending series in {K,,,3,,(A.r")/(AL r’)%}PZMH(cos 0) as

n(p’, z)
no T(v+1) (2/m)* exp(iy,z)

*r()E(Z( H”

dm+1)T(m+32) (LA a)> D
(._21_) %lLa/)v+1+m

, 4u+3 K ALt ,
><[v+1+m(12”)~L“) s ) 232y )P2u+1(COSU)-

(m—p)tD(m+p+3))  Gor)?
(58)

When 1/; @' — 0 the series on the right-hand side reduces to the leading term for
which p = m = 0. Equation (58) is then seen to reduce to equation (44) as required.

We note that for r > a and 6 = in the corresponding points lie on the metal
surface of the cathode. Since the Legendre polynomials in equation (58) are all of
odd order they vanish when 6 = in. Thus n vanishes on the surface of the cathode
as required. When A; @’ is small but finite the factor 7, (34, a)/(GA @)’ 1 *™ in
equation (58) may be replaced by 1/I'(v +2 +m).

We shall require in the following section a formula for —oV(p,z)/0z. From
equation (57) we have

4 £ o) n2m+3 1 ’
_QK — 'lg(z) F(V-l-l) Z (_l)m(%}'La) 1v+1+m(2;|'La)
0z a'\m m=0 m! (i a)titm
2(m+1) " ’
« 1 0 KA 1) . (59)
Ai(m+1)622(m+ 1) (AL r/)-;-

After application of equations (A6) and (AS8) of the Appendix and rearrangement
it can be shown that

o ()R I S S (cyn B DG Ly d)
a’

p=1m=p me' (12’La/)v+1+m

dp+1 Kyur3(r’)

><(m+1—,u)!l"(m+u+75) Gy 1) Pyy(cos ). (60)

Consequently when 6 = 3n the derivative —0V/0z does not vanish on the cathode
forr > a.

IX. FLux DENSITY AT ANODE

The flux of electrons across an element of surface dS of a geometrical plane

z = const. is

Fds = (nW DLgn)dS - exp(ALz)((W —D_ i)V DL%V)dS

—exp(le)(—%WIf DL(;V)dS DLexp(/le)(lL aZ)ols, (61)
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since 24y = W/D;. At the anode where z = 4 and V = 0 the expression for the
flux density becomes

FdS = — Dy exp(l h)(dV/dz), ., dS.

When the general expression for V(p’,z) from equation (48) is introduced into
equation (61) the flux is seen to be

Ay sinh{(h —2)(v* + 4)*} + (v® + AD)* cosh{(h — z)(v? + A2)¥}
sinh{h(v®+A{)*}

FdS = (DL exp(4y ) f
0

x Jo(p'v)Y(v)v dv)dS .

which on the anode, where z = A, reduces to

© 2 274 ’
FdS = (DLexp( iy [ D) dv) s
0 sinh{h(v? + A2)*}

The factor sinh{i(v* +A%)?} is equivalent to
Lexp{h(v® + A1 —exp{—2h(w* +1})*}].

Since exp{—2h(v*> + )%} is less than exp(—24, h) and in practice A, is of the order
of magnitude 10 cm~! and 4 is several centimetres (commonly 10 cm), it is evident
that exp{—2h(v® +{)*} is extremely small in comparison with unity. Consequently
FdS at the cathode is accurately represented by

FdS = (2DL exp(A. h) f ? W+ AD)* exp{ —h(v? + A2)¥} Jo(p'v) Y(v) v dv).dS . (62)
0

It is evident from equation (37) that this value of the flux is twice the value of the
quantity — Dy exp(A h)(0V/0z),-, dS in an uninterrupted stream across a surface
element of the geometrical plane z = &. We can therefore calculate the actual flux
to a surface element dS of the metal anode from the value of this quantity for an
uninterrupted stream as if the anode were absent.

The flux to a central disc of the anode with radius b is

b
—2D, exp(iy h) 2n f @V/02),-up dp,
0

where V(p, z) is appropriate to the unimpeded stream. It can be seen from equation
(59) that over the fixed plane z = h of the anode —&¥/oz becomes a function of r’
and z/r’ since cos® = hjr’. Also on this plane r'> = h2+p’ and p'dp’ = r'dr".
Thus

dv(r', z) _z ov(r',z/r') + ov(', z/r)

dz r or' 0z ’ Z= h.
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The flux to the central disc is therefore, with d’ = (h* +5'%)%,

da’ 2 ’
—4nDy exp(iy h) (D/Dy) f hdV(r, hir')+ ﬁ/(g’hh/ r)
h

r' dr’

d’ ’ ’
= —4nDexp(iL h)(h V', b))y + ﬂ%’ﬂr' dr’)
h

h ’ ’
4nDexp(AL h) (h{V(h, D=V, hjd)}+ | 9—11';1—’;1’—1/2 r dr’) .
&
The total flux is obtained by setting d’ = oo and noting that V(d',h/d")y -, = 0.
The proportion R of the total flux that is received by the central disc is

U bl AV ey
. =h{V(h,1) V(d,h/d)}+Ll—————dh rdr

(63)
h ’ ’
v (h, 1)+ f 9—‘/-%’71-’-’@ ¥ dr’

When 1/, @’ in equations (57) and (59) is so small that the first term on the
right-hand side of each equation, for which m = 0, is the dominating term then

V(r',z/r') o 8{K%(/1Lr’)/(lLr’)%}/8z.
Thus from equation (A10a) of the Appendix

V(r',zfr') oc (z/r')Ksp(A ) (ALr')E
The ratio R is then

h
h{K 35(A h)[C, b = (h]d)K 3o (R, d) (G d')*} + L/ {Ksp2(i r)[(A 7)*} dr’
R = .

h
h K3/2(;1L h)j(Ay h)% + j {K3/2(/1L )AL 7”)%} dr’
But
K3/2(AL (ALt ')% = —d{K; /z(lL (AL r I)%}/ d(A.7")

and consequently
h
J (Ko )G 7)E} dr' = =20 K 1o G )L )G
&

On replacement of the Bessel functions K;,, and Kj,, by their equivalent forms in
terms of exponentials and after reduction it is found that

h 1—h%d?*\h /
R=1- (?d—’ — ___I-L—h—) Eexp{—/lL(d —h)}. (64)
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The formula (64) for R is the standard expression for a dipole point source
and has often been discussed in the literature (see e.g. Crompton 1972; Huxley
1972, Section IX, and references therein). This particular example illustrates the
applicability of equation (63) in general. In order to apply it to a stream for which
114’ is not negligible it would be necessary to evaluate the dominant terms of equations
(57) or (58).

: The exact representation of the function K+ 3(x)/(n/2x)* is given by

Kpiy(x) v (k+D! o1
)t o x)ziu(k—z)l(—zx_)”

and consequently with large values of the argument x the functions K, ,(x) all
approach the form K,(x), especially when k is not large. Thus when A, r’ is large
the Bessel functions in the leading terms of equations (57) and (58) all approach
the form Ky(A,r'). Moreover, when b/h <1, cosf ~ 1 over the central disc and
we conclude that when A, 4 is large and b/k is small the structure of the stream
approaches that from a pole point source even when 14, a’, although small, is not
negligible. In these circumstances the formula for the ratio R is

R = 1—(h/d"yexp{— i (d'—h)}. (65)

Typical magnitudes of the parameters are 4 = 10 cm, A, &~ 10ecm™, 5 = 0-5 cm,
and consequently A 4 (< A.r’) ~ 100; also over the disc cosf a 1-1GY)? =
I —535¢ ~ 1. The usual size of the radius of the aperture is @ = 0-05 cm and con-
sequently 34, a’ < 4, which is small enough to suppress the higher order terms in
equations (57) and (58). It is found in practice that equation (65) accurately describes
the measured values of R when the experimental parameters have magnitudes of the
above order. The ratio R is then independent of the size of the source, as is found to
be the case. At smaller values of 4, the variation of cos 6 across the disc becomes
significant but, provided 11, o’ is sufficiently small to suppress all terms in equation
(57) following the first, the structure of the stream is that from a dipole point source
and the ratio R is given by equation (64). At smaller distances and with apertures
such that 1, @’ is not negligible, the ratio R would not be given accurately by formulae
(64) or (65). The present analysis permits the values of R to be calculated in these
less restricted circumstances.

The ratio R is the important experimental quantity since from it the value of
Ay, or at greater distances A = W/2D (see e.g. Huxley 1972), can be derived. The
related quantity D/u, where p is the mobility W/E, is an important physical magnitude
in the study of the motion of electrons in gases.

X. DEPENDENCE OF v UPON (J; a’)

It was remarked in Section IV that in the limiting case where 1; — 0, so that
equation (5) assumes the form V2V = 0, the problem reduces to the corresponding
electrostatic problem. The distribution of number density across the source aperture
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is then given by equation (38), that is

n(q) = V(q') = no(1—q'*/a’*)*,

’

where z =0 and 0 <gq' <a'. Nevertheless the investigation was carried out
intentionally in a general manner by replacing the specific index 4 by a general
symbol v. It can be seen, however, that the same value v = % is not correct when
A, is not small. Small values of A, = W/2Dy, imply that the distribution near the
aperture is dominated by diffusion to the cathode through the coefficient Dy rather
than by transport through the aperture from the drift W in the electric field; such
are the conditions with small gas pressures and weak electric fields. As also diffusion
becomes more effective as the radius a of the aperture is reduced, we replace the
criterion J;, — 0 by A, a’ — 0. At the other extreme where A; — o0, loss of electrons
from the stream through diffusion to the cathode is negligible in comparison with
the number transported through the aperture by the drift W. Moreover when A
is finite the proportional loss by diffusion becomes less as a is increased. The
criterion for small loss is therefore A, a’ — . When A, = W/2D approaches large
values it follows that equation (4) approaches the form on/dz — 0, or n — const. In
these circumstances the distribution of n across the aperture is constant, a behaviour
which is consistent with the distribution n = no(1—¢'*/a’?)” if v — 0 as 4 — 0.

In view of the above considerations it is evident that to adopt a fixed value of v
whatever the value of J, @’ does not give a faithful description of the properties of
the stream. Since the change in v is only from % to zero as A, a’ varies from zero to
infinity, we adopt the following empirical formula for the distribution of n across
the aperture for any value of A, a’:

n=n(l—q}a?, 0<qg<a; v=Q+id)}
0 / L (66)

=0, a<gq.

We now consider the matter in more specific terms. Equation (43) is equivalent
to

n(p',z) = ngd'(2/a’)’ T(v+1)exp(4,2)

< [ expl—sw e D I V@l do (6D
0

As 1 — o the factor exp{—z(v>+A})*} in the integrand approaches the form
exp(— Ay z) and is cancelled by the factor exp(4,, z) that prefixes the integral. Equation
(67) therefore approaches the form, since v — 0,

nwm=%ijmwuwmm iy~ o,
0

=nya x1/a’ = ng, 0<p<a,
(0 0 ~ (68)
=0, a<p.

The stream is a nondiffusing column with constant radius a and number density ny.
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In general when A a’ is finite so that 0 < v < 4, equation (67) gives for the

distribution of # on the plane z = 0, where ¢’ = p’,

n(q',z) = no(a'’?/2)(2/a’y ' T(v+1)1, (69)
where

1= [ s @l ao.
The integral I is a special case of the class of discontinuous integrals of Weber and

Shafheitlin (Watson 1944, Section 13.4; Magnus and Oberhettinger 1949, p. 35;
Abramowitz and Stegun 1965, p. 487), which are of the form

5= 7 soudanpy .
0

In particular, it can be deduced from the general expressions for these integrals J
that

Ga’)’ 11 = Ga)A—g?/a?y
" Tron TR = TR

when 0 <g' <, but that 7 = 0 when @’ <q'. Thus from equation (67) when
z = 0,n = ny(1—gq'*/a’?)" across the aperture but is zero on the cathode where g > a.
This is the required behaviour.

The appropriate value of v = A, @’ = (A4)%a is found from the experimental
values of A and A;. When the momentum transfer cross section g,(c) is, in effect,
independent of the speed c¢ of the electrons then 1; ~ 21 where im{c?)> greatly
exceeds 3/2«T, the mean energy of a molecule. In that event v &~ 4/21a. From the
above discussion it is a good approximation to the truth to suppose that » is constant
across the aperture when /2 Aa > 2, that is, Aa > /2. In practice @ = 0-05 cm and
consequently we require A > 28. To meet this condition requires, in diatomic gases,
the use of gas pressures of several tens of torr and, in monatomic gases, hundreds of
torr. Thus in general it must be assumed that » is far from constant across the
aperture.
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APPENDIX

Derivation of Expression for 0"{K,(A_ (A r)E} 0"
Let

I = f exp{ —z(v2 4+ iD)*} Jo(p'v) {p((0* + AD)* ) (> + AD)*}v dv
0
and suppose that ¢((v* +A2)*) is the convergent series
W@+ = £ a0+,
n=0

It then follows from equation (15) that

1= (el - - G AlE crma G0 @

Let
2 a'(vi+A)Mn!,
=0

n=

$((v*+2D)*) = exp{a(v® +40)*}

which gives, for a < z,

. Joo exp{ —(z—a)v? +i2)*} Ty(poyodv = exp[ —A {(z—a)*+p'?}*] . (A2

0 (> +AD)* {z—a)*+p}
Alternatively, \
© _ 2 ~2\% 0
I =J (exp{ ZZ(DAJ:L) }Jo(p’v) 2 a'(V*+ A7 %”/n!)v do
0 "+ D) n=0
k3 0 n an 4 !
_ (%) w2 (-t i’_n(K%“L,’Z)). (A3)
n n=0 n!oz"\ (A 1r')*
However, in equation (A2)
(z—a)}+p? = (22 +p'?)—2az+a* = r'’> =2ar'cosO +a*, =

where r' = (z2+p'?)* and cos = z/r'. Now (Watson 1944, Section 11.41, equation
(11)
exp{ — A (r'*+a”* — 2ar’ cos 0)*} _ §
(r'*+a?*—2ar’ cos 0)* m=0

(2m + 1) Km+<;-,(:'L r )Im+%(f'L a)Pm(COS 0) ,
r a (A4)
and consequently

L Ky s 7)1y s 3 (A @) (2)%. N (Kl(;tL r’))
2 1 4L E1 P 0) == -1y — =2 .

ME:O A(2m+1) Gy (L) (€O 0) =) A an( ) 167\ Gyt
(A5)



THEORY OF DIFFUSING ELECTRON STREAM 155

Consider the expansion

Ly Gua)fGua)t = 3 (3 ay /2 T(s+p+2) p!.

p=0

Let s+2p = n. When n = 2m is an even number it is found that the coefficient of
a" = a*™ on the left-hand side of equation (A5) is

G i"*‘ Am—p)+1 Ky pys1/2(AL )

Py (- py(cOs 6
p=0 p!T(2m—p+3) A r)? 20m-p)( )

and when 7 is an odd integer (2m +1) the coefficient of g*™*! is

(JZ_A:L)Z"H- 1 Z 4(m —p)+3 - K2(m—1i)+ 3/2(’LL r ) P2(m-—-p)+ I(COS 0) .
p=0 p!T'(2m—p+3) (A r)?
When the coefficients of a" on each side of equation (AS5) are equated we derive the
two formulae

azm (KJ._(A’:L 7")) 2

—— | 2L ) = Cm)! 1) (2

322"\ (') @Cm)!(GA)*"I(3)

s 4m—p)+1 K2(m—p)+l/2(ALr’)P
p=0 p!T(2m—p+3) (AL r)?

X 2(m—p)(€OS 0) (A6)

for n = 2m and

aZm+1 K ’l ’ .
Co () = —emepranrre)
L

X E 4(m_p)+3 KZ('”_”)J"”Z(ALr)Pz(m_le(COSO) (A7)

p=0 p!T(2m—p+3) (or)*

for n = 2m+1. These are the formulae sought.
If m—p = u it follows from equation (A6) that when n = 2m the coefficient
Az, Of {Kyy11)2(AL1)/(A ')3} Py (cos 0) in the expansion of 2*™{K, (A, r')/(Ay r')¥}/z2™ is
Az = Cm)! (FA)*" T(3) (4p+ D))(m—w)! T(m+pu+3), (A8)

and similarly from (A7) that the coefficient Azysy OF {Kypy v 3(AL )0 ) P34 1(cos 0)
in the expansion of &*™*{K, (A, r')/(A r")¥}/022m* 1 is

Agurr = —@mADIG" T TE) Gu+3)[m—p! T(m+p+5)  (A9)

for p < m.
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Simple special cases of equations (A6) and (A7) are, with

F(pr') = KA r)[(r)?,

oF

0z

0*F

132

W)

W

A‘{(

lLK3/2(;LL r )P

(o r)*

1(cos0),

(Kl/Z(AL ') n 2Ks)p(Ar )P2(COS 0))

(o 1)

(3K 3/2(}1 )

(1)

K1/2(4L7' ) + 41&5/2(%")

(o

)-k

Pi(cosB)+

(AL

S(Apr )%

T(AL

/)4}

P,(co

)%

sO)+

2K, (AT )P 4(cos 0))

8Ko5(4 1)
35(A r')‘%

P,(cos 0)) .

(A10a)

(A10b)

(A10c)

(A10d)





