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Abstract

The grand potential pressure of an ideal boson film which is infinite in d—1
dimensions (d > 2) but of finite thickness L in the dth dimension is analysed in the
limit L — oo, to order L~% Across the film (i) periodic, (ii) antiperiodic, and (iii)
hard wall boundary conditions are applied. The corresponding shifts in the critical
temperature T (L) are found to vary, for large L, as (i) L=*2 for all d = 3, (ii) L™,
L=2InL, and L~2 for d = 3, 4, and > 5 respectively, and (iiij) L~ *InL and L~* for
d =3 and > 4. With hard wall boundary conditions, the critical temperature of a
sufficiently thick film exceeds that of the bulk, while the other boundary conditions
depress T.. The bulk critical region is asymptotically “rounded” on a scale set by the
bulk correlation length matching the thickness L in accord with the scaling theory
of finite-size effects.

I. INTRODUCTION

In Part I (Barber and Fisher 1973a), consideration was given to the effects of
finite size and surfaces on the critical behaviour of the spherical model (Berlin and
Kac 1952; Joyce 1972) of a ferromagnet. On the whole, the analytic results obtained
were in accord with the scaling theory of finite-size effects in the critical region which
has been developed recently by Fisher (1970; see also Fisher and Barber 1972a).
In the present paper we investigate the analogous problem for the ideal Bose gas.}
Admittedly the spherical model and ideal Bose gas are essentially equivalent in the
critical region (Gunton and Buckingham 1968), but there is sufficient difference, both
in mathematical detail and physical application, to make separate discussions
illuminating. ,

To be specific, in this paper we will consider the behaviour of an ideal Bose gas
in a d-dimensional Euclidean domain of infinite extent in d’ (= d—1) dimensions
(d' = 2) but of finite thickness L in the dth dimension. Such a geometry will be
referred to as a d’-dimensional film. As in Part I, interest will centre on the critical
(or, for d = 3 and d" = 2, quasi-critical) behaviour in the asymptotic regime L — oco.
For d = 3 this corresponds to a “thick” film of infinite lateral extent.

Since the early work of Osborne (1949) and Ziman (1953), the behaviour of
finite assemblies of non-interacting bosons has received considerable attention
(Mills 1964; Goble and Trainor 1966, 1967, 1968; Carmi 1968; Kreuger 1968;
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Sonin 1970a, 1970b; Pathria 1971, 1972). The aim of most of this work has not been
to analyse the effects of finite size on the critical behaviour per se, but rather to
attempt to construct a simple model of liquid helium in a restricted geometry, and
in particular as a film. It was realized early (Ziman 1953), however, that an ideal
Bose gas did not exhibit a Bose condensation unless infinite in at least three dimen-
sions. On the other hand, in a real helium film superfluidity seems to persist to a few
layers, although the specific heat anomaly appears rounded (Brewer 1970). The
absence of a true condensation in a finite assembly of bosons has led to various
definitions of a ‘“‘quasi-condensation temperature”, such as the “accumulation
temperature” of Osborne (1949) and Ziman (1953), at which the chemical potential
ceases to rise significantly and there is a rapid accumulation of particles into the
ground state. Alternatively, one may consider the maximum of the (rounded) specific
heat (Goble and Trainor 1967) or the appearance of some degree of long-range
(but not infinite) off-diagonal order (Kreuger 1968). Such definitions have their
utility, but their connection to the apparent onset temperature of superfluidity in a
real helium film is not clear. More recently, the impossibility of long-range order
in a two-dimensional film, even of interacting bosons, has been rigorously established
(Hohenberg 1967; Chester et al. 1969; Jasnow and Fisher 1971), and hence the
relevance of any calculation on an ideal boson film to real helium is probably limited.
Nevertheless, the ideal Bose gas remains one of the few mathematically tractable
models of a many-body system which exhibits a phase transition. Analytic cal-
culations are therefore possible of finite-size effects, which allow a detailed test of
more general theories, in particular the scaling theory of Fisher (1970). This aspect,
rather than the construction of a specific model for any real system, has been a
motivating factor in this series of papers.

In Section II of this paper, we formulate the problem of an ideal Bose gas as
a film of finite thickness and analyse in Section III the free energy for a thick film
(L - ). These basic results are then used to discuss the asymptotic behaviour
(characterized by the exponents A and 0) of (i) the relative shift ¢(L) defined by

(L) = {Tey—Tol(L)}/Tea ~ L%, L~ o, ¢Y)
and (ii) the fractional rounding 6(L) defined by
L) = {TiD)-T, (D} Tey~L° L. )

In these definitions, T, 4L) is the critical or quasi-critical temperature of the d'-
dimensional film and T, ; = T 4(oo) is that of the bulk d-dimensional system while
Tj(L) is a temperature at which the thermodynamic quantities first show a significant
deviation from their limiting bulk behaviour. A more detailed discussion of the
general aspects of critical phenomena in finite systems is given by Fisher and Ferdinand
(1967), Fisher (1970), and Fisher and Barber (1972a). The thermodynamic properties,
in particular the specific heat, of an ideal boson film will be considered in more
detail in Part III (Barber and Fisher 1973b).

The values of A and 0 for different choices of dimensionality and boundary
conditions applied across the film are summarized in Table 1(a) of Section IV. As
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expected, they are of the same functional form as for the spherical model. Most
notably, we find that
0=t 3

for all boundary conditions, where v, is the exponent characterizing the divergence
of the bulk correlation length (Fisher 1967). This result is in agreement with the
scaling hypothesis (Fisher and Ferdinand 1967) that the rounding temperature TH(L)
is determined by the bulk correlation length &(T") matching the thickness of the film.
On the other hand, the behaviour of the shift is considerably more complex and, as
in the spherical model, reveals new subtleties.

II. FORMULATION
(a) Review of Basic Results

The basic theory of a non-interacting Bose gas is well known and standard
(see e.g. London 1954). As an example of a system with a cooperative transition,
it has been discussed by Gunton and Buckingham (1968) and Cooper and Green
(1968). From these general results the grand potential pressure p of an ideal Bose
gas in a d-dimensional domain @ of volume Vj, is

p=—Va)! ;ln[l—exp{—ﬁ(ek—u)}], C)

where B = 1/kgT is the inverse temperature, kg is Boltzmann’s constant, and
&, = h*k*[2m is the energy of the single-particle state k. The chemical potential p
is determined as a function of temperature by the density constraint

(N>[Vg = p = (@p[0)r = Va"; [1—exp{—Blex—m}1™" - ©)

Since p must satisfy g,—u > 0, where ¢, is the single-particle ground state energy,
it is useful to introduce the dimensionless “potential”

¢ = —Blu—g) = 0. ©)

It is convenient for our purposes to specifically let @ be a d-dimensional
Euclidean domain, bounded by mutually orthogonal (d— 1)-dimensional hyperplanes
and of volume

Vog=LixLyX..xL,. )

In this geometry, the single-particle wavefunctions ¥,(x), with x = (x,...,Xp),
factorize as

d
Tk(x) - YIkh---,k.i(x) = ]____[1 '//ki(xi) s (8)
while the energy
d
& = Eyka = '21 h2k?2m . ©)
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Substituting equations (6), (7), and (9) into (4) and expanding the logarithm yields

0

d
Bp =3 i texp(d)) [] (L:l 5 eXp{—Az(k?—kiz,o)/%}), (10)
i=1 i=1 ki

where k; , is the minimum value of k; and we have introduced the thermal de Broglie
wavelength
A = Qnh?p/m)*. 1)

(b) Boundary Conditions

The allowed values of k; which appear in the summation in equation (10) are
determined by the boundary conditions applied in the ith dimension. Three types of
boundary conditions will be of special interest:

(i) periodic, Y(x;) = Y(x;+L);
(ii) antiperiodic, Y(x;) = —y(x;+L);
(iii) hard walls, Y(x;=0) = y(x;=L) = 0.

The case of hard walls is, of course, the most realistic. Antiperiodic boundary con-
ditions are of interest since in the ordered state the local order parameter suffers a
“twist”, and this enables one to identify a helicity modulus, which in a Bose system
is proportional to the superfluid density p(T") (Fisher et al. 1973). Such an approach
has been utilized by the author to calculate the superfluid density of an ideal Bose
gas (unpublished data).

For non-interacting bosons, the problem of determining the allowed values of
k; now reduces to solving a one-dimensional free-particle Schrodinger equation,
subject to the appropriate boundary conditions. Hence we find that

ki=ﬂr,~/Li, riegt, (12)

where T = 0, 1, and 1 denote the boundary conditions (i), (ii), and (iii) respectively
above and the sets of integers %, are given explicitly as

Lo = (0, £2, +4,..., + 0), (13a)
Ly = (1,43, £5,..., £0), (13b)
Z, = (1,2,3,...,0). (13¢)

Note that for antiperiodic boundary conditions (t = }) the ground state (r, = +1)
is doubly degenerate.

(¢) Bulk Behaviour

To obtain the bulk behaviour, we may simply choose periodic boundary con-
ditions in all dimensions and take the limit L, — oo. Hence equation (10) yields on
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converting the sums to integrals

Bp = A7 Fia:4(4), (14)
where

F.(2) = 21 n~vexp(—nz), z3>0, (15)

is the so-called Bose function (Erdelyi 1953; London 1954). For future reference we
note that
F,(0) = {(9), (16)

with {(z) the Riemann zeta function, while
F)(2) = d{F,(2)}/dz = —F,_4(2). an

The thermodynamic quantities now follow by the standard relations. In particular,
the density constraint (5) becomes

p=A"'Fu(9), (18)
which determines ¢ = ¢(T).
Following Gunton and Buckingham (1968), we now define a critical temperature
Tc,d by
¢(T)=0’ Tch,da

19)
o(T) >0, T>T,,.
Thus from equations (11) and (18) we have
ks T.q = Q@rh?/m)[p/lGd))*, (20)

which is nonzero for d > 3.

(d) Basic Results for a Finite Film

To obtain the form of the grand potential pressure for an ideal boson film of
finite thickness L, we proceed as in subsection (c) but take the limit L; — oo only
for i < d. In the dth dimension we put L; = L and specify the appropriate boundary
conditions (see subsection (b)). If we introduce the dimensionless length parameter

n = Lj\/nA = Lin2h*/mky T)*, @1
the basic result for p = p(¢, p) in a film may be written as

-%
AP = Pd ) =5 Y, Farn(@+30°=rdl®), (@)
reL:

where the summation is over the sets %, defined by equations (13) and ro, =
min(r € Z,). The result (22) will be the basis of our analysis of the behaviour of an

ideal boson film. Our immediate aim in the following section will be to analyse
Pi(¢,n) in the limit n — oo (that is, L - c0). The thermodynamic quantities then



488 M. N. BARBER

follow as usual. In particular, the density constraint (5) may be written as

A’p = (9Pp/od)s = Pi-o($,n). (23)

III. ASYMPTOTIC ANALYSIS
(a) Above the Critical Point

Although our primary interest is in the behaviour of P(¢,n) in the critical
region (i.e. for ¢(T) ~ L), it is useful and illuminating to analyse firstly the expression

PUGm) =77F 3 Fuans@+ ) 24

for T fixed and greater than T, ;. In this regime, corresponding to ¢ < L, ¢ is a
positive constant. Clearly, we have

lim PY(g,n) =z f " @) ds = Fuei@). @5)

n=oo

To analyse the corrections for large n, we apply Poisson’s summation formula
(Lighthill 1964) to the sum in equation (24) and obtain

Pi(§:n) = Fyans(®) +207% 3, Frgyom), (26)
where

F (¢ +x%) exp(—2mixy) dx 27

N ©
Fo(y) = f_
is the Fourier transform of F,(¢+ x?).

Now for |z| < 27 and |argz| < 2=, the Bose functions F,(z) possess the
convergent expansions (Erdelyi 1953)

o]

F(z)=Tl-0)z""! + i (—2)*"l(c—n)/n!, (28a)
n=0

for non-integral ¢, and
Fy(z) = (=2 "{Y(s) —y()—Inz}/(s—1)! + ”2:00 (—=2)"l{(s—mn)/n!,  (28b)

for o equal to an integer s, the prime on the summation indicating the omission of
the termn = s—1. In these formulae I'(z) is the gamma function, {(z) is the Riemann
zeta function, and Y(z) = d{InI'(z)}/dz. These expansions explicitly display the
singularity at z = 0. From the general theory of Fourier transforms (Lighthill 1964)
we then find

Fiaes() m w4 gH 7ty Hexp(~2n/¢),  y > oo, 29)
Substitution in equation (26) finally yields the required result

PP($:m)~ Fyapy(9) +2n' " ¢¥ Fexp(—2mn/§)/m***,  n> 0, ¢ >0, (30)
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from which we observe that for constant ¢ > 0, or equivalently for fixed T > T, 4,
the expression for P(¢,n) approaches its limit F4.1(¢) exponentially fast in n, while
for T close to T, 4, so that ¢ is small, the exponential decrement will be small and
hence the convergence slow. We can then expect to find some n-dependent scaling of
¢ for which the asymptotic behaviour will in fact be distinct from that at fixed ¢ > 0.
Inspection of equation (30) suggests introduction of the variable

x = ¢n® = —2ul’m/h®. 31)

This L-scaling of the chemical potential u is completely analogous to the scaling of
the spherical field found in Part I and to the scaling of the temperature found by
Ferdinand and Fisher (1969) in their analysis of the specific heat anomaly in a finite
two-dimensional Ising lattice. In both cases, the approach to the limiting behaviour
is exponentially fast in # for T outside the scaled critical region.

As in Part I, we may now define the rounding or crossover temperature T*
(see Section I) more explicitly by

x(T*) = 0(1) as n— 0. 32)
Since for the ideal Bose gas the correlation length is given by

8T) = J(=Bu) = /¢, (33)

(Gunton and Buckingham 1968), we see that on combining equations (31) and (32)
this definition of T* is equivalent to

ClT*) =0m) =0(L) as L- oo, (34

which suggests that the Fisher and Ferdinand (1967) scaling hypothesis (see Section I)
is correct for this model.

For other boundary conditions the leading correction terms are, in general,
algebraic in n~! rather than simply exponential (Barber and Fisher 19735). However,
equation (32) remains a valid definition of the rounding temperature. Thus in the
remainder of our analysis we will only consider the behaviour in the scaled critical
region, that is, we will analyse Pj(¢,n) in the limit » — oo with x = ¢n® fixed.
For simplicity we will consider the complete analysis (to order n~%) only for the
“realistic” case of d = 3, the analogous results for other values of d being merely
quoted.

(b) Analysis in the Critical Region for d = 3

To analyse P(x/n? n) for n > 1, it is convenient to write F,(z) as an inverse
Mellin transform (Titchmarsh 1948), namely

c+i

F,(z) = (2ni)~" f " 2P I o +p) dp, (35)

c—iow

where ¢ = Rep > max(0, 1 — o) and, as before, I'(p) is the gamma function and {(p)
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the Riemann zeta function. If we now choose the contour such that,
¢=Rep>1, ' (36)

we may substitute equation (35) into (22) with d = 3. On interchanging the orders of
summation and integration, which can be justified, we obtain

n—-l- c+ioo

5(x/n’,n) = n**~*I'(p){(p+2)1(p; x) dp, (37

2mi c—ioo

with the contour specified by equation (36). The auxiliary function 5*(p;x) is
defined by
ni(psx) = Y (c+dr’=43 )77, (38)

re %,

where the sum is convergent for Rep > 1.

The required asymptotic expansion of P¥(x/n* n) for large n may now be
obtained from equation (37) by moving the contour to the left (in the complex p plane)
and evaluating the residues at successive poles. To do so, we require an analytic
continuation of n*(p;x) for Rep < 1. Let us first consider the case of periodic
boundary conditions (t = 0). Here we have from equation (13a)

°(p;x) =x"7+2 Y (x+1»7?, Rep>14, (39)
1=1

which defines #°(p;x) as an analytic function of p for Rep > 1. If we add and
subtract /~2? to the summand in this expression, we obtain

n%(p;x) = x7P+20(2p) +2 Y. I7P{(1+x/1*)"P—1}, (40,
=g

where the sum is now convergent for Rep > —1. Since {(2p) is analytic everywhere,
except for a simple pole at p = 1, this is a suitable analytic continuation of #°(p; x)
for 1 > Rep > —1. Similarly we obtain

7°(p; x) = x"?+2{(2p) —2xp{(2p+2) +2§:1 I72P{(1+x/1*)"P—1+px[I*}, (41)

which may be used to define #°(p;x) for —4 > Rep > —14. Since {(0) = —% and
{(—2) = 0 (Whittaker and Watson 1965), we find from equations (40) and (41) that
n%(p; x) vanishes at p = 0 and —1, and hence I'(p) n°(p; x) is analytic at p = 0 and
—1. Consequently the only poles in the strip + > Rep > —14 of the integrand
of equation (37) are at p = +% and —1. All are simple, and their residues can be
evaluated by standard methods. We find

PY(x/n?,n) = {(23) —x {(1D)/n* + H(x)/n® +O0(m™*), (42)
where
H(x) ==~* lim I'(p)n°(p;x) (43

p~-1
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and the correction terms (of order n~%) arise from the next pole of #%p;x) at
p=—1%

To evaluate H3(x) explicitly, we make use of equation (41) together with the
results (see Whittaker and Watson 1965)

T(l+s) = —s~'+0(), s—0, (44)
{'(0) = —11n(2n), {'(=2) = —4n~2{(3). (45a,b)

The result (45b) follows from the Riemann relation (Whittaker and Watson)
| {1 —s) = n=* 2175 I(s) {(s) cos(ysm) (46)

on differentiating with respect to s and then putting s = 3. Finally, on introducing
the remnant function (Fisher and Barber 1972b)

R, o(x) = i P{(1+x/I*)In(1 +x/I*) —x/I*} 47N
=1
we obtain
HY(x) = 2n7* R, o(x) —n *x{1—In(4n’x)} +n~ 22 {(3). (48)

This completes our analysis of P;(x/n* n) for periodic boundary conditions
(tr = 0). A similar analysis is possible with antiperiodic (t = 1) and hard wall (r = 1)
boundary conditions. A more direct approach, however, is to notice that by
rearranging their defining sums we may write

n¥(p;x) = 222n%(p;4x—1) —n°(p; x—%) (49
and
n'(p;x) = 22271 9%(p;4x—1) —H(x—D 7. (50)

Hence, substitution into equation (37) yields

Pi(x/n?,n) = 2P((4x—1)/(2n)?,2n) —P3((x—%)/n*, n) (51)
and

Pi(x/n?,n) = P3((4x—1)/(2n)*, 2n) —C(n)/2{/=, (52)
with

C(n) = (2ni)™! fﬁm n*?~ 1 (x= P I(p){(p+2) dp

= {(@)/n +2(t—x) In(m)/n® +(x—}) In(x—)/n* +O(n™%), asn— 0. (53)
Thus, on substituting the asymptotic expansion (42) for P3, we obtain

Pi(x/n*,n) = {(2)) +(G—x) {AB)/n* + Hi(x)/n® +O0(n™*) (54)
and

Pi(x/n?,n) = [(2) —3n~* {Q2)/n +(G~x) {(13)/n?

+n 7 (x—=DHIn(m)/n + Hi(x)/n® +O(n™ %), (55)
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where
H3(x) = $H3(4x—1) —H3(x—})

= %n‘%R2,0(4x—1) —2n'*R2,0(x——;}) +2n7 ¥ (x—1)1In2 —3¢(3)/4n?**  (56)
and

Hi3(x) = $H3(4x—1) —3n~ ¥ G-x){1-In(x—})}
=371"F R,y o(dx—1) +377 2 {(3) —n ¥} —x) In(4n). (57)

(c) Extension to Arbitrary d

Proceeding as above, we introduce the integral representation (35) for F,(z) into
equation (22), which yields for general d

n—é c+i

Pix/n*m) =>— | * w201 (p) Up+3d+ 1) n(p; %) dp, (58)

with ¢ = Rep > 4. If an analytic continuation of #*(p;x) is now constructed for
Rep > 1(1—d) along the lines utilized in subsection (b), Pi(x/n?,n) may be readily
analysed to order n™¢ for large n. The details of the analysis are omitted here and
the relevant results are merely quoted.

For periodic boundary conditions (t = 0), we find

Pg(x/nZ, n) = V2m+1(x/n2) +Hgm(x)/n2m+1 + O(n—Z—Zm) , d=2m+1; (59a)
= Van(¥[n®) +2(=x)" In(u)/m! 0" +H3,(x)/n*" +0(™" "),

d = 2m; (59b)
where

[$@= 1)1
Vi(z) = kgo (2" {@d+1-k)/k! (60)

is a polynomial of degree 3d—1 if d is even and of degree $(d—1) if d is odd (here
[x] denotes, as usual, the integer part of x). The functions H{(x) are defined by

H3,(x) = (=)™ Ryyy0(x) +7  IG—m)x""*

+2(—x)"(Cg—In2)/m! +2h3,,(x), (61a)
for d = 2m, and

HY,i1(x) = 2(—)1+"'n_*Rm+1’0(x)
+17 (= x)"{Y(m+1) + Cg —In(4n’x)} +2h3,,,,(x),  (61b)

for d = 2m+1, where Cy is Euler’s constant and

1d—1

hi(x) ==~ : kZO : (—m®x)*I'(3d —k) {(d—2k)/k!, (62)
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while the remnant functions R, o(x) are defined in general by (Fisher and Barber
1972b)

R, o(x) = {I'(6—[oD/I(0)} 121 o2 [+ %12 Tor s (63a)
for ¢ not a positive integer, and by
R, o(x) = {(s—11}7! Ozo: 25 +x/r?) ™ In(1 +x/r?)] (63b)
r=1

for integral o (= s). In these formulae, we have used the notation

r<i-1
Lf) =f(x)— r‘_;o x"f O(0)/r! (64
with
fO0) = df(x)/dx"] =0 (65)

The analogous expressions for antiperiodic (t = %) and hard wall (v = 1)
boundary conditions may now be written:

P}(x/n?,n) = V2m+1((x—&)/n2) +H’§m+1(x)/n2'”+ L4 Oo(n=2"2m),
d=2m+1; (66a)
= Van((x=3)/n?) +2G =" In(ém)/min®"+ HE,(0)/n*" +0(n™" 7",

d = 2m; (66b)
and

Pi(xjn2,n) = V(= D)/12) = Va1 (= B)n?) 20/
+2(4 —x)" InQn)/m! n*™ + H,(x)[n*™ + 0@~ ~2"),
d = 2m; (672)
= Voms1((x—D/n?) =173 Vo ((x—3)/n’)[2n\/n
—n~ ¥ (3= x)" In(r)/m! n?™* ! + H g (002" + O,

d=2m+1; (67b)

with
H}(x) = 2" HJ(4x—1) —Hj(x—3) (68)
and
H}(x) = 27 HJ(4x—1) +h3(x), (69)
where
hi(x) = =4 TG -m) (x—H"~*, d = 2m; (70a)

= —in 3 —x)"{Ce+Y(m+1) —In(x—1)}m!, d=2m+1. (70b)
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This completes our formal analysis of Pi(x/n? n). In the next section we will
use these results to analyse the asymptotic behaviour of the shift and rounding of the
critical point. Before this, however, we now digress to establish in more detail the
relation, for periodic boundary conditions, between the results of this subsection and
those of subsection (a) above. In (a) we recall that PJ(¢,n) was analysed for n > 1,
but with ¢ a positive constant. To relate the two sets of results, we consider the
expression

AP}($) = P, 1) —Fya11(9)- (7D

From equation (30) we have

AP(¢) ~ 2! ¥ ¥~ exp(— 2nny/ @) n*itE, (72)
for n > 1 and ¢ fixed.
In the other limit of interest we have

AP(x/n?) = PJ(x/n*,n) —Fy4.1(x/n). (73)

The second term of this expression is easily expanded using equations (28), and hence,
on substituting equations (59), we obtain

AP (x/n*,n) = [H3,(x) +(—x)"{Inx — Cg—y(m+1)}/m!]n~" + O(n~1~2m),
d = 2m; (74a)
= [Hnei@) =" T (= =)™ =" 4002~ 2m),
d=2m+1; (74b)

as n — oo with x = ¢n?® fixed. It will now be shown that equation (72) is recovered
by considering the limit x — oo in the expressions (74). The functions HJ(x) are
defined by equations (61) in terms of the remnant functions R, o(x), whose analytic
properties have been discussed in detail by Fisher and Barber (1972b). For con-
venience, their asymptotic expansions for large x, which are required in the present
analysis, are summarized in the Appendix. Hence, we find

AP(x/n*) ~ 2r' " x¥"Fexp(—2n/x)n®, x> w0, (75)

which is precisely equation (72) with ¢ = x/n®. It is interesting to note that for the
ideal Bose gas the limit x — oo recovers the correct asymptotic behaviour for all
values of ¢, in contrast to the spherical model (Part I) where the same procedure was
only valid for small ¢. This is a reflection of the present relatively simple form of
P}(x/n*,n) compared with the analogous function for the spherical model.

IV. SHIFTS AND ROUNDING IN d-DIMENSIONS

Although the quantity
n=L/nA, (76)

where A is the thermal de Broglie wavelength, has been a convenient expansion
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parameter and is, in some ways, the direct analogue of the number of layers in a
lattice model (see Part I), it is a rather unphysical length parameter. A more natural
and conventional choice is

1= Lp"" = nn {{GDH}*(TIT.)7%, (77)
and this quantity will be used in our remaining discussion.

TABLE 1
ASYMPTOTIC BEHAVIOUR OF SHIFT AND ROUNDING OF CRITICAL POINT FOR IDEAL BOSON FILMS
(a) Shift and Rounding

Dimension Shift &;(]) Rounding d,())
d t=0 T=% t=1 (all 7)
3 as°/l as*/l astIn(D)/! ~1/l
4 al/l? asFIn(D)/1? ay/l ~In()/1?
=5 aaO/Id‘z a.f}/lz a,,lll ~1/12

(b) Amplitude of Shift

Dimension Amplitude a,*
d =0 T=1% t=1
3 Arbitrary Arbitrary —2{%)}y-23 =~ —0-3515
4 1/4/6 =~ 0-4082 1v/6 ~ 0-6124 —{(3)V6/4n = —0-5092
>5 4n' ~# [(3d—1)(d—2) 3nl(3d—1) I &)
- d{fGd)y* d{fGd)y—2 a{{Ggd)y

(a) Density Constraint and Critical Temperature

From Section II, the scaled field x is determined in the critical region by the
density constraint (23), which may be written as

Alp = {3d)(TT, )~ * = Pi_,(x/n’,n). (78)

Now for d > 4 the finite film exhibits a true Bose condensation at a nonzero tem-
perature T¢ ,(/) which is determined by x = 0 or, explicitly from equations (77) and
(78), by
Tt (DT, 0 = {Pi-20,n)/((3d)} "%,  d >4, (79
with
ne = InH {{Gd)} "V {TE DT, 0} (80)

(b) Shift and Rounding of Critical Point

The shift e&(!) in the critical temperature defined by equation (1) now follows
for d > 4 and n > 1 from the basic formulae (59), (66), and (67) of Section III on
putting ¢ = x = 0. In terms of /, the asymptotic behaviour which determines the
exponent / is summarized in Table 1(@), the corresponding amplitudes aj being given
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in Table 1(b). In three dimensions, a film of finite thickness has no sharp condensation
(see Section I), but we will see below that an effective shift can be defined in a natural
way.

To study the rounding 83(/), we rewrite the density constraint (78) using equations
(59), (66), and (67) to leading order in the forms

(AP nt = —3H{(x) +0(m™"), d=3; (81)
{2 n*t = 2xIn(n) + Hi(x) —HZ0) +0(n™Y), d=4; (82)

where the functions Hj_,(x) are defined by equations (61) for t = 0, by (68) for
T = 4, and by (69) for t = 1. Finally, for d > 5 we have

{Gdyn*i = 2d ' x{(3d—1) +O(n™ ). (83)

In these formulae, the shifted temperature deviations are defined generally for all
d = 4 by

i= {T_Tz,a(l)}/Tc,d, (84

but in three dimensions (d = 3) by
i = (T_Tc,3)/Tc,3, T= 09%; (85)
= (T-T.3)/T.,s —3n " *In(m)/n {(1%), T=1. (86)

The rounding interval AT*(/) now follows from the definition (32), which
leads immediately to the asymptotic forms of 63(/) displayed in Table 1(z). For
d > 4 we observe that the rounding is defined with respect to the shifted critical
temperature. For d = 3, we may define an effective shift from the form of ¢ which
appears in the density constraint (81). Thus for hard wall boundary conditions
(z = 1) equation (86) leads unambiguously to the form

()~ asln()/I, 1- oo, (87

as quoted in Table 1(a) (the value of a} being given in Table 1(b)). In the case of
periodic (t = 0) or antiperiodic (r = }) boundary conditions, the situation is less
definite. However, we may introduce into equation (85) an effective shift

&) ~171, 1=0,%, (88)

with an arbitrary amplitude a3, by merely adding an appropriate constant to HJ(x)
in equation (81). It is shown in Part III that this definition is consistent, at least in
the asymptotic regime, with an effective shift defined in terms of the temperature at
which the specific heat is a maximum. The only effect of making a specific physical
definition of the quasi-critical temperaure is to specify the amplitude a5.

The above results for ¢ and § are, as expected, formally identical with those
found for the spherical model in Part I, although the amplitudes a} of the shift are
different. The asymptotic behaviour of &j(/) has also been investigated recently by
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Pathria (1971) from a consideration of the density of states in a finite system (Pathria
1966). This approach, however, failed to give the amplitude aj for d =3, 1 =1
and d = 4, T = % (see Table 1(b)), although the correct order of the shift was obtained.
Pathria (1971) also considered the case of Neumann boundary conditions (Vi = 0
on the free surfaces).

Since, for the ideal Bose gas, the correlation length exponent v has the values
(Gunton and Buckingham 1968)

V3 =1; v =1%xlog; wWd)=13%, d=5; (89)

we obtain the relation (3) by inspection, in agreement with the scaling hypothesis.
The behaviour of the shift is considerably more complex, however, with the values

A=(d-2), t=0, alld; (90a)
=1/v, t=1%, alld; (90b)
=1(xlog), =1, d=3; (90c)
=1, t=1, d=4. (90d)

The result (90b) for antiperiodic conditions is consistent with the assumption that
the scaling hypothesis is the only criterion determining finite size effects in the critical
region (Fisher 1970). On the other hand, the result (90d) for hard wall boundary
conditions appears to agree with the simple mean field argument (Fisher and
Ferdinand 1967; Fisher 1970). However, the amplitudes a; are negative, indicating
that the critical temperature of a sufficiently thick film actually exceeds the bulk
value T 4.

The above anomalous behaviour is, of course, similar to that found for the
spherical model, although in that case the enhancement appeared to be weaker;
for instance (see Part I), the critical temperature of a three-dimensional layer spherical
model was found to lie above T, , only for 24 or more layers. In the analogous
Bose problem one may estimate from the asymptotic formulae that the critical
temperature of the three-dimensional film exceeds T, 4 for L/ 2 3. In view of the
similarity of the two models, it is likely that the physical origin of this anomalous
behaviour is analogous in both cases. In Part I, we discussed one possible mechanism
in some detail. For completeness, we will briefly outline it again but in a language
appropriate to the ideal Bose gas.

The basic point is that the chemical potential u is determined so as to maintain
the density constraint (5), and hence u is necessarily a function of T, while also,
since p is assumed independent of the thickness L in a film, u must depend on L.
Now, for an ideal Bose film with hard wall boundary conditions, the local particle
density vanishes at the surfaces and, by continuity, the local density must therefore
be depleted near the surfaces. Consequently, these regions, presumably of volume
L1 relative to the bulk, must contribute less to the density constraint. To maintain
the constraint, it is thus necessary to increase the chemical potential in the bulk by
an increment of order L™!. This encourages the onset of condensation, and hence
the critical temperature is enhanced by an amount of order L™*.
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This completes our discussion of the effects of finite size on the critical point
of an ideal boson film. Granted the explanation advanced above for the effects of
hard walls, we have seen that the exact results for the shifts and rounding are con-
sistent with the general scaling theory of finite-size effects (Fisher 1970; Fisher and
Barber 1972a). As for the spherical model, the exception is the 1/~ 2 shifts which
occur with periodic boundary conditions. However, as discussed in Part I, these are
certainly of higher order and correspond to (/) = 0 in the scaling formulation.

In subsequent papers, we will make use of the basic asymptotic results developed
in Section III to discuss thermodynamic behaviour of a film in more detail (Part III,
Barber and Fisher 1973b) and to compute the helicity modulus of an ideal Bose fluid.
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APPENDIX
Asymptotic Expansions of Remnant Functions

The asymptotic expansions, for large z, of the remnant functions R, /(z) with
7 =0 and o0 = %k (k = 1,2,...) are included here for reference. These functions
have been discussed in detail, for arbitrary real o and t, by Fisher and Barber (19725).
For 7 =0, R, (z) is defined by equations (63a) and (63b) for non-integral and
integral values of o respectively.

For z # 0 and |argz| < &, we can write (Fisher and Barber 1972b)

R;,0(2) = P;,0(2) + Qs,0(2) - (A1)
The principal asymptotic part of equation (Al) is, with s = 1,2, ...,
Py o(z) = $n'* 227 ¥I(s+3) —42°~ ! In(z2)/(s—1)!

—3{2In@r) — Ce—(9)}z*~ /(s — 1!
+n'*z‘"lsil r+3+1)(—n*2) " f(s—1-1)1, (A2)
=1

Pyiy0(2) = 2°In(z)/s! — {2102 — Cg+ (s +1)}2%/s!

S
+n¥ 2573 [(s+3) +22° Y (I-D1RD(—n22) Y(s=1D)!, (A3)
=1
where Cg is Euler’s constant, {(s) is the Riemann zeta function, and ¥(z) is the
logarithmic derivative of the gamma function. The secondary part of equation
(Al is

Qs,0(2) = 2(=)r gt = (4m)e LA § pimoK,_(2mnz?), (A4)
n=1
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where K, (x) is the modified Bessel function of the third kind and [x] is the integer part
of x. Since we have

K(z) ~ Ky(2) = (n22)*exp(—2), z— +o0, (A5)
we find
Q,,0(2) & (=) B n! =0 (4/m)° " A Dexp(-2n,/2), (A6)
as z —» +00. Fors = 1, equations (A2) and (A3) reduce respectively to
P, o(z) = nz —1n(2n/2), (A7)

Pyyo(z) = zInz +(2C; —Ind —1)+2./z —3. (A8)





