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Dipole States in 86Sr, 88Sr and 90Zr 
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Abstract 

A shell model method for calculating dipole states in N > Z even nuclei is discussed. By assuming 
isospin to be a good quantum number, the spectrum resolves into two classes of states differing in 
isospin. Applications of this model to 88Sr and 90Zr essentially differ from previous calculations by 
the use of a new realistic force in the residual interaction. Dipole states in 86Sr are also investi
gated along with the effect of correlating the ground state wavefunction. 

1. Introduction 

In the present paper, an outline is given of a well-known method due to Goulard 
et al. (1968) for calculating dipole states in N > Z even nuclei. In addition to the 
conventional particle-hole (p-h) modes involving single particle transitions between 
orbitals of different parity, a particular type of 2p-2h excitation is included, which 
allows the formation of a basis set of states with definite isospin. Mixing between 
states of different isospin arises mainly from differences between neutron and proton 
radial wavefunctions and the residual Coulomb interaction. Both of these effects are 
small (Mahaux and Weidenmuller 1969) and can be ignored. For a charge indepen
dent nuclear interaction, the spectrum resolves into states of isospin T + 1 and T, 
where the ground state isospin T is assumed to be pure with third component given 
by T3 = teN - Z). The model is described in Section 2 and then used in Section 3 
to calculate dipole states in three r = 0+ ground state nuclei. A discussion of the 
states in 86Sr, 88Sr and 90Zr together with comparisons with experimental spectra 
for the latter two nuclei are given in Section 4. 

2. Theory 

The problem is to solve the Schrodinger equation 

£IE) = EIE) , (1) 

where the nuclear eigenstates IE) are to be orthonormal linear combinations of 
shell model states coupled to a definite isospin and to an angular momentum and 
parity lit = 1-. Equation (1) is solved using the Hartree-Fock approximation 
(Eisenberg 1963) by separating the Hamiltonian £ = £0+ £'. Eigenfunctions of 
the unperturbed part £0 comprise the configuration basis while £' expresses their 
interactions. In the ground state configuration for the N > Z even nucleus,j represents 
levels unoccupied by both neutrons and protons and j represents the doubly occupied 
levels. A neutron excess subshell is denoted by jj, where i labels the subshells. Fig. la 
represents the type of excitation considered in the parent nucleus (N + 1, Z - 1). 
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The neutron n and proton-hole 15 are coupled to J" = I - with quantum numbers 
j and j implicitly understood. The parent-state ket Inp) with isospin T + I is rotated 
in isospin space to form the analogue ket with the same isospin 

where 
IA) = (T+l)-t(lv) +Ttlnp;a»), 

[np;a) = L gilnp; (Pini)O) 
i 

with gi = {(2ji+ 1)/2T}t. 

For simplicity the 2p-2h excitation Inp; (Pi nJo), shown in Fig. lb, includes only 
the coupling J" = 0+ between the proton Pi and neutron-hole ni' The isovector 
excitation 

Iv) = (1/~2)(lnn)-lpp») 

has the 'active' particles and holes outside the neutron excess region (see Figs Ie 
and Id). A configuration orthogonal to IA) is the anti-analogue 

1.4) = (T+l)-t(-Ttlv) +Inp;a») 

with isospin T. In contrast to Iv) and Inp; a), the isoscalar excitation 

Is) = (1/~2)(lnn) + Ipp») 
and the excitation 

Inp; a) = L9ilnp;(Pini)0), ,where Lgi9j = 0, 
i i 

contribute only to T excitations of the nucleus. The basis set is completed by including 
the Tisospin configurations Ipip) and Inni) shown in Figs Ie and If 

Proton and neutron energies for particles in level j are assumed to be related by 

epU) = 'en(j) + LIe - UU) , (2) 

and similar relations are assumed to hold for particles in levelsj andji' The Coulomb 
displacement energy LIe includes the neutron-proton mass difference and is assumed 
to be level-independent. The symmetry energy UU) expresses the greater attraction 
on a proton, relative to a neutron, by the excess neutrons. A hole energy is the 
negative energy of the particle whose absence corresponds to the hole. The basis 
configuration energies are evaluated using the equations 

(AI£'oIA) = en(j)-enC j)+t(T+I)(2T+I)U(j)-UU)- ~(2ji+I)UUi))' (3a) 

(.4I£'oIA) = en(j)-e,,(j)+t(T+ 1)(T +2)U(j)-TUU)-T-l~ (2ji+ I)UUi)) , (3b) 

(np; £11£'olnp; a) = en(j)-en(j) + (U(j)-tT i~' (2ji+ 1) U();.») , (3c) 

(sl£'ols) = enCj)-e,,(j)+t{U(j)- UU)}, (3d) 

(Pipl£'olpip) = enCji)-en(j)+ U(j)- UUi) , (3e) 

(nnil£'olnni) = enU)-eIlUi)' (3f) 

The perturbing part of the Hamiltonian £" is assumed to be well represented by 
a two-body interaction V12. Writing Ij 3 j2; /'0, T'O) for hole j 3 and particle j2 coupled 



Dipole States in "6Sr, ""Sr and 90Zr 23 

to angular momentum J' (projection 0) and isospin T' (projection 0), gives the general 
p-h matrix element as 

(j3j2;J'0, T'0IVdjlj4;J'0, T'O) 

= L (2J+l)(2T+l){~4~3 J,}{ttT,}<jlj2;JO,TOlVdj3j4;JO,TO). (4) 
J,T 12 11 J ·H· T 

• • • • • 

AlrflrflAlrflrll 
(a) (b) (c) (d) (e) (/) 

Fig. 1. Excitations forming a basis set. Isospin analogue to (a) the parent state involves 
(b) 2p-2h excitations and (c) and (d) Ip-lh excitations. Excitations (e) and (f) contribute 
only to T-states of the nucleus. 

Table 1. Symmetric interactions <I £ - £01) between basis configurations 
For convenience quantum numbers in Vs and Vv are suppressed 

Configuration IA) 1.4) Inp;a) Is) Ip,p) Inn,) 

IA') D, 0 0 0 0 0 

IA') D2 0 0 (THT)* VV -(T+tT)* Vv 

l!l'p'; ii') D3 0 g,j,-' Vv _g,j,-l Vv 

Is') Vs (l/~2)Vs (l/~2)Vs 

Ipi'p') t(Vs+ Vv) t(Vs- Vv) 

In'ni') t(V.+ Vv) 

For dipole states, J' = 1 and the possible isospin couplings T' = ° or 1 correspond 
to the isoscalar interaction VsU2j3;j4jl) or the isovector interaction VyU2j3;j4jl) 
respectively. The symmetry energy can be written as 

UU) = L (2ji+ I)Mjj,' (5) 
i 

with similar expressions for j and ji' The monopole charge-exchange interaction 

Mj,h = (2jl+1)-1(2j2+ 1) L t(2J+I)(-I)1+T(jlj2;JO,TOlVdjlj2;JO,TO). (6) 
J,T 

The particularly simple type of 2p-2h excitation used has the consequence that only 
the quantities given by equations (4), (5) and (6) are required to evaluate the con
figuration interactions. These interactions are given in Table I, in which 

Dl = Vv(j'j';jj)+-!(T+ I)Jjj, Jjj'( UU)+ U(j)+ ~ (2ji+ I) UUi») , 

D2 = VvCj'j';jj)+-!T(T+ I)Jjj,JjJ'( ~ (2ji+ I) UUi)-(2T+ 1){UU)+ UU)}) , 

D3 = VvC)'j';jj)+Jjj,Jjj'(h, );)i' gdhMj,j,'- ~ gf(Mjj,+Mjj;») , 
',I. , 

where)i = (2ji+ I)t. 
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3. Calculations 

The nuclei 88Sr and 90Zr contain a magic number (50) of neutrons filling single 
particle levels up to and including the 199 /z subshell, and the 38 and 40 protons 
are assumed to close the 2P3/Z and 2Pl/Z subshells respectively. Two calculations 
were performed on 86Sr: in calculation I the ground-state wavefunction included 
two holes in the 199 / z neutron subshell, whereas in calculation II the ground-state 
wavefunction had the form a(1 g9/Z) - Z + b(2Pl/Z) - z. The first excited 0 + state 
-b(1g9/Z)-z+a(2Pl/Z)-Z recently identified (Kitching et al. 1971) at 2·1 MeV 
provides, with the condition aZ + bZ = 1, that a = 0·94 and b = 0·35. These values 
are in good agreement with a = 0·92 and b = 0·39 obtained by Morton (1970). 

Table 2. Comparison of unperturbed energies for 1p-1h configurations 

Configuration Particle-hole energy'" Dipole operator matrix 
(MeV) element (fm) 

Particle Hole P G V H S Proton Neutron 

2(d5 / Z) 2(P3/Z)-1 7·8 8·1 7·7 8·1 7·7 2,32 -1·81 
2(d5 / Z) 1(f5 / z)-1 8·2 8·5 8·5 8'1 7·7 -0,32 0·25 
3(Sl/Z) 2(P3/Z)-1 9,7 10·0 8·7 9·1 10·3 0·96 -0,75 
1 (g7/Z) 1(f5 / z)-1 11·2 11·1 11·5 11·1 2·51 -1·96 
2(d3 / Z) 2(P3/Z)-1 10·6 11·3 10·2 10·5 0,78 -0,61 
2(d3 / Z) 1(f5 / z)-1 11·0 11·7 11·0 10·5 1·24 -0·97 
2(d5 / Z) l(f7/2)-l 12,5 13·1 12·2 13·1 12·3 1,49 -1·16 
3(Sl/Z) 2(P1/Z)-1 8,3 8·1 7·2 9·5 -0,66 0,52 
1(hll/2) 1(g9/Z)-1 10·1 8·7 10·4 4,45 -3,43 
2(d3/2) 2(P1/2)-1 9·2 9·4 8·7 1'75 -1,35 
2(f7 / 2) 1(g9/z)-1 12·4 12·5 1,73 -1,33 
1(g9/2) l(f7/2)-l 7·5 8·3 6·8 9·3 3·60 -2·80 
2(P1/2) 2(Sl/2)-1 9·1 10·5 1'03 -0·81 
2(P1/2) 1(d3 / 2)-1 10,4 11·8 0·93 -0·73 

... References to energy data: P, present work; G, Goulard et al. (1968); V, Vergados and Kuo 
(1971); H, Hughes (1968); S, Stautberg et al. (1967). 

The thirteen single-particle levels considered were assumed to have energies that 
were common to each nucleus. Energies for the fourteen possible dipole 1p-1h 
excitations were chosen after comparison with values obtained in the literature 
(for references, see Table 2) and examination of their effect on the calculated spectra. 
With these configurations, seven T + 1 = 7 analogue states and twenty-eight T = 6 
normal states form the 88Sr basis while nine T + 1 = 6 and twenty-one T = 5 states 
contribute to the 90Zr spectrum. Calculation I has eight T + 1 = 6 and thirty T = 5 
states with appropriate weighting factors included for transitions involving the 
partially filled 199 /z neutron subshell. In calculation II, configuration states were 
generated from both the ground and first excited 0+ states to give a total of 17 
analogue and 51 normal states. Configuration states with different distributions for 
the two holes in the neutron excess region were considered to be uncoupled except 
where two states differed only in this respect. The interaction between such pairs 
of states was found to have a strength of about O· 5 MeV. 

In equations (4) and (6), the matrix elements consisting of antisymmetric two
particle wavefunctions are evaluated via the Talmi transformation to relative and 
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centre-of-mass coordinates. The two-particle matrix element can then be expressed 
(Shakin et al. 1967) as a sum of reduced matrix elements (n2S+1LJ' : n'2S+1L'J') 
which depend only on relative coordinates. Nonzero contributions were taken for 
nand n' = 0,1,2 and L = L' = 0,1,2,3 (i.e. S, P, D, F) for both S = 0 and S = 1 
and in addition the tensor components 3F2 : 3P2 and 3S1 : 3D1 . The reduced matrix 
elements used are those obtained by Petris (1970) using a nonlocal potential, which 
includes the usual noncentral forces with Gaussian and Yukawa radial forms and 
quadratic momentum dependence. The most suitable force strength investigated 
corresponded to the harmonic oscillator range parameter b = 2· 1 fm. This agrees 
with the value obtained from the rule of thumb (Eisenberg 1963) hw = 41 A -t MeV 
for A = 90. The symmetry energies calculated for this force strength were'" 3 MeV, 
which is in poor agreement with the approximate experimental value of 6 MeV 
obtained from nucleon separation energies. Such disparity is a common difficulty 
with realistic forces (J. D. Vergados, personal communication). As in previous 
calculations, the charge-exchange matrix element is assumed to be independent of 
quantum numbers, and equation (5) reduces to U = 2TM. Furthermore, terms 
involving U in equation (4) vanish and the configuration interactions are simplified. 
A value of M = 0·55 MeV produced closest agreement between calculated and 
experimental (Paul et al. 1971) separations of T + 1 and T dipole strength. 

The radiative width for the ground state transition is given by 

ryO = J96ne2k2(0IQIIE/. (7) 

The dipole operator Ql with components 

A 

Q~ = L eir i YW) 
i=1 

describes a single-particle process, and so only Ip-1h components of IE) contribute 
to the radiative width. Dipole operator matrix elements for each Ip-1h configuration 
(Table 2) were obtained using harmonic oscillator radial wavefunctions (b = 2·1 fm.) 
and effective charges ei = NjA or -ZjA for neutrons or protons respectively. 

4. Results 

Radiative widths for dipole states in 88Sr with excitation energy Ex ;;::: 12 MeV 
are shown in Fig. 2a. In each isospin group there is a high energy concentration of 
transition strength. The analogues contain 7 % of the total strength, which agrees 
with the value 0·076 provided by the estimate (Goulard and Fallieros 1967) 

ICT + 112 = (T+ 1)-1 (1-3Tj2A2/ 3). (8) 

The giant dipole resonance (hereinafter designated GDR) concentrating 50% of the 
total strength is placed at 16·64 MeV, in good agreement with a single Lorenz line 
fit to the natural Sr photo neutron cross section (Lepretre et al. 1971) centred at 
16·3 MeV. Dominant components in the GDR wavefunction are the I (g7/2) l(fs/2)-1 
and 2( ds/2) I (f7 /2) -1 configurations. The continuous curve in Fig. 2a represents a 
sum of widths distributed around their positions by Breit-Wigner type functions 
with spreading width O' 25 MeV. The curve aids comparison with the yield curve 
from the reaction 87Rb(p, YO)88Sr for Oy = 90° obtained by Hasinoff et al. (1969) 
(Fig. 2b) and with the reaction cross section for 88Sr(y, Po)87Rb (Fig. 2c) obtained 



26 

1·0 I-

:> l-
'" 6 

o 0·5 
~ .... 

0 

5000 I-

4000 
"0 v 
':;' 3000 

'" .:: -;; 
v 
0::: 

:? 
5 
o 

2000 

1000 

0 

10 

5 

(a) 
f\ 

I \ 

I I 
12 14 

2 
I 

(b) 

12 14 

(c) 

R. P. Robertson 

I GDR 

I 
1 

24 

I I I 
16 18 20 22 24 

Ex (MeV) 

Ep (MeV) 

4 6 
I I 

16 18 20 22 24 

Ex (MeV) 

I' I 
11-'., ~ ~ ~~I_# _, ~I If I~ tit I 

•. ""'~ \lIt' Wl.l.~ I 'IY,i IV" 
I ' If' f IN .\ ,"" It ' I"' .,. lit .ttIt L 

oL'-1~~--~~~---f~~--~~~--~o-~--~~~~~~---

Fig. 2. Comparison of experimental and theoretical results for the dipole transitions 88Sr(l- ...... 0+). 
Part (a) shows the radiative widths for states with excitation energy Ex ~ 12 MeV in 88Sr. The 
analogues are denoted by the symbol A and the continuous curve represents a spreading of widths 
(see text). Part (b) shows the experimental results of Hasinoff et al. (1969) for the reaction 
87Rb(p, YO)88Sr for {}, = 90°. Part (c) shows the experimental results of Shoda et al. (1969) for the 
reaction 88Sr(y, Po)87Rb. 
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Fig. 3. Comparison of experimental and theoretical results for the dipole transitions 90Zr(l- -+ 0+). 
Part (a) shows the radiative widths for states with excitation energy E. ~ 12 MeV in 90Zr. The 
analogues are denoted by the symbol A and the continuous curve represents a spreading of widths. 
Part (6) shows the experimental results of Hasinoff et aI. (1969) for the reaction 89y(p. YO)9°Zr for 
0, = 90°, and the insert shows the experimental differential cross section for 89y(P, Po) for 
OeM = 140'8°. Part (c) shows the experimental results of Shoda et al. (1969) for the reaction 
90Zr(y, Po)89y. 
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by Shoda et al. (1969). Pronounced experimental structure is present at 21 MeV 
and at 21·0 and 22·7 MeV respectively. Analogue states with widths of 0·092 and 
2·455 keV are predicted at 20·47 and 22·47 MeV to possess amplitudes of -0'71, 
0·55 and 0'62, 0·66 for the l(g7/2) l(fs/2)-\ 2(ds/2) l(f7/2)-1 configurations. Reson
ances at excitation energies of 15·7 and 16·0 MeV in the (p, Yo) curve have also been 
observed in the (p, n) reaction (Zioni et al. 1968). These levels compare with the 
predominantly 2(ds/2)2(P3/2)-1 and 2(ds/2) l(fs/2)-1 analogue states at 15·44 and 
16·24 MeV. 

The dipole states in 90 Zr are shown in Fig. 3a. The 9 % of total strength associated 
with the analogues agrees with the value 0·091 obtained from equation (8). The 
GDR containing 66 % of the total strength matches line fits to the total photoneutron 
cross section centred at 16· 65 MeV (Lepretre et al. 1971) and 16· 83 MeV (Berman et al. 
1967). The experimental results of Hasinoff et al. (1969) for the reaction 89y(p, yo)90Zr 
are shown in Fig. 3b and those of Shoda et al. (1969) for the reaction 90Zr(y, PO)89y 
are shown in Fig. 3c. These results display structure at 21 and 19·2 MeV and at 
21·5 and 20 MeV respectively. Analogues calculated at 21·60 and 19·39 MeV 
compare favourably with these observations. Although the uppermost analogue 
in both 88Sr and 90Zr is shown to have a large intrinsic Yo strength, the observed 
resonance is weak compared with lower-lying analogues. This results from the low 
overlap between the major components in these states and the 87Rb and 89y ground 
states. The resonances are inhibited even more in a (p, Po) reaction, as can be seen 
by comparing yield curves in Fig. 3b. Neutron decay of these states to low-lying 
analogues in the (A - 1) nucleus is isospin allowed, enhancing photoneutron cross 
sections at these energies. The well-known (S1/2)(P1/2)-1 resonance (Black and 
Tanner 1964) is predicted by an analogue at 14·26 MeV with width 10 eV. Although 
the (d3/2)(P1/2)-1 resonance is attributed (Hanna 1969) to the 16·3 in preference to 
the 15·7 MeV level, analogues at 15·63 and 16·30 MeV have roughly the same 
amplitudes for this component in the wavefunctions. 

Two similar calculations have been done previously for both 88Sr and 90Zr. To 
investigate 88Sr, Goulard et al. (1968) employed the same configuration basis used 
here and the somewhat crude schematic model approach. The GDR was placed 
at 15·6 MeV and a strong analogue state predicted at 20·6 MeV. Following this 
work, using a configuration basis slightly less rich and the bare Kuo-Brown G-matrix 
elements, Vergados and Kuo (1971) predicted the GDR at 15·6 MeV and two strong 
analogue states at 19·3 and 23· 4 MeV. If one weights the many factors involved, 
the present results compare with the experimental spectra as well as do the above
mentioned calculations. Vergados and Kuo also calculated the spectrum of 90Zr 
and, as in the earlier work of Hughes and Fallieros (1969), included proton correla
tions in the ground state wavefunction. The earlier calculation used a nuclear force 
with Soper mixture (that proved to be too strong) whereas Vergados and Kuo included 
core polarizations in the proton-proton part of the interaction used for 88Sr. Though 
not as detailed in the choice of configuration basis, the present computation shown in 
Fig. 3 proved relatively successful and so provides some confidence in fixing parameters 
for the nucleus 86Sr, which is as yet experimentally unexplored. 

Radiative widths for states with Ex ~ 13 MeV in the two 86Sr calculations are 
shown in Figs 4a and 4b. Both Yo GDR wavefunctions contain strong l(g9/2) l(f7/2)-1 
contributions placing them more than 1 MeV above the GDR in the other two 
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nuclei. In Fig. 4b positions of rYI widths are shifted relative to ryO widths by roughly 
the separation energy (2 MeV) of the ground and first excited 0+ states. The overall 
energy positions of Yo strength in each calculation match closely, which indicates 
that the residual interaction was of suitable strength. 

(a) 

3r III I G~R \ A 

>-., 
-'" 
--- 2 

-R .... 

14 16 18 20 22 

Ex {MeV} 

Fig. 4. Radiative width(s) for dipole states with E. ;;. 13 MeV in 86Sr. The analogues are denoted 
by the symbol A and the continuous and dashed curves represent a spreading of widths. Part (a) 
shows the results of calculation I for 86Sr(1- --> 0+) uncorrelated ground state and part (b) shows 
the results of calculation II for 86Sr(1 - --> 0+) correlated ground state. 

Similarities in the calculated results suggest that the 86Sr excitation spectrum, which 
is still under investigation, will display some of the features noted for the other two 
nuclei. In the GDR energy region, sharp analogue resonances are expected correspond
ing to low-lying predominantly single particle excitations in the parent nucleus 
86Rb. Dipole states above the neutron threshold (20·7 MeV) concentrate the majority 
of the analogue transition strength but Po emission from these states is expected to 
be inhibited relative to that from the low-lying analogues. Comparisons between 
calculated and experimental spectra in 88Sr and 90Zr have been successful for this 
good isospin model and make future applications to other suitable nuclei of con
siderable interest. 
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