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Abstract 

A formula is derived for the projected density distribution on a photographic plate which would 
arise from a given static spherically-symmetric relativistic stellar system. For weak gravitational 
fields, a corresponding post-Newtonian expression is derived which is relatively simple to use once 
a particular proper stellar number density has been specified for the relativistic system under con­
sideration. For application to the outer regions of such a system, this post-Newtonian formula 
simplifies considerably, and it is possible to solve von Zeipel's problem explicitly for these outer 
regions to obtain an expression for the proper number density of stars in such a system from the 
projected density on a photographic plate. We find that, if Newtonian theory alone were used to 
calculate the stellar number density in a relativistic system from the projected density, the system 
so constructed would appear to be less centrally condensed than it really is. 

1. Introduction 

The determination of the three-dimensional density distribution of stars in a 
globular cluster from the projected density on a photographic plate is a classical 
problem in astronomy. It was originally solved by von Zeipel (1908) who reduced 
it to the solution of an Abel type integral equation. 

In view of the recent interest in the role that supermassive relativistic clusters 
might play in astrophysical processes, e.g. as models of quasars or as sources of 
gravitational radiation, it would seem worth while to re-examine von Zeipel's problem 
in the context of general relativity. For any system of luminous point masses whose 
structure is influenced by relativity, the gravitational deflection of light will introduce 
modifications into the projected density. However, in fully relativistic situations, 
the problem of determining the proper number density from a simple counting of 
the number of stars per unit solid angle is indeterminate. The reasons are that in a 
static spherically-symmetric system there are three unknowns, namely, the two 
metric coefficients as well as the proper number density, and that the metric coeffi­
cients are determined not only by the number of stars present but also by their mass 
and velocity distributions. 

We shall be concerned here initially with the corresponding inverse problem. 
From a complete solution of the Einstein field equations corresponding to some static 
spherically-symmetric system of point masses, we shall derive an expression for the 
projected number density as it would appear to a very distant observer. The proper 
number density n(r) of the stars in the system, where r is a radial coordinate, is 
assumed to be given. 
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An important factor, of course, is the optical depth of the system. Naturally, a 
system must be optically thin in order that all its stars may be seen. However, high 
optical depths would be encountered in the majority of relativistic situations. This 
is especially true for supermassive clusters in the nuclei of certain types of galaxies, 
where the clusters would probably be obscured by clouds of dust and gas. The stars 
themselves would also produce large optical depths if they were of the main sequence 
or giant variety. However, it is unlikely that main sequence stars would ever be found 
in relativistic systems since elementary estimates of collision times (Fackerell 1968; 
Zel'dovich and Novikov 1971) show that, in any cluster having a realistic total mass, 
a main sequence star could not possibly survive for astronomical times at the stellar 
densities required for relativistic effects to be important. If the system consisted 
of white dwarfs, neutron stars or black holes then the situation is improved because 
the optical depth due to the objects themselves would always be small, although 
the actual detection of such objects could present quite a problem. There is also 
the problem that, with the resolution obtainable from ground-based telescopes, 
we cannot expect to be able to distinguish the individual stars in a relativistic stellar 
system. The only quantity presently measurable is the integrated flux density or 
surface brightness, although this situation might change in coming years when 
observatories are established above the atmosphere. 

A slightly different phenomenon is a halo of stars surrounding a supermassive 
black hole. It seems likely (Zel'dovich and Novikov 1971) that, when a stellar 
system ultimately collapses, a halo of stars would be left surrounding the black hole 
that is formed in the process. Here the gravitational field can be generated by the 
hole itself and consequently we do not need a high number density of stars, or even 
a large number of stars, to produce relativistic effects. 

In Section 2, a general expression is derived for the total number of stars per unit 
solid angle as seen by a distant observer, corresponding to a nonsingular but other­
wise arbitrary (with certain restrictions) static spherically-symmetric metric containing 
an arbitrary (again with certain restrictions) distribution of point masses. In Section 3 
this general expression is expanded in powers of c - 2 to obtain the corresponding 
post-Newtonian formula for weak gravitational fields. A simplified version of this 
formula is then derived for the situation where the stars in the outer regions move 
in the exterior Schwarzschild metric created by the massive inner regions of the 
system. Finally, in Section 4, this simplified formula is inverted to give the three­
dimensional number density in the outer regions of the system. 

2. General Theory 

We shall adopt a system of units in which G = c = 1 and employ the canonical 
form of the static spherically-symmetric line element 

_ds 2 = -exp(24)(r))dt2 +r2(do"2+sin20'd<p2) +exp(2,A,(r))dr2 (1) 

expressed in terms of Schwarzschild coordinates r, 0', <p, t. We shall assume throughout 
that the distribution of stars extends to spatial infinity but that the number density 
drops off rapidly enough at large r so that the total mass of the system is finite. In 
this case the metric (1) asymptotically approaches the Schwarzschild exterior solution 
as r approaches infinity. 
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Since the projected density depends upon the trajectories of photons emitted 
within the system, the problems at hand may be solved by studying solutions of the 
eikonal equation, which governs the motion of massless particles in a gravitational 
field. For a general metric gaP (rx,p = 0, ... , 3) the eikonal equation is 

gaP (0 'l'/oxa)(o'l'/oxP) = 0, (2) 

where 'l' is the eikonal. In a spherically-symmetric gravitational field, photon orbits 
always lie in a plane, which we take to be the plane (j = tn. Landau and Lifshitz 
(1962) have shown that equation (2) then reduces to 

(dcjJ) 2 [2exp(2A(r)) 
dr = r2{r2 exp(-2<P(r))-12} , (3) 

where I is the impact parameter as measured at infinity. In a spherically-symmetric 
gravitational field, I is the only parameter that characterizes a photon trajectory. 

We now consider an observer situated a large distance Xo along the x axis where 
space-time may be assumed fiat, as shown in Fig. lao Let 0 denote the angle between 
the x axis (which passes through the centre of the system) and the direction in which 
the observer looks. It can be seen from the diagram that the impact parameter 1 
is given by 1 = Xo sin O. We take the x axis to be the origin of the azimuthal angqlar 
coordinate cjJ which appears in equation (3). It is our aim to calculate the total number 
of stars that appear to lie in a unit solid angle dQ at the observer. In the observer's 
frame of reference, the azimuthal angular coordinate t/J (see Fig. Ib) can have an 
arbitrary orientation because of the symmetry of the observations about the x axis. 
The origin of t/J has been chosen to coincide with the (j = !n plane of the metric (l). 
The element of solid angle at the observer is defined in the usual manner by 
dQ = sin 0 dOdt/J. 

The four photon trajectories associated with the directions defining dQ form the 
elongated volume element denoted by d2 V in Fig. lao Our aim is to calculate the 
number of stars lying in the region of space-time bounded by these four orbits. The 
trajectories lie in two planes separated by the angle dt/J as they leave the neighbourhood 
of the observer (using the reversibility of photon directions) and, because of the planar 
nature of the motion, they remain in these planes as they pass through the system. 

Since we expect relativistic systems to subtend extremely small solid angles at 
the Earth, we restrict our discussion to small values of O. The number of stars in 
d2 V is expressed as a proper line integral along a photon trajectory, and it is assumed 
that the number density distribution vanishes sufficiently rapidly with increasing 
r that the major contribution to the integral comes from regions close to the centre 
of the system. Explicitly, we assume nCr) to be non-negligible only for values of r 
satisfying r ~ roo 

The calculation of the number of stars in d2 V is facilitated by the fact that, while 
the region has a finite length (over the region of interest near the centre of the system), 
it has only an infinitesimal cross sectional area. The coordinate system is oriented 
so that cjJ is the angle between a radial vector from the centre of the system and the 
x axis. We can now define a proper infinitesimal volume element d3v lying in d2 V 
between coordinate 'surfaces' defined by cjJ and cjJ + dcjJ (see Fig. Ie for d3v lying in 
the first quadrant). To third order in small quantities, we have 

d3v = r I sin cjJ I dt/J rdcjJ exp(A(r) )(dr)"" (4) 
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Fig. 1. Viewing geometry (not to 
scale) for an observer at Xo and a 
system of point stellar masses about 
the origin, showing: 

(a) that all stars contained within the 
volume element d2 V appear to lie 
within the solid angle element dQ at 
the observer, 

(b) the definition of dQ, with If! 
measured from the (J = tn plane of 
metric (1), and 

(c) details of the volume element d 3v, 
of which the region d2 V is composed. 

y (e) 

", 
" " 

(b) 

" " 

" " 

I 
J 

:/ 
J 
I 
J 

,,0 

K. G. Suffern 

x 

x 

x 



Appearance of Relativistic Stellar Systems 97 

where the absolute value of sin cjJ has been used in case the photon orbits cross the 
x axis, and the quantity (dr)", is the radial coordinate separation (AB in Fig. Ie) 
between two neighbouring trajectories associated with the impact parameters 1 and 
I+d/. Formal integration of equation (3) gives cjJ as a function of rand 1 along a 
trajectory, that is, cjJ = cjJ(r, I). In principle this may now be inverted to give r = r(cjJ, l) 
from which it follows that, for a change dl = xocosOdO in I, we have 

(dr)", = xo(orjOl)",cosOdO. (5) 

Since a complete solution of the eikonal equation does not give r explicitly in terms 
of cjJ, the calculation of (dr)", is facilitated by using 

(~~L = - (~t)j (:;)1' (6) 

The total number of stars d2 NjdQ per unit solid angle at the observer is now 
obtained by integrating n(r)d3v over the appropriate range of cjJ and dividing the 
result by dQ. We obtain 

d 2 N r 2"'m(l) I (ocjJ) / (8cjJ) I dO = X~ 1- 1 J 0 nCr) r2 exp ic(r) sin cjJ [j[ r or I dcjJ. (7) 

The modulus signs in the integrand are necessary because for very strong gravitational 
fields the orbits associated with different impact parameters can cross inside the 
system. At the point of intersection, (dr)", is zero and equation (5) then gives a negative 
value for (dr)", along a certain section of the orbit. 

The quantity cjJm(l) is the value of cjJ at the pericentre of the photon orbit. We have 
used the fact that the orbit is symmetric about its pericentre, a consequence of the 
static spherical symmetry. If Xo is large enough compared with the dimensions of 
the system, no appreciable errors will be incurred if it is replaced by 00 when the 
eikonal equation is solved. It then follows from equation (3) that 

cjJm(l) = 1 foo U -1 exp 2 {U 2 exp ( - 2cP) -12r t du, 
rm(l) , 

(8) 

where r 1ll(l) is the solution of 

r~ -/2 exp2cP(rm) = O. (9) 

Since cjJ is a double-valued function of r, it is necessary to distinguish solutions of 
equation (3) (subject to a given set of initial conditions) for which cjJ ~ cjJm from those 
for which cjJ ~ cjJlII' We write the former as 

cjJaCr, I) = J(r, I) for cjJ ~ cjJm' (10) 
where 

J(r,l) = 1 f.oo u- 1 exp2{u2 exp(-2cP) -12r t du, (11) 

and the latter as 

cjJb(r,1) = 2cjJ,il) -J(r, I) for cjJ ~ cjJm· (12) 

The integral in equation (7) is still inconvenient to work with unless equations 
(10) and (11) can be inverted to give r = r(cjJ, I). In most applications, e.g. the post­
Newtonian approximation to be discussed in Section 3, it is more convenient to 
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change the variable of integration to r by using 

dcp = (ocp/or), dr, 

K. G. Suffern 

which holds along a trajectory. We then obtain, in the subscript convention adopted 
in equations (1O) and (12), 

d2N/dQ = x~l-l{fa(l)+fb(/)}, (13) 
where 

fa = foo n(r) r2 exp A{r) I (oCPalol)r sin cpir, 1) I dr, 
rm(l) 

(14a) 

Ib = foo nCr) r2 exp A{r) I (oCPblol)r sin CPb(r, I) I dr. 
rm(l) 

(14b) 

We note that the distance Xo to the system appears only as a simple scaling factor 
in equation (13). 

The preceding analysis would break down if there existed regions of space-time 
where photons could be trapped by the gravitational field. We shall avoid this 
situation by restricting our attention to fields which are not strong enough to produce 
this effect. As it turns out, this is not a particularly harsh restriction since the required 
fields would be extremely strong. For example, Synge (1966) has shown that all of 
the photons emitted from the surface of a relativistic star of mass M and coordinate 
radius R would escape to infinity only when M/R < t. Although this relation is 
true only for the Schwarzschild exterior solution, we would expect it to hold approxi­
mately for interior metrics as well, and accordingly a criterion for the validity of 
the above calculations is that 

M(r)/r ~ t (15) 

be satisfied for all r. Here M(r) is the total mass-energy inside the radius r. 

3. Post-Newtonian Approximation 

In many astrophysical situations it is not necessary to use the full formalism of 
the previous section. In many cases the gravitational fields will not be strong enough 
to warrant the full use of equations (13) and (14), and an analysis of photon trajectories 
in a post-Newtonian metric should be quite adequate. It is a fact that nearly all 
models of static spherically-symmetric star clusters which have been constructed to 
date become unstable when their central redshift reaches the value Zc ~ 0·5. It is 
approximately at this point that the binding energy per unit mass attains a maximum 
value and the clusters subsequently undergo gravitational collapse once they have 
evolved quasi-statically to this stage (Fackerell et al. 1969; Ipser 1969). However, 
cluster models have been constructed which are probably stable for any central 
redshifts. These are the models constructed by Bisnovatyi-Kogan and Zel'dovich 
(1969). -

In this section we expand the integrals (14) in powers of c- 2 and retain only the 
zeroth and first order terms. We adopt the following notation for the expansion of 
the metric coefficients: 

exp2«P(r) = 1-2U(r)+eJ{c-4), 

exp2A(r) = 1+2H(r)+eJ(c-4). 
} (16) 
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We assume that U(r) and H(r) are small compared with unity. The function U(r) 
is the Newtonian gravitational potential defined in terms of the material density p 
by means of Poisson's equation (Chandrasekhar 1965) 

V2 U == -4np. (17) 

We choose not to expand the proper number density nCr), but leave it intact. 
Before expanding the integrals (14), we note the following important fact. It 

is only the Newtonian value of goo = '-exp2cP(r) that is required and, as we now 
demonstrate, this has important consequences for any applications of the post­
Newtonian analysis. It is clear from equations (9)-(14) and (16) that any expansion 
depends only upon the quantities nCr), U (r) and H (r). However, in the post-Newtonian 
approximation both U(r) and H(r) are uniquely determined in terms of the material 
density per), which in turn is determined by nCr). If the average rest mass of the objects 
at a particular point in the system is mo(r), we can calculate p(r) by using 
per) = mo(r)n(r). For a spherically symmetric field, the solution of equation (17) is 

U(r) = 4nr- 1 f: u2 mo(u) n(u) du +4n fA) u mo(u) n(u) du . (18) 

It then follows readily from the relation 

exp -2A(r) = 1-2M(r)/r, 

where M(r) is the total mass-energy inside the radius r, that H(r) is given by 

H(r) = 4nr- 1 f: u2 mo(u)n(u) du, that is, dU(r) (19) H(r) = -r<rr. 

We can now proceed to expand the integrals (14) by making a post-Newtonian 
expansion of equation (9). This gives the following expression for the radial coordinate 
of the pericentre 

rm(l) = 1-IU(!)+@(U2). (20) 

The modulus signs in equations (14) would create difficulties if we had to expand 
the integrals as they stand but fortunately, in the weak field approximation, we may 
safely dispense with them. The reason is that we do not expect photon orbits to 
cross the negative x axis. The signs of the (arP/a!), factors still have to be reckoned 
with but, since we do not expect orbits having different impact parameters to intersect 
in the weak field approximation, we have 

(arPa/a!), > 0 and (arPb/al), < 0 

for all relevant values of r. 
The most convenient way to expand the integrals (14) is to define two new integrals 

Ka(l) = 5.: nCr) r2 exp A(r) cos rPa(r, l) dr, 

Kb(l) = JOO nCr) r2 exp A(r) cos rPb(r, I) dr, 
'm 

(21a) 

(21b) 
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which are related to [a(l) and [b(/) by 

[a(l) = - (dKil)/dl) - n(r".) r;, exp 2(r m) cos ¢lir m) (dr m(l)/dl), 

[bel) = (dKb(l)/dl) +n(r".) r;, exp2(r m) cos ¢lb(r".) (dr m(l)/d/). 

Then, since ¢la(r m' I) = ¢lb(r m' 1), equation (13) becomes 

d2 N/dQ = x~ r 1 {dKb(/)/d/- dKa(l)/d/} . 

K. G. Suffern 

(22) 

The evaluation of Kil) and Kb(l) now proceeds by expansion of J(r, I) defined 
in equation (11). We start by rewriting 

f.
<Xl {l+H(u)} du 

J(r, 1) =1 r u{u2 -12 +2u2 U(u)p·· (23) 

We note that it is invalid to make a binomial expansion of the integrand in powers 
of U. This might seem a logical procedure to follow because a term by term integra­
tion between r = 0 and 00 of such an expansion could be substituted into Ka and 
Kb, and then integrated term by term again to obtain an expression which in general 
would be finite and perfectly well behaved for all values of I; but unfortunately the 
expression would also be wrong! The reason is that when we expand the integrand 
of J(r, I) it is impossible to avoid terms of the form U (u)/(u2 _/2)3/2 which blows up 
at u = I. Integration of this term from u = r to 00 produces a term proportional to 
(r 2_/2)-t, which on integration from r = rm to 00 ultimately produces a term which 
contains no singularities, and indeed is always small compared with the Newtonian 
term. But the damage was done right at the start because expansion of the denomi­
nator in J(r, I) violates the assumption that the post-Newtonian part of the integrand 
was small compared with the Newtonian part. This renders the final result invalid 
even though the integrals obtained are small. 

This problem may be circumvented by introducing the following change of variable 
in equation (23) 

v = u+uU(u) (24) 

and noting that the inverse relation is u = v -v U(v) through order U. In terms of 
v, we can now write 

J(r, I) = cosec- 1(rl- 1 +rr1 U(r)) + B(r, I), (25) 

where 

B(r, 1) = I f.<Xl H(v) -v U'(v) 
r v(v2_12)t dv (26) 

is purely a post-Newtonian term. Here U'(v) denotes the derivative of U with respect 
to v, and henceforth a prime will always denote the derivative of a function with 
respect to its argument. 

It now follows readily from equations (10) and (25) that 

cos ¢laCY, I) = r-l{r2 _/2 +2r2 U(r)}t _r-1 (r2 _/2)t U(r)-r- 11 B(r, 1) (27) 
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through order U and e. The {r2 _/2 +2r2 U(r)}t term must be left intact at this 
stage since expansion of it still leads to a singular post-Newtonian term. Neglecting 
squared and higher terms in U and e, equations (16), (20), (21a) and (27) may now 
be combined to give 

Ka(l) = Q(l) -lP(l) - fXl rn(r){U(r)-H(r)}(r2-12)t dr, (28) 

where 

Q(l) = roo rn(r){r2 _[2 +2r2 U(r)}t dr 
J l-IU(/) 

(29) 

and 

pel) = 100 r nCr) e(r, 1) dr. (30) 

The only term in equation (28) that is not 'cleanly' divided into a Newtonian 
or post-Newtonian part is Q(l), but we are now in a position to obtain a valid expan­
sion of this by employing a similar transformation to (24). Accordingly we set 

s = r +r U(r) = r +s U(s) +£9(U2) (31) 

and note that the lower limit of Q(l) now becomes simply s = I. This contains no 
post-Newtonian part, and it is this fact which enables us to expand Q(l) in a valid 
fashion. In addition, we make a Taylor series expansion of the number density 

nCr) = n(s)-sU(s)n'(s)+£9(U2). 

Consequently, to post-Newtonian order, Q(l) becomes 

Q(l) = 100 r n(r)(r2 _12)t dr- 100 r F 0(r)(r2 _12)t dr, (32) 

where 

Fo(r) = 2n(r) U(r) +rn(r) U'(r) +1' U(r)n'(r). 

The second integral in Q(l) is a post-Newtonian term and so we have used r as the 
variable of integration there. The justification for also using r in place of s in the 
first integral is that in applications we shall specify n(r) as an explicit function of r. 
It is this functional dependence that is to be used in the integral, a fact which reduces 
s (or r) to a dummy variable of integration. 

Substituting equation (32) in (28) and differentiating with respect to I results 
in the following expression 

K~(/) = -lL1(1) +IL2(1) -IW(I), (33) 

where 

L1(l) = 100 rn(r)(r2-12)-tdr, LzCl) = 100 rF(r)(r2-12)-tdr, (34) 

W(/) = [-1 P(/) +P'(I) and F(r) = 3 nCr) U(r) +2rn(r) U'(r) +rn'(r) U(r). 
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The evaluation of Kb(/) now proceeds in an analogous fashion to that of Ka(l), 
the only additional information required being the expansion of tPm(/). However, 
tPm(1) is just J(r, I) evaluated at r = rm(l) and it thus follows readily from equation 
(25) that the post-Newtonian expansion of tPm(/) is 

tPm(l) = !n + e(l) , (35) 

where e(1) = e(l, I) in equation (26). Evaluating K{,(/) and combining it with K~(l) 
in equation (22), permits us to write the number of stars per unit solid angle at the 
observer in the form 

d2NldQ = 2xHL1(/) +LlpN(/)} (36) 

to post-Newtonian order. Here 

LlPN(/) = W(/) +In(l)e(l) -Li/) -G(l)L3(l) , (37) 

L3(1) = LX) r nCr) dr and G(l) = Z-1 eel) + e'(l) . 

A question which naturally comes to mind is whether the post-Newtonian correc­
tion to the apparent density is positive or negative. We cannot make a general state­
ment about this, however, since the post-Newtonian term must undergo a change 
in sign for some value of the impact parameter I. This is necessary to conserve the 
total number of stars observed in both cases. 

It is possible, however, to prove that the post-Newtonian term always has a 
definite sign when we observe the outer regions of a stellar system. If we make the 
reasonable assumption that the stars in the outer extremities do not contribute 
significantly to the gravitational field, the metric (1) will be given approximately by 
the Schwarzschild line element in these regions. In the post-Newtonian limit, this 
gives U(r) = H(r) = Mlr, where M is the total mass of the system. The post­
Newtonian theory developed in this section is thus valid provided r, I ~ M. The 
condition on I comes from equation (20), which for this case is 

rm(l) = I(I-MII). 

The integrals in equation (37) now simplify considerably and we find that 

Lil) = M LX) n(r)(r2-12)-tdr +M J,oo rn'(r)(r2-12)-tdr, (38) 

G(l) = 4M J,oo ,.-2(r2_12)-tdr -6M12 J,oo r- 4 (r2-12)-tdr == 0, (39) 

W(l) + 1 n(l) O(l) = 2M J,oo n(r)(r2 _12)-t dr. (40) 

Combining equations (38), (39) and (40) in (37) gives 

LlpN = M J,oo n(r)(r2-12)-tdr -M J,oo rn'(r)(r2-12)-tdr, (41) 

which is always positive since n(r) is always a decreasing function of r. This is a 
result of the bending of light by the gravitational field. 
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4. Calculation of Number Density 

In regions of space-time where they are valid, the expressions (36) and (41) for 
the projected density allow us to derive an expression for the number density n(r) 
in the post-Newtonian approximation. In Newtonian theory equation (36) reduces to 

d2N/dQ = 2x5 fO rn(r)(r2-12)-t dr, 

which has the solution (von Zeipel1908) 

nCr) = -2n- 1 Loo D'(1)(12-r2)-tdl == T(r), 

where 
D(l) = !xC; 2 d2N(I)/dQ 

is the observed quantity. 
Combining equation (36) with (41) and defining 

fer) = (1+r-1M)n(r) -Mn'(r) 
results in 

d 2N/dQ = 2x5 5,00 rJ(r)(r2-12)-tdr, 

(42) 

say, (43) 

which has exactly the same form as equation (42). Consequently, the solution for 
f(r) is, from equation (43), 

fer) = T(r) , 
or 

dn(r)jdr -(M-l+r-l)n(r) = _M-1 T(r). (44) 

Equation (44) is a linear first-order differential equation for nCr) whose solution is 

nCr) = M-1rexp(M-1r) Loo exp( -M-1u)u-1T(u) du. (45) 

This formula for nCr) is the exact solution of (44) but, since Mjr ~ 1, we are at liberty 
to discard all terms of order (Mjr)2 and smaller to obtain the correct post-Newtonian 
expression. 

Successive integration by parts in equation (45) allows us to expand n(r) as a 
power series in Mjr and we subsequently arrive at 

nCr) = T(r) -(M/r){T(r) -r R'(r)} +@(Mjr)2. 

We see immediately that the post-Newtonian term here is negative and we are thus 
led to the following conclusion. If the number density of stars in a relativistic stellar 
system were calculated using only Newtonian theory, it would lead to an overestimate 
of the density in the outer regions where the above formulae would most likely hold 
to a good approximation. 

5. Conclusions 

We have derived an expression for the projected density distribution that would 
arise from a given relativistic stellar system. In the post-Newtonian approximation 
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this expression reduces to a formula which is relatively simple to use once a particular 
proper number density has been specified for the relativistic stellar system under 
consideration. It is possible in the post-Newtonian approximation to solve von 
Zeipel's problem explicitly in the outer regions of such a system, i.e. to obtain the 
proper number density of stars in the outer regions of such a system from the pro­
jected density on a photographic plate. We find that if Newtonian theory alone were 
used to deduce the stellar number density in a relativistic stellar system from the 
projected density, the system so constructed would appear to be less centrally con­
densed than it is in reality. In other words, the system would appear to be less relativis­
tic than it really is since high central condensations are usually synonymous with more 
highly evolved systems, which in turn are more likely to be relativistic (Fackerell 
et al. 1969). 

The present result is a consequence of the bending of light by the gravitational 
field. As a result of this bending, some of the stars which appear in the outer regions 
of the system are actually a little closer in towards the centre than their positions on 
the photographic plate would indicate (i.e. using Newtonian theory). 
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