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Abstract 

It is shown how the mean form factor for Rayleigh-Gans scattering from a spherical polydispersion 
may be inverted to obtain the size distribution of the poiydispersion. 

The problem of the scattering of electromagnetic waves by spherical particles 
has seen a resurgence of activity in the last 20 years, although the basic solution 
was known 70 to 100 years ago (Clebsch 1863; Lorenz 1890; Mie 1908; Debye 1909). 
The present interest stems from the widespread application of the theory to the 
physical chemistry of macromolecules and colloids, to X-ray scattering, to atmospheric 
and space optics and to radar meteorology, which are reviewed, for example, in the 
books by Van der Hulst (1957) and Kerker (1969). One of the problems of current 
interest is that of determining the size distribution of a dilute polydisperse system 
from the properties of the scattered radiation. In this note it is shown that measure­
ments of the angular distribution of intensity or polarization may be explicitly 
inverted to obtain the size distribution when the individual scatterers are unifolm 
spheres, and the scattering from each is treated in the Rayleigh-Gans approximation. 

In the Rayleigh-Gans approximation the scattering from a sphere of radius R, 
with a relative refractive index m, is described in terms of a form factor P(k, 0) given 
by (Rayleigh 1910, 1914, 1918; Debye 1915; Gans 1925) 

P(k, 0; R) = tn(XR)-3 J~/2(xR) = P(xR) , (1) 

where x = 2ksin!(J, 0 is the scattering angle and k = 2n/A is the wave number. 
The form factor is related to the intensity 11 for scattering of radiation polarized 
perpendicular to the scattering plane, and to the intensity 12 for scattering of radiation 
polarized parallel to the scattering plane, by 

k4 Im2 -I1 2 
Ii = r2 R6 m2+2 P(k,O;R) and 12 = cos20I1 , (2a, b) 

where m is the relative refractive index of the scatterer and r is the distance to the 
observer. From these expressions the Stokes parameters may be derived in the usual 
way (Newton 1966; Kerker 1969). 
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Observations on scattering from a polydisperse system- will measure -an average 
form factor, defined by 

P(k,O) = foOO R6 P(k,O;R)n(R) dR, (3) 

where nCR) is the size distribution function of the polydispersion. The fundamental 
inverse problem is the solution of the expression (3) regarded as an integral equation 
for nCR). This problem occurs, for example, in the determination of the size distribu­
tion from small angle X-ray scattering (Letcher and Schmidt 1966) and in the deter­
mination of the size distribution of the atmosphere aerosol (Kuriyan and Sekera 
1974; Kuriyan et al. 1974). For the case in which the form factor P(k, 0; R) is given 
by the Rayleigh-Gans expression (1), we can rewrite equation (3) as 

P(x) = foOO P(xR)N(R) dR, 
(4) 

where N(R) = R6 nCR). This equation has a solution in terms of Mellin transforms, 

where 

N(R) = foOO W(xR)P(x) dx, 

pM(S) WM(I-s) = 1 

andJM(s) is the Mellin transform ofJ(z): 

fM(S) = f:oo fez) zS-l dz, 

iC+iOO 
fez) = (2ni)-1 fM(s) z -s ds. 

C-Ioo 

(5) 

(6) 

(7a) 

(7b) 

This solution of -equations of the form (4) is derived, for eX;;Lmple, by Titchmarsh 
(1937) and-Bracewell (1965). For the particular P(z) defined by equation (1) it is 
straightforward to construct 

pM(S) = tnt r(!s)/ (3-!s)(2-!s)r(f-ts), (8) 

using standard Mellin transform tables (Erdelyi et al. 1954). The construction of 
W(z) is a little more tedious, but one finds eventually . 

W(z) = 196 n-1 Z7 {(tz-t -1 )z-t j1 (2zt) -j-z-t jo(2z*)} , (9) 

wherej,(z) is the spherical Bessel function of order 1. 
The solution of equation (4) can also be given in an alternative form by writing 

this equation as 

-tn-i- x 3 P(x) = - foOO k3/ 2(xR)m(R) dR, (10) 

where 
f (2 ) k3/2(z) = In d zJ 3/iz) /dz (11) 
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is Bateman's kernel (Bateman 1906; Titchmarsh 1937) and 

dm/dR = R2n(R). 
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(12) 

Equations of the type (10) were solved by Bateman. In the present case we obtain 

meR) = t foa:> J 3/2HxR) Y3/ 2HxR) x3 1'(x) dx. (13) 

As a check on the above construction, the expression for 1'(x) given by Kuriyan and 
Sekera (1974) for the Deirmendjian (1969) haze H distribution function 

nCR) = aR2 exp( -bR) (14) 

has been explicitly inverted to recover the original distribution function. 
It should be emphasized that the inversions given by equations (5) and (13) formally 

require a knowledge of 1'(x) for all x in the range 0 < x < 00, while in any practical 
situation 1'(x) can be measured for only a finite range of values of x. An important 
question is the extent to which this lack of knowledge of 1'(x) over the whole range of 
x affects the uniqueness of the inversions (5) and (13). As an extreme example that 
this restriction of the range can limit the power of the inversion technique, we note 
that (McKellar 1974) 

1'(x) = 1'(0) {I -tp2X 2 • •• }, 

where 

p2 = foa:> R8 nCR) dR / foa:> R6 nCR) dR . 

This implies that a knowledge of 1'(x)/1'(O) only for very small x (which is sometimes 
the experimental situation) determines just the parameter p2 of the distribution. 

At this stage the inversion formulae (5) and (13) should be regarded as formal 
solutions of the inversion problem for scattering by polydispersions. It is proposed 
in a later paper to discuss the problem of converting these formal solutions into 
practical tools, and the related problems of deciding which of the inversion formulae 
is of more use in practical situations. 

Acknowledgment 

It is a pleasure to thank Professor J. G. Kuriyan for introducing me to the subject. 

References 

Bateman, H. (1906). Proc. London Math. Soc. (2) 4, 461. 
Bracewell, R. (1965). 'The Fourier Transform and its Applications' (McGraw-Hill: New York). 
Clebsch, A. (1863). erelles J. 61, 195. 
Debye, P. (1909). Ann. Phys. (Leipzig) 30,57. 
Debye, P. W. (1915). Ann. Phys. (Leipzig) 46, 809. 
Deirmendjian, D. (1969). 'Electromagnetic Scattering on Spherical Polydispersions' (Elsevier: 

New York). 
Erdayi, A., Magnus, W., Oberhettinger, F., and Tricomi, F. G. (1954). 'Tables oflntegral Transforms' 

(McGraw-Hill: New York). 
Gans, R. (1925). Ann. Phys. (Leipzig) 76, 29. 
Kerker, M. (1969). 'The Scattering of Light and Other Electromagnetic Radiation' (Academic: 

New York). 



,740 Short Communications 

Kuriyan, J. G., Phillips, D. H., and Wilson, R. (1974). Determination of optical parameters of 
atmospheric particulates from ground based polarimeter measurements. Quart. J. Roy. Meteorol. 
Soc. (in press). 

Kuriyan, J. G., and Sekera, Z. (1974). Quart. J. Roy. Meteorol. Soc. 100,67. 
Letcher, J. H., and Schmidt, P. W. (1966). J. Appl. Phys. 37, 649. 
Lorenz, L. (1890). K. Norske Vidensk. Selsk. Skr. 6. 
McKellar, B. H. J. (1974). What property of a haze is determined by light scattering? Quart. J. Roy. 

Meteorol. Soc. (in press). 
Mie, G. (1908). Ann. Phys. (Leipzig) 25, 377. 
Newton, R. G. (1966). 'Scattering Theory of Waves and Particles' (McGraw-Hill: New York). 
Rayleigh, Lord (1910). Proc. Roy. Soc. London A 84, 25. 
Rayleigh, Lord (1914). Proc. Roy. Soc. London A 90, 219. 
Rayleigh, Lord (1918). Proc. Roy. Soc. London A 94,296. 
Titchmarsh, E. C. (1937). 'Introduction to the Theory of Fourier Integrals' (Oxford Univ. Press). 
Van der Hulst, H. C. (1957). 'Light Scattering by Small Particles' (Wiley: New York). 

Manuscript received IS March 1974 


