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Abstract

The statistical theory of energy-averaged reaction cross sections is examined using the pole expansion
of the S-matrix. Exact expressions for the average cross sections in terms of the parameters of the
S-matrix are derived for the case when there are two open channels. It is shown that when the number
of channels exceeds two, the average cross sections can be evaluated provided the poles of the
S-matrix are evenly spaced.

1. Introduction

The behaviour of energy-averaged reaction cross sections in terms of transmission
coefficients was originally formalized by Hauser and Feshbach (1952; hereinafter
abbreviated HF) using Bohr’s compound nucleus assumption. Subsequent investiga-
tions, by means of the R-matrix formalism for example, showed that in the context of
resonance theory (Thomas 1955; Lane and Lynn 1957) the HF theory, modified to
include fluctuation corrections, could only be expected to apply when the ratio I'/D
of the averaged level width to the average level spacing was sufficiently small.

Attempts to improve upon the HF theory, using various representations of the
S-matrix, have met with little success (Moldauer 1964; Ullah 1969; Kawai et al.
1973). The most notable attempt was Moldauer’s (1964) theory. From the unitarity
and analyticity of the S-matrix, he derived expressions for the average cross section
in terms of the parameters of the statistical S-matrix. However, these results did not
provide a practical alternative to HF theory owing to the fact that the cross sections
contained terms which were found to be extremely difficult to evaluate. In order to
overcome this difficulty, Moldauer (1975) introduced the ‘M-cancellation principle’,
where, as a result of cancellation of certain terms, the average cross section is given
by the HF theory in which the fluctuation correction is obtained by associating with
each channel c a variable number of degrees of freedom v,. This procedure, originally
proposed by Lane and Lynn (1957), is also formally identical with that put forward
by Tepel et al. (1974) and Hofmann et al. (1975), whose analysis is based on Bohr’s
compound nucleus assumption.

It has been found (Moldauer 1975; Hofmann et al. 1975) that, with suitable
parameterization of the quantities v,, the HF formula yields results which are much
more accurate than those obtained from the HF theory with all v, = 1. On the other
hand, the basic HF expression for the cross section has only been derived from
resonance theories in the case of weak absorption (I'/D < 1) and in the case of many
channels with strong absorption (Agassi et al. 1975).
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In the present paper we investigate energy-averaged cross sections using the pole
expansion of the S-matrix. When there are only two open channels, the averages
can be evaluated exactly using only the unitarity and analyticity of the S-matrix.
When more than two channels are open, the problem becomes much more difficult;
however, in the special case when the poles of the S-matrix are evenly spaced, an
exact solution is possible even when the number of open channels exceeds two.

2. General Theory

The energy-averaged cross section {o¢,..» for a reaction ¢ — ¢’ can be expressed
in terms of the energy averages of the elements U“ of the collision matrix and of
their absolute squares | U,,. |* as

<acc’> = TCig(I 6cc"— Ucc’ I2> (1)
and the average total cross section as
oy = 2n4;(1 —RedU.)). @

It is customary to separate (o, into a direct part o2, and a compound nucleus
part o'%, (Feshbach et al. 1953),

O-SC' = nz?lécc'_<Ucc'>|23 Gzl‘.r = nz?((l Ucc']2>—|<Ucc’>l2)‘ (3)

With these definitions, the transmission coefficient of channel c is given by the familiar
relation

T. = 1-KUI*. @

In order to evaluate the necessary energy averages, we assume a collision matrix
of the form
U=Q0S5Q, %)

where Q is the matrix of hard-sphere scattering phase shifts ¢,,

Qe = exp( - 1¢c) 5cc' > (6)
and S is a statistical S-matrix as defined by Moldauer (1964) with elements
Seer = Sgc"l’izglcg}.c'/(g}._E)’ (7)
where g
&, =E;,—3%, (®)

and S° is assumed to be energy independent. The energy average of S, denoted by
S = (8, is obtained from the relation (Moldauer 1967a)

gcc’_(g*—l)cc' = _2n<g}.cg).c’>/Ds (9)

where D is the average level spacing, as before.
The Engelbrecht-Weidenmiiller (1973) transformation allows us to consider,
without loss of generality, only those S-matrices for which

<glcg).c'> = <g22.c>6cc’ and Im<g)2,C> =0. (10)



Statistical Theory of Nuclear Reactions 153

Equation (9) can then be solved to yield
{S,> = (cosha, —sinha)d,., (11)
where «, is defined by the relation
n{g2>y/D = sinha,. (12)
The constant background matrix S° then has elements
S?,. = cosha, d,,., (13)
and from equation (4) the transmission coefficients become
T, = 1—exp(—2a,). (14)

The energy average of the quantity |S,,..|*> can be obtained by considering the
integration around a rectangular contour which is based on the real energy axis and
has vertical sides of length W with W > (#%,>/D. The integral of | S...|*> over an
energy interval 4 on E is then equal to the value of 4|S,.(2)|*> as z — iW, plus
2ni times the sum of the residues within the contour. Using equation (7) we obtain

<lScc'|2> = 5cc’_ch', (15)
where
ch' = 2n<g}.cglc' S:::’(éo;.k)>/D' (16)

The principal difficulty in the derivation of a statistical theory is the evaluation of
Z,. in terms of known quantities, such as the transmission coefficients.

3. One and Two Open Channels

In the case where there is only one open channel, S is a scalar function and can be
represented as an infinite product (Ning Hu 1948; van Kampen 1953; Simonius
1974a):

S@) =[1(63-2/(6:~2). an

A

From this it can be shown (Moldauer 1969; Simonius 1974b) that the average of the
residues of S is given by

7{g23>/D = sinha, (18a)
and the average of S is
{(S» = S@iW) = cosha —sinha, (18b)
where
o= n{¥,»/D. (18¢c)

For the purpose of practical applications, the single-channel case is not a very
useful one. However, the importance of the above results lies in the fact that the
determinant of an N-channel S-matrix of the form (7) is just the single-channel
S-matrix given by equation (17). This property allows us to solve the less trivial
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two-channel case. If we write the unitarity condition as

S,,(z) —S,,(z
S*(z*)=A‘1( 22(2) =S )), "
—S12(2) S11(2)
the determinant 4 must be of the form
4 =A4°+iY h3/(€,—2), (20a)
where 4
n(h¥)/D = sinha,  A° = cosha. (20b, ¢)
Evaluation of the ratios S,../4 in the limit z - &, leads to the result
SeA&3) = (93/hdcc: —G1c9aclhi, 21

where we have defined
g =g +9%.
The term Z,.. defined by equation (16) becomes

Zc 2 glcg}.>5cc __ glcglc>, (22)

which, by introducing the quantities @, defined as

®,. = 2nD " gi.gi/h3, (23)
can be written
Zeer = L Pse0ccr = Pic Pic'/Pi) » (24)
where
D), =9,,+P;.

The compound nucleus part of the cross section is then of the form
a{lc’ = nig<¢}.c Qlc’/¢l> + niZ(Tc_<¢lc>)6cc’ . (25)

This expression for the cross section is, of course, exact in the two-channel case.

Finally, in order to establish a connection between «, as defined by equation (12)
and the quantity o (equation 18c), we note that in the N-channel case S(z) becomes
a diagonal matrix as z — i, that is,

SoiW) = exp(—). (26)
In this limit, the determinant of S is just the product of these diagonal elements:
AGAW) =[] S. W) = exp(— Y occ) . )

On the other hand, from equation (18b) we have A(iW) = exp(—a). Therefore it
follows that
x=Y a,. (28)
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If there are no fluctuations in the widths and level spacings, the cross section o,
is obtained by replacing g7, and A% by the values of their averages, and thus

y = 2nA3(sinh o, sinha,)/sinh . (29)
Using equation (14) this can be expressed in terms of the transmission coefficients as
oy = WA Ty To/(Ty+T, — Ty T,). (30)

This result is identical with that obtained from the R-matrix picket fence model
(Moldauer 1967b).

4. General N-channel Case

The method used in Section 3 to derive the average cross section when only two
reaction channels are open does not lend itself to generalization to the multichannel
case. Instead, we will use a method which makes more use of the analytic properties
of the S-matrix.

Let us write the S-matrix of equation (7) in the form

S = B+iG,/(8,—2), 31
where

Bcc’ = COSh“cécc’ +i ;gucguc'/(‘gu_z)a G/lcc’ = Gc9ar-
u

G, is a rank one matrix and has the property G = G,trace G,. Therefore, since
G, B! is also a rank one matrix, we can evaluate the inverse of S as

S™!=S8*=B'—iB"1G,B/(6,~z +itrace G, B7Y). (32)
The determinant A of .S can be expressed as
4 = Ag{l +i(trace G; B~Y)/(&,—12)}, (33)

where A is the determinant of B.
In the limit when z — &, equation (32) yields

S*(&7) = (B; 'trace G, B; ' —B; ' G, B V)/(trace G, B; 1), 34)
where B, is the value of B at z = &,;. From equation (33) it follows that
h; = Ax(&,)trace G, B !, (35)
so that equation (34) can be written
S*(&3) = {4p(€,)/h}(B; *trace G, B;* —B; 1 G, B; Y). (36)
Furthermore, if we denote the matrix of cofactors of B, by ¥,

Vi= 4560 8", 37
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we find from equation (36)

cYic’ Vcc'Ve —Vcch’
{G1cGscr SecE7)) = Mzgzegu( dee _aef ot f)>

h: & A4K(&5)
= gi_cgzl_cf Z gleglf Ucc’ef . (38)
hz ef

The quantity U,,.4,., defined as

Ucc'dd’ = (Vlcc’ V).dd’ - Vlcd Vlc’d')/ AB(éa).) H (39)

is the determinant of the matrix which results when we delete from B, the two rows
and two columns which intersect at the elements B, .. and B, ;..
In the case when there are two open channels the summation on the right-hand

side of equation (38) contains only one nonzero term, namely U,..... = —1 (¢ # ¢'),
so that we obtain the result derived in Section 3, for ¢ # ¢’:
<glcglc’S:‘c’(éa:1k)> = _<g§cg%c’/hﬁ> (40)

When more than two channels are open, the evaluation of equation (38) is difficult to
carry out in general. However, it can be done exactly for a certain class of statistical
S-matrices which have their poles evenly spaced along the line z = E—3i%.

5. Evenly Spaced Poles

If the positions of the poles of a statistical S-matrix are given by
&, = inD—3%i% , 41)
its determinant can be written in the form

2
4 = cosha +i), ha/D = coshoa —isinhacot(z+1i%), 42)

7 An—31% — 2z’
where _
% =%|D, 7 =E/D, (n/D)hi = sinha.

In such an S-matrix the values of g, are restricted by the unitarity condition and by
the condition that all %, be equal. The second condition is expected to become more
restrictive when the number of channels is small; whereas when the number of open
channels is large the condition @, ~ & is usually automatically satisfied.

Let us define the function F as

F(z') = —icot(z'+4i%) = H(Z') +i(6,/D —z')"* (43)
and denote its nth derivative by F®,
F®(zy = H™(Z") +in(&,/D —2z') "1, 44
The values of H and its derivatives at z = &,/D can then be evaluated as

H, = H(&,/D) =0
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and
H},.=%i, vHs.l=O’ Hm_ i9 ©
where, in general,
HE™D = (=107 i@ By, HPP =0, 43)

the 4, being the Bernoulli numbers.
When z' - +iW with W — oo we find from equation (43)

F(+iW) = F1, F®(+iWw) = 0.

Therefore, if we use the form (31) for the S-matrix to evaluate the product FS.,.
and carry out the integration around a large rectangular contour with vertical 51des
extending from Im(z’) = —iW to +iW, we obtain

{Bjecy = cosha, b (46)
Similarly, by considering the residues of the poles of the expressién F®™S_ ., we find
(BZD) = (=12 n) By, sinha, b, (BEDY = 0. @47

On the other hand, the contour integration of S%. yields
{Bjcc'91c9acry = sinha,cosha, 6. (48)

Comparison between equations (46) and (48) shows that
Bicer9acac? = {Bice’GicGsc) - 49)

Therefore the quantities g,. and B,... behave as though they are uncorrelated. This
result is consistent with the assumption that there are no level-level correlations.
In general, B, is of the form

B}.cc’ = ;}. G guc'/ {(Eu - E}.) - %l(@u - @A)} s (503.)

so that g,, and B, are correlated through the presence of % in each term of the
summation on the right-hand side of equation (50a). However, when all %, are
equal, which is the case being considered here, this correlation disappears. It is
therefore a plausible assumption that g,, and B{"., are also uncorrelated, since the
nth derivative of B, at z’ =&,/D is of the form

BY. = Z IucIue! {(E,— Ep)—3i( @, — ¥ )}"*1. (50b)

Consequently, by examining the residues of the poles of the functions FS,,. .S,

and S.. Sy S., Wwe obtain values for (B, B> and <g;.9:. Bicc BM‘,> as
follows

{Bjec Braay = {cosh(x,+a,) —3sinha, sinha, }0ccr 04ar—3(m/ D)< 109109 1927

(51a)
and

$GieGie Bicer Biaa? = {G1e92¢7) {Bice' Braa) - (51b)
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Similarly, if we form the product F™ S, S,;, we can obtain the averages of the
derivatives (d/dz)"(B..- By;) at z = &,/D. If we keep repeating the above procedure
we can, in principle, evaluate the average of any expression of the form
(B}.cc' Bldd' Blnn')'

The property that parameters belonging to different resonances are uncorrelated
also allows us to simplify the expression for {g,.g;.- Se.(&%)y. For ¢ # ¢’ the only
nonzero term in the summation on the right-hand side of equation (38) is that for
which e = c and f = ¢’. Hence we have

(/DX g10G50 SEAED) = (WDKgLg2e /DUy (¢ # )
'—(T[/D)< g%cgic’/hi><Uccc’c’> s (523')

whereas for ¢ = ¢’ we obtain
(/DX g3. See(67)> = (n/D) ; {95934/ Ubas - (52b)

As indicated above, the values of (U4 > are known; for example, when there
are two open channels (N = 2) we have (U;,,,) = 1. From equation (46), for N = 3,

{U;122) = coshas, (53)
while from equation (51a), for N = 4,
<U1122> = COSh(OC3 +a4) —%—Sinhotg, Sinh 064 . ) (54)

When the number of channels is larger, this method for evaluating {(U,.,,...> becomes
rather complicated, but can be simplified by using recurrence relations.

6. Recurrence Relations

We denote by S the m x m matrix which results when we eliminate from the N x N
S-matrix the N—m rows and columns which intersect at N—m different elements in
the diagonal of S. Then, writing

§ = {1+iG,B ' /(¢,-2)}B, (55)
we can express the determinant 4 of S as
A = A5{1 +i(trace G, B~1)/(&,—2)} = Ap+i(trace G, V)/(6,~2), (56)

where A g is the determinant of B, and ¥ is the matrix of cofactors of B. For the
sake of simplicity we shall set D = 1in equation (41), so that we obtain from equations
(43) and (56)

FA = HAp +i{H (trace G, V) + 45}/(€,—2) —(trace G, V)/(6,—2)>.  (57)
Since we have H(&,) = 0, the residues a, of the poles at z = & are given by
a, = idy(&,) +trace G, V;, (58)

where V' is the derivative of ¥ at z = & 2. Integrating equation (57) around the
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rectangular contour used in Section 5, we obtain
(45(&)) = coshd +i(n/D) Y. {gscGaeViee >
= cosh® +i Y (V. Dsinha,. (59)

Here 44(&,) is the determinant of the m x m matrix resulting from the elimination of
N —m rows and columns, corresponding to N —m diagonal elements from B,, whereas
IZC is the determinant of the (m— 1) x (m— 1) matrix which results from elimination
of one additional row and column which correspond to the element B,,.

Similarly, from the expression for F™A4 we obtain the result

AP@EDy = Y sinho {(n+ 1) "KVEDY — (= 1)'HP Vieod } - (60)

Equations (59) and (60) with (45) enable us to evaluate the average {U, .c..>
which occurs in equations (52), for any number of channels. Starting with the two-
channel case, for which (¥,..> = 1 and (V2> = 0, we find from equations (59) and
(60), for N = 3, .

Us122> = {4p(€,)) = cosha; (61)
and .
{4p(6,)> = tisinhoy. (62)

Then, for N = 4, equation (59) yields
(Us1122) = {45(6)) = cosh(oz+a,)+i(sinhoy (Vj33) +sinhog {Vjssd).  (63)

However, V,; is the determinant of the matrix which results when the rows and
columns corresponding to the elements B,;, B,, and B, are eliminated from the
matrix B. Hence, in this case we have from equation (62)

(V33 = }isinhay,,

so that equation (63) becomes

{Uj1122) = coshoazcosha, (1 +11251,), (64)
where
t, = tanha,. (65)
If we continue this procedure, we find that
{Ujp122) = Aqs ];[ (coshay)/(cosha; coshay), (66)
where
Ay, =1, for N =3;
=1+3t31,, N = 4;
=141t +t5t5 +145), _ N=35;
=143t +1t3t5 +t5t6+ ..) +Le,2,151, N = 6;
=14+Ht3ty Htats+..) +Htstyts5ts HHst4tst, + .., N=17,;

etc.
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These results can be summarized by writing for N channels
Ujeeerery = Ager 1;[ (coshay)/(cosha,cosha,.). | 67)
If we define a function J .(x) as
T oolx) = #]:[c’ (tanh o, +x) (68)

and denote the nth derivative of 7~ with respect to x by ™, we can represent 4.,.
in the form

M
1
A = 14 ¥ GEFDIN=2E=D)1

T @20, (69)

where the upper limit M of the summation is given by

M= 34N-2) when N even;
= $(N-3) N odd.

7. Discussion

We have seen that an exact expression for the average cross section in terms of
S-matrix parameters can be derived when there are two reaction channels. When
more than two channels are open, formulae for average cross sections can be obtained
in the case when the poles of the S-matrix are evenly spaced. - However, in order to
express these cross sections in terms of transmission coefficients we still require the
value of g2.g2%,.. Since the effects of unitarity of the S-matrix on the statistical
distribution of g, are extremely complicated, it is very difficult to make assumptions
about the statistical properties of g,. which are in accordance with unitarity. Not-
withstanding this difficulty, if we assume that special cases exist for which

<g§cg§c’> = <g}2.c><g%c'>’ (70)

the average cross section can be obtained from the transmission coefficients using
equations (52), (67) and (14).

One example in which equation (70) holds is the three-channel picket fence model
of Moldauer (1967b), when two channels are equivalent, e.g. 7; = T;. From equation
(66) we find then

o'l = 2(sinha, sinh o, cosha;)/sinh o

This result is identical with that obtained by Moldauer (1967b) who used the notation
t, = tanhfa,. The assumption of equation (70) also leads to a simple expression
for (g3.S%(&7)> when N > 3. Using the unitarity relation

O CHES ; {GrcGic SecAE2) (71)
we can verify from equations (52) and (67) that

(/D) g2, S¥(&%)y = {sinha,sinh(x—o,)}/sinha. (72)
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On the other hand, from the pole expansions of 4 and S¥ we find

ASYE = cosh(a—a,) +i Z h, SE(ED(E,—-2). (73)

Integration around a rectangular contour with vertical sides extending from
Im(z) = +iW to —iW(W > %) yields

(n/ D)XH; Se(67)) = sinh(x—a,). (74)

Since we are considering S-matrlces in which 47 does not fluctuate, equations (72)
and (74) 1mp1y
<glcS c(éai.)> - <glc> <S c(£:)> (75)

In general, however, equation (70) does not hold and in order to evaluate {g2.g2..>
one may have to resort to the R-matrix formalism, which has the advantage that the
statistics of the parameters may be specified without being restricted by unitarity.
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