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Abstract

The value of the ordinate of a neutron powder pattern is expressed as the sum of Bragg scattering, due
to the existence of an average lattice, and diffuse scattering, due to local deviations from the average
lattice. In this form the calculated pattern can be refined by least squares methods against the ob-
served pattern to give both average structural parameters and disorder parameters. Significant
advantages over the use of only Bragg scattering for the determination of structural parameters are:
(1) a powerful limit on the value of the temperature factor is imposed by the condition that neutrons
removed from Bragg peaks must be accounted for in the diffuse scattering; (2) correlation between
partially occupied sites can be found. The cross sections for Bragg and disorder scattering are given.

Introduction

- Neutrons are of particular use in the study of solids, liquids and gases because of
the following basic properties: - ’
(1) The thermal neutron wavelength is comparable with the interatomic spacing.
Hence, there will be pronounced interference effects when neutrons are scat-
tered by condensed atomic systems.

(2) The change in neutron energy from inelastic processes involving the creation
and annihilation of excitations in condensed matter is of the order of the
incident neutron energy.

(3) The neutron has a magnetic moment, which gives it a unique value in probing
the magnetic structure and magnetic dynamics of atomic systems.

(4) The neutron is a neutral particle, and can therefore penetrate deeply into matter.

(5) Neutrons are a gentle wind, compared with the strong breeze of X-rays and
the raging gale of electrons, in causing radiation damage in the systems under
investigation. '

As an experimental science, neutron diffraction started seriously in 1950 when neutron
beam fluxes of about 10'> ncm™2s™! became available. The theoretical basis had
been laid by Halpern and Johnson (1939), Weinstock (1944) and Cassels (1950).

The difficulty of obtaining quantitative information from single crystals, due to
the breakdown of the kinematical approximation in crystals sufficiently large for
appreciable scattering to occur, was noticed by the earliest workers (Fermi and
Marshall 1947). To overcome these extinction effects Wollan and Shull (1948) con-
structed a powder diffractometer. Powder methods gave accurate data for simple
compounds, but the problem of overlap between closely spaced reflections precluded
study of materials with large unit cells or low symmetry.
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Many workers interested in the application of neutron diffraction to chemical
compounds tried to reduce extinction effects or to correct for them. Early work was
carried out by Bacon and Lowde (1948) and Peterson and Levy (1951). These studies
showed that the effects of extinction could be reduced by destroying the perfection
of the crystal. Quenching or irradiation damage were favoured techniques (Sanger
1969). The unfortunate result of these treatments is the introduction of dislocations,
point defects and defect clusters, all of which produce appreciable diffraction effects
and require explanation in a proper discussion of the structure.

Zachariasen (1967) treated extinction in terms of a crystal containing perfect
crystal blocks of a certain size and separated by a certain degree of misorientation.
His equations were soon incorporated into the least squares refinement procedure
with provision for anisotropic block sizes and anisotropic mosaic distribution (Coppens
and Hamilton 1970). Coppens and Sabine (1969) used these equations in a refine-
ment of the structure of oxalic acid dihydrate; however, in a direct examination of
the same material by Lang topography (Michell ef al. 1969), the dislocation density
was found to be orders of magnitude less than that predicted by the results of the
Zachariasen treatment. While these discrepancies exist there must be doubt about
this solution to the extinction problem.

The powder method continued to be developed slowly, but its use was largely
limited to magnetic systems. Studies of the optics of powder diffractometers were
made by Caglioti et al. (1958) and by Sabine and Browne (1963).

Rietveld (1969) made a significant improvement in methods of analysis by realizing
that powder profiles closely followed a gaussian form. He calculated the ordinates
of the Bragg profiles and refined them against the observed pattern. This method,
particularly after the development of high resolution neutron diffractometers (Hewat
1975), led to the satisfactory refinement of data from a large number of inorganic
compounds (Cheetham and Taylor 1977) with accuracies in positional parameters
comparable with those found from single crystal work.

Agreement for thermal parameters was far less satisfactory (Andresen et al. 1980)
and a treatment in which all the neutrons scattered by the specimen could be included
in the refinement was given by Sabine and Clarke (1977).

Total Neutron Powder Pattern
Bragg Scattering

In this analysis it will be assumed that a conventional two-axis powder diffracto-
meter is being used. The monochromatic neutron beam is of sufficient size to com-
pletely bathe the specimen. The pattern is scanned by a counter which is fitted with
a narrow slit. Typically, this slit subtends 10-20" arc at the specimen position. The
diffractometer arm moves in small steps of 20 under the control of a monitor counter
placed in the incident beam. The time spent at each 26 position is . The total number
- P of neutrons diffracted into a length % of the Debye—Scherrer ring (the height of the
counter slit), under the above experimental conditions, is (Bacon 1955; Warren 1969)

P =&, 3hVp' jN2F*exp(—2M)/8nRpsinfsin20, 1))

where @, is the incident flux (neutronsm~™?s7'), A the neutron wavelength, ¥ the
specimen volume, j the multiplicity, N, the number of unit cells per unit volume, F
the structure factor per unit cell, and exp(—2M) the Debye-Waller factor for inten-
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sities. Further, R is the specimen-to-counter distance, and p and p’ are the theoretical
and measured densities respectively.

To determine the ordinate of the profile at any point we will assume, following
Rietveld (1969), that the profile of a reflection is obtained by convoluting equation
(1) with a gaussian broadening function of unit area. Because of the Maxwellian
distribution of neutron velocities in the reactor moderator and the gaussian distribu-
tion of mosaic blocks in the monochromator and the specimen, the profile is accurately
gaussian. The full width at half maximum intensity B is given by (Caglioti et al. 1958)

B* = Utan®6 + Vtanf + W, -

where U, V and W are constants for a given éxperimental arrangement. The profile
for Bragg scattering is then

® 3 1272 2 _ 2 %+ 41n?2
o A2 hVp' iN2F?exp( 2M>E(1“ ) exp(— In (20,~—20)2), 3

1(20) = - it
(20) 8nRp sin 0 sin 26 B

BZ

where 20, is the Bragg position for the ith reflection. It is assumed for the moment
that there is no overlap between reflection profiles.

In an experiment the ordinate of the profile is measured by recording the number
of neutrons received by the counter through a slit of width w in time ¢. Then, the
Bragg component is given by

y:(20) = ¢t f

20—-w/2

20+w/2R

1(20) d(26). O]
R
Through the approximation
x+4d4x
f aexp(—px?) dx ~ a Axexp(—px?),
x—4+d4x
we obtain for equation (4)

@y A hwVp' jN2 F? exp(—2M) a exp(— px?)t

8nR? psin Osin 20 ’ )

y1(20) =

where ,
a=2B"'(n"'n2)*, p=4B"%In2, x=20,—0).

Diffuse Scattering

If we assume X, is the diffuse scattering cross section per unit cell, the number of
neutrons received by the counter in time # will be

¥2(20) = (Do hwtN, Vp'[4nR? p)Zp . (6

The total neutron count is then

Do hwiN_ p'V (Nc 23 jF? exp(—2M)

20) =
»(20) 4nR%p 2sin0sin 20

aexp(—px?) +ZD) . @)

Superimposed on this count is the experimental background.
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Measurement of all the quantities in front of the parentheses in equation (7) will
enable the data to be put on an absolute scale. In general, we put

K = &y hwtN, p'V/4nR*p. 8)

Magnetic Bragg Scattering

Scattering from ordered magnetic ions in the crystal is included through the
magnetic structure factor which is given by (Marshall and Lovesey 1971, p. 179)

Fk) = Y. py(K) exp(2rik . r){t x (; x D)}, ~ ©9)

pi(k) = (e*yme* XS fik),

where (S} is the average magnetic moment on the jth site, f;(k) is the magnetic form
factor for this ion, 7; is a unit vector parallel to the direction of the jth spin and % is
a unit vector parallel to the scattering vector. Implicit in this equation is isotropy
in the distribution of unpaired electrons in the ion. A formalism allowing for aniso-
tropy in this quantity can be developed, but is not warranted in the present discussion.

When unpolarized neutrons are used there are no cross terms between nuclear
and magnetic scattering and the intensities add. For polarized neutrons the structure
factors add.

Evaluation of X},

In a system exhibiting long range order, the diffuse scattering arises because of
deviations from the average structure. These deviations can be compositional fluctua-
tions (in both chemical and isotropic composition) or random displacements from
lattice points, or both.

Atomic Short-range Order

The intensity scattered in the reciprocal lattice direction k (k = 2n)."!sin0) is
given by )

N-1N-1 )
Ik) =Y Y b;b}exp{2nik.(r;—r;)}, (10)
[ 0

where N is the total number of atoms in the crystal, and b;, b}, are coherent scattering
lengths. Following Wilson (1942) we put j° = j+m, and hence, equation (10) becomes

N-1

I(k)= > N,J,expQnik.r,), (11)
—-(N-1)

where J,, is the average value of the product of the scattering lengths for sites separated

by the vector r,, and N, is the number of such vectors in the crystal.

To evaluate the average J,, we consider a disordered AB alloy with concentration
C, of A and Cy of B. Set P2* as the probability that r,, joins two A sites, P,® (=Pp®)
the probability that it joins an A site and a B site, and Pp® the probability that it
joins two B sites, then we have

J, = biPA* +2b, by PP + bj PEP. 12)
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In terms of the Cowley (1950) short-range order parameters o, these probabilities
become

PQA =Cx(Cp +,Cy), Pf:B = Cp Cy(1—1,), PB;B = Cp(Cg +,Ca), (13)
and hence, equation (12) becomes
J = (Cabp +Cgby)® + Cy Cy(by—bp)* at,, . (14)

Substitution into equation (11) then gives

N-1
I(k) = (Cyby +Cpby)? Y N, exp(nik.r,)
—(N-1)

N-1
-(N-1)

For large values of N the first term in equation (15) represents Bragg scattering from
the average lattice. As «,, will be nonzero only for small values of r,, for which
N, =~ N, the second term represents diffuse scattering and can be written

I(k) = NC, Cy(by—bg)* Y o, exp(2nik.r,,). (16)
m
For a powder pattern we must average over all directions of k and obtain
Ip = NC5Cy(ba—bg)* Y. ¢, a,(sin2nkr,)/2nkr,,, 17
m=0

where c,, is the number of atoms in the mth shell and r,, is its radius. Hence the
short-range order cross section per unit cell is given by

Zsro = 4nlp/N’, (18)

where N’ is the number of unit cells in the crystal. The cross sections for several
components of the pattern can be deduced from this expression. ’

Incoherent Scattering

If b, is the scattering length associated with the /th isotope and spin state, then the
contribution from incoherent scattering becomes (o, = 1 and «,, = 0 for m > 0)

Iive = 4n(<bE —<b?). - (19)

Partial Site Occupancy

For systems with incomplete site occupancy, we have
CAzcibA=b7 CB=1_Ci’ bB=O,

where C; is the site occupancy factor chosen so that for C; = 1 all sites in all unit
cells are occupied. Then, the disorder cross section is

EDO = 47'[ .Zl Cl(l _Cl)blz, ) (20)
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where # is the number of atoms in the unit cell. This expression assumes that there
is no correlation between vacant sites. If there is clustering of either vacancies or
“occupied sites, modulated diffuse scattering of the form

Zpo = 4nb*C(1-C) Y. ay, ¢, (sin 2nkr,,)2nkr,, (21)

will appear for each atomic species. The cross sections will simply add if the ordering
in each species is independent but, in general, cross terms could be expected.

Magnetic Diffuse Scattering

The treatment for systems in which the magnetic moment varies from site to site
follows the treatment of composition fluctuations. Assuming that the magnetic
system is collinear and parallel to the z axis, we have

Ik) = (1=12) Y3 py(k) py (k) exp{2nik. (ry—r;)} 22)

Defining an AB alloy with C, atoms of magnetic scattering factor p, and Cy with
scattering factor pg, we obtain a Bragg term containing the average scattering factor,
and the diffuse magnetic scattering is given by

Zpm = 4n(1—12)Cy Cy{pa(k)— ps(k)}* Y. ¢yt (sin 2nkr,,)/2nkr,, . (23)

The first term reduces to the expression used by Shull and Wilkinson (1955). Marshall
(1968) has introduced short-range order parameters to describe the perturbation of
the moments on B atoms which are close neighbours of type A atoms. These param-
eters are equivalent to o,,.

Paramagnetic Scattering

The appropriate cross section is (Marshall and Lovesey 1971, p. 112)

Zp = 3n(e*y/me*)? Y S(S; + DSk, (24)
ji=1
where j labels the magnetically active atoms in the unit cell.

Displacement Disorder

The formalism of this problem is similar to that of the composition fluctuation
problem. An atom can be displaced from a lattice site by a defect in the unit cell
or by a large discrepancy in atomic size. Detailed calculations have been given by
Warren et al. (1951) and by Borie (1957, 1959). These calculations lead to the size
effect cross section

sin 2rkr,,
Z Cm ﬁm

2nkr,, B -

in2rk
I = 4nC, Cylba —bB)2{Z %,c, (Sm T m

Tk}"m—._ COosS 27rkrm) } N (25)

where «,, is the short-range order coefficient and f,, the size effect coefficient.

Thermal Diffuse Scattering

At any temperature the intensity removed from the Brégg peaks by the Debye-
Waller factor reappears as inelastic scattering in the diffuse background. The simplest
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approximation to this term is based on the assumption that the atoms vibrate inde-
pendently. With this assumption (Bacon 1955), the relevant cross section is

Zrps = ), 4nb7{1—exp(—2M))}, (26)

where the summation is over the unit cell. For simple structures it is possible to find
expressions which recognize the correlation between atomic vibrations. Treatments
have been given of a correction to integrated intensities for the component of the
thermal diffuse scattering which peaks at the position of the Bragg peak (Willis and
Pryor 1975).

Marshall and Lovesey (1971, pp. 93-104) have given expressions in which the
elastic and one-phonon terms are treated exactly and the multiphonon terms approxi-
mated. These are not, at present, convenient for calculation, but could form the basis
for a detailed treatment of the thermal diffuse scattering contribution to the powder
pattern.

Conclusions

Expressions have been given for scattering mechanisms which contribute to the
total powder pattern. Inclusion of these removes the necessity for a subjective estimate
of the background. Those quantities which are the result of local deviations from
the average structure are included in the refinement process through their contributions
to both the Bragg scattering and diffuse scattering. A constraint that the total scat-
tering is conserved can then be applied. ’
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