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A covariant and gauge-invariant theorY is used to describe dispersion in an isotropic plasma in 
terms of two invariant functions. These invariants are evaluated explicitly for a relativistic Maxwellian 
(Jtittner-Synge) distribution. The relations between forms for the dispersion of a relativistic 
Maxwellian distribution obtained by some earlier authors and the forms obtained here are 
demonstrated. 

1. Introduction 

There is an extensive literature relating to dispersion in a relativistic thermal 
electron gas (see for example Trubnikov 1958; Silin 1960, 1961; Kur~unoglu 1960, 
1965; Buti 1962; Imre 1962; Prentice 1967, 1968; Hakim and Mangeney 1968, 
1971; Misra 1975; Godfrey et al. 1975a, 1975b). For the unmagnetized case, which 
is the only case considered in this paper, there are two aspects of the problem which 
require further clarification: the development of a fully covariant and gauge-invariant 
theory for the dispersion and the interrelations between the diverse forms found for 
the dispersion functions. 

The use of covariant electrodynamics is not necessary for the inclusion of relativistic 
effects: many of the authors cited above used the conventional Vlasov equation, 
with relativistic effects included of course, in evaluating the longitudinal el(k, OJ) 
and transverse et(k, OJ) parts of the dielectric tensor for a relativistic Maxwellian 
distribution. Four steps may be identified in the development of a fully covariant and 
gauge-invariant theory, for example, for the purpose of including plasma dispersion 
in quantum electrodynamics: the basic equations are written in covariant form 
(Buneman 1958); a 4-dimensional distribution F(p, x) is introduced, along with a 
covariant version of Vlasov's equation (Goto 1958; Klimontovich 1959; Kur~unoglu 
1961); the plasma response function is defined in covariant and gauge-invariant 
form (Buneman 1958; Melrose 1973); finally, the dispersion equation is derived 
in terms of invariants. In the existing covariant treatments a specific gauge (the 
Lorentz gauge) has been chosen, usually implicitly (the statement by Godfrey et al. 
(1957b) that their theory is gauge-independent is not correct), and the dispersion 
functions and dispersion relations have been evaluated explicitly only after specializing 
to the rest frame of the plasma. These specializations are unnecessary and must 
be avoided for the theory to be fully covariant and gauge-invariant. 

The dispersion functions for a relativistic, thermal, unmagnetized electron gas 
have been found in essentially three different ways, and these lead to superficially 
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dissimilar results. Trubnikov (1958) treated the unmagnetized case as a limit of the 
magnetized case, and obtained dispersion functions involving integrals of Macdonald 
functions K" with v = 2 and 3, and with complex argument. Silin's (1960, 1961) 
method involves evaluation of the imaginary part of the dielectric tensor explicitly 
and the use of the Kramers-;-Kronig relation to construct the real part. Kur~unoglu 

(1961), Prentice (1967, 1968), Hakim and Mangeney (1968, 1971), Misra (1975) 
and Godfrey et al. (1975b) evaluated the dispersion functions directly in terms of a 
single integral and its derivatives, with the specific integrals chosen by the various 
authors being somewhat different. The relations between these different forms are 
not all readily established. In particular Trubnikov's (1958) form is quite unlike 
any of the others. The form chosen here is essentially that of Godfrey et al. (1975a); 
specifically it involves their relativistic plasma dispersion function T(z, p). 

An outline of the present paper is as follows. In Section 2 a fully covariant and 
gauge-independent theory (Melrose 1973) is applied to the case of an isotropic 
plasma, and the response tensor is evaluated explicitly in terms of two invariants 
Il(l(k) and Il(t(k). These invariants are related in a simple way to e1(k,w) and et(k,w) 
in the rest frame of the plasma. The dispersion relations for longitudinal and trans
verse waves are written down in a covariant form. In Section 3 the invariants are 
evaluated explicitly for a relativistic Maxwellian distribution. A sequence of plasma 
dispersion functions Tn(z, p) is defined, with To(z, p) being the function T(z, p) of 
Godfrey et al. (1975a); the properties of these functions are summarized in Appendix 
1. The relations between the form found here for the dispersion functions and earlier 
results, notably Trubnikov's, are indicated in Section 4. 

The 4-tensor notation used is that of Berestetskii et al. (1971), Melrose (1973, 1981) 
and Jackson (1975). Except where stated otherwise, units with c = 1 are adopted; 
not to do so leads to confusion over factors of c which arise from Fourier trans
forming. The Fourier transform and its inverse are 

F(k):= f d4x exp(ikx)P(x) , f d4k 
p(x) = (2n)4 exp(-ikx)F(k) , 

where the symbol: = defines the quantity on the left and kx denotes kllxll ; it is the 
differentials d4x = cdtdx and d4k = c- 1 dwdk which differ from those used in a 
non-covariant theory by factors of c. With c = lone has 110 = l/eo in SI units, 
and 110 or l/eo is to be replaced by 4n in gaussian units. 

2. Covariant Theory of Dispersion in an Isotropic Plasma 

In this section the covariant and gauge-independent theory of Melrose (1973, 1981) 
is applied to the case of an isotropic plasma. 

The plasma response is described in terms of a response function 1l(1l'(k) which 
relates the linear induced currentjll(k) to the 4-potential AIl(k): 

jIl(k) = Il(Il vCk) A'(k). (1) 

Charge continuity and gauge-invariance require 

kll ll(ll'(k) = 0, k, 1l(1l'(k) = 0. (2a, b) 
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Including the current (1) in the covariant form of Maxwell's equations leads to the 
wave equation 

AIlV(k) AvCk) = - floj~xl(k), (3a) 

with 

AIlV(k) = k2gllV _kllP + flo rxIlV(k) (3b) 

and wherej~xtCk) is an arbitrary extraneous current which is regarded as a source term. 
By definition, a medium is isotropic if there exists an inertial frame, called its 

rest frame, in which it is isotropic. Let ull (=[y, yii]) be the 4-velocity of the rest frame. 
Then rxIlV(k) can depend only on the invariants ku and k2, with 

ku = YCw -k.ii), k 2 = w2 _I k 12 , (4a, b) 

and second rank tensors constructed from gllV, ull and kll. The second rank tensors 
must themselves satisfy equations (2). There are only two such independent symmetric 
tensors, for example gllV _kllkv/k2 and aIlV(k, u), with 

aIlV(k, u) := gllV _ kllUV+kvull + eulluV 
ku (kU)2 . 

(5) 

(There is also the anti symmetric tensor ellvpu kpuu which needs to be included only 
if the medium is optically active, which an electron gas is not.) A convenient choice 
for present purposes is the pair UV(k, u) and TIlV(k, u), with 

UV(k,u):= ,? k/~ ,,(aIlV(k,U)_(gllv_kllkv/k2)), (6) 

TIlV(k,u):= ,2 :, ,2(-(kU)2aIlV(k,U)+k2(gllv-kllkv/k2)). (7) 

These are orthogonal in the sense 

UV(k, u) Tvp(k, u) = 0, (8) 

and in the rest frame, the fl = i, v = j components of Lllv and Tllv reduce to the 
3-tensors kik)lkl2 and fJij-kikj/lkI2 respectively. Thus U V and Tllv may be 
regarded as covariant forms of the longitudinal and transverse 3-tensor components. 

It follows that for an isotropic plasma there exist invariants rxI(k) and rxl(k), which 
are functions of k 2 and kii, such that one has 

rxIlV(k) = rxI(k) UV(k, u) + rxl(k) PV(k, u). 

On contracting (9) with Lllv(k, u) and TllvCk, u) one identifies 

rxI(k) = (kU)4k-4 LllvCk , u) rxIlV(k) , 

rxl(k) = t TllvCk, u) rxIlV(k). 

In deriving equations (10) and (11) we use (8) and 

(9) 

(10) 

(11) 
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D"V(k, u)Lvik, u) = kZ(ku)-Z D"a(k, u), 

PV(k, u) Tva(k, u) = PaCk, u), 

Yik, u) = kZ(ku)-Z , Pik,u) = 2. 

D. B. Melrose 

(12a) 

(12b) 

(12c,d) 

For an isotropic plasma the tensor A,"V(k), defined by (3b), may also be expressed 
in the form (9), namely 

One identifies 

A!,V(k) = A\k)YV(k, it) + At(k) PV(k, it). 

AI(k) = (ku)Z +/10 ()(I(k) , 

A t(k) = kZ + /10 ()(t(k). 

(13) 

(14) 

(15) 

From Melrose (1973) a covariant form of the dispersion equation can be found 
by constructing the matrix A,"V(k) of cofactors of A,"V(k). An implication of equations 
(2) and of the definition (3b) of A,"V(k) is that A,"V(k) must be of the form 

)fV(k) = k'"kv A(k) , 

where A(k) is an invariant. The invariant dispersion equation is then A(k) = O. 
Explicit calculation gives 

A(k) = (ku)-Z AI(k){At(k)}z. 

The dispersion equation A(k) = 0 factorizes into the dispersion equations 

AI(k) =0, 

At(k) = 0 

for longitudinal and transverse waves respectively. 

(16) 

(17) 

(18) 

(19) 

In the rest frame ()(I(k) and ()(t(k) are related to the longitudinal and transverse 
parts of the dielectric tensor by 

e1(k,w) = 1 +/1o w- Z()(I(k) , 

e\k,w) = 1 +/1ow-z()(t(k). 

(20) 

(21) 

The invariant dispersion relations (18) and (19), with kit = wand k Z = WZ -I k 11, 
then reduce to their familiar forms el(k, w) = 0 and I k IZ/wz = et(k, w). 

3. Relativistic Maxwellian Distribution 

In this section the invariants ()(\k) and ()(\k) are evaluated for an arbitrary isotropic 
distribution of electrons using a covariant version of the Vlasov theory. The case 
of a relativistic Maxwellian distribution is then treated explicitly. 

From the covariant Vlasov theory one obtains 

()(,"V(k) = eZ fd4p u,"(gav _ kaUV)OF(P) 
ku opa 

eZ f = - m d4pF(p)a,"V(k,u), (22) 
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with pll = mu" and where the latter form follows after a partial integration with 
aIlV(k, u) given by the definition (5). The 4-dimensional distribution function F(p) 
is related to the usual 3-momentum distribution functionf(p) by 

I dpO F(p) = f(p)/y, (23) 

where y is the Lorentz factor. It is convenient to define two number densities 

n : = I d4p Y F(p) , 

and two plasma frequencies 

OJ; : = ne2/meo , 

no : = I d4p F(p) , (24a, b) 

OJ;O : = no e2/meo . (25a, b) 

The parameters nand OJp are the actual number density and plasma frequency 
respectively in a given frame; these quantities are frame dependent and in the 
following discussion they will refer specifically to the values in the rest frame. The 
parameters no and OJpo are invariants, and nand OJp may be related to them for any 
particular distribution. The use of n or no has caused some confusion in the literature, 
cf. Section IV of Hakim and Mangeney (1971) for example. 

A straightforward calculation starting from equations (9) and (22) and using (8) 
and (12) leads to the identifications 

cc'(k) = e2 I d4 () (kU)2 (1 _ 2(ku)(uu) k2(UU)2) 
m p F P k2_(ku)2 ku + (kU)2 ' (26) 

t e2 I 4 {k2 k2 ( 2( ku)( uu) k2( UU)2)} 
cc (k) = m d p F(p) 1 + 2(ku)2 - 2{k2_(ku)2} 1 - ku + (kU)2 . (27) 

It follows that to evaluate cc'(k) and cct(k) explicitly for a specific distribution F(p) 
we need to evaluate the integrals (24) and 

k2 I d4p F(p) (kU)2' I UU 
d4p F(p) ku' I (UU)2 

d4 p F(p) ku . 

A relativistic Maxwellian distribution is the Jiittner-Synge (Jiittner 1911; Synge 
1957) 

F(p) =,.. np ?J(p2-m2)()(pu)exp(-ppu/m), (28) 

where p (=me 2/T in ordinary units) is the inverse of the temperature in units of 
me2 (~5 x 109 K) and () is the step function. The integrals are evaluated in Appendix 
2 in terms the relativistic plasma dispersion function of Godfrey et al. (1975a) 

T(z,p):= I1 dvexp(-py) 
-1 v-z 

(29) 

It is found convenient to introduce the functions 

Tn( Z, p) : = f 1 dv yn exp( - py) 
-1 V-Z 

(30) 
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with T(z, p) = To(z, p), and to derive recursion relations which enable one to reduce 
all the integrals to ones involving T(z,p) and oT(z,p)/oz. 

In the rest frame the parameter 

z:= ku/{(ku)2_k2f! (31) 

reduces to the phase speed, i.e. to ro/I k I c in ordinary units. The relevant integrals are 

f k2 np k2 (2 z ) 
d4p F(P\ku)2 = - 2Kz(p)(kit)2 Z2 l_z2 Ko(p) + l-z2 T(z,p) , (32) 

fd4PF(P)UU = ~~{2Kl(P) _~(ZT(Z'P)_(1_z2)OT(Z'P))}, 
ku 2Kz(p) ku p p2 OZ 

(33) 

f 4 (UU)2 np Z2 ( 2 2 Kl(P) z ) 
dpF(p) ku = -2Kz(p)(kit)2 (1_z2)2Ko(p)+1_z2-p-+l_z2T(z,p) . 

(34) 

We also have the identity 

nino = ro;/ro;o = Kz(p)/Kl(P)' (35) 

If we combine these results, equations (26) and (27) give 

ro2 Z2 { P ( ) (y.I(k) = Il: l-z2 2K2(P) 2Ko(p) +zT(z,p) 

l-z2 ( 2 OT(Z,P))} + __ .,zT(z,p)-(l-z) OZ ' (36) 

riCk) = _ ro~{Kl(P)_ l-z2 (ZT(Z,P) _(1_z2)OT(Z,P))} , 
. Ilo K2(P) 2pKz(p) OZ 

(37) 

respectively. The dispersion relations (18) and (19) for longitudinal and transverse 
waves then become 

(kU)2 = -ro; 1~2z2{2~(P)(2Ko(P) +ZT(Z,P)) 

l-z2 ( 2 OT(Z,P))} + __ .,zT(z,p)-(l-z) OZ ' (38) 

k2 = ro2{Kl(P) _ l-z2 (ZT(Z p) _(1_z2)OT(Z,P))} 
p Kz(p) 2pK2(p) ' OZ' 

(39) 

respectively. In the rest frame, equations (38) and (39) reproduce the results obtained 
by Godfrey et al. (1975b): one sets kit = ro, k 2 = ro2 -I k 12c2 and z = ro/I k I c in 
ordinary units. 
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4. Alternative Forms of Dispersion Function 

In this section the results obtained in Section 3 are compared with those of earlier 
authors. The relation to the forms obtained by Godfrey et al. (1975b) is obvious 
and it is not difficult to establish the relations to the results of Silin (1960, 1961), 
Prentice (1967, 1968), Hakim and Mangeney (1968, 1971) and Misra (1975). However, 
Trubnikov's (1958) forms are quite different and some subtle transformations are 
required to establish the equivalence of his results to the others. 

The results obtained by Prentice (1967, 1968), Hakim and Mangeney (1968, 1971) 
and some earlier authors cited by them may be related to the foregoing by firstly 
writing Tn(z, p) in the form (cf. equation 30 with ¢ = m sinh X, y = cosh X and 
v = tanhx) 

TnCz,p) = -2zfoo dx(coshx)nexp(-pcoshx) 
o (z2-1)cosh2X+l· 

(40) 

For example, Hakim and Mangeney (1971) expressed their dispersion relations 
in terms of the function 10 and its derivative fjJ%w, with 

p 0 (T(Z, P») 
10 = 2IkIK2(P)OP -p-

(41) 

and ol%w = Ikl- 1 ol% z; these functions and also the function defined by Misra 
(1975) may be revaluated in terms of T(z, p) and oT(z, p)/oz using the results given in 
Appendix 1. A lengthy calculation then shows that Hakim and Mangeney's dispersion 
relations are equivalent to (38) and (39). 

Silin (1960, 1961) evaluated the imaginary part of et(k, w) and then used the 
Kramers-Kronig relations to derive the real part. The imaginary (1m) part of equation 
(22) arises from the resonant part of the denominator: 

1m ocl'V(k) = ne2 f d4 p ul'UV b(ku) ka o:;!') . (42) 

Then equation (9) implies 

(ku)Z f of(p) 
Imocl(k) = ne2 ? / ? d4 p(UU)2b(ku)ka_-, ,. " . opa (43) 

I t(k) = ne2 fd 4 (1- kZ(uu)Z )b(k )kaoF(P) 
m oc 2 p k2 _ (ku )Z u 0 pa . (44) 

These are evaluated explicitly for the distribution (28) in Appendix 2: the results are 

I w; nz y~-l(l Z 1) 
Imoc(k) = -K ( )'-2- zPYo +Yo + - exp(-pyo) , 

flo 2 P Y P 
(45) 

W Z nz (1 1) 
Imoct(k) = ........£ 2K.( ) -. + -Z exp( -PYo), 

flo 2 P Yo PYo 
(46) 



48 D. B. Melrose 

when yo: = (1_z2)-t is real, with Imoc1(k) and Imoct(k) identically zero for Z2 ~ 1. 
The Kramers-Kronig relations then imply 

(J)2 Z f 1 dv y2 -1 (2 1) 
oc1(k) = --...£.K ( ) --2- 1-PY +y + - exp( -py), 

110 2P -lV-Z Y P 
(47) 

(J)2 Z Ii dv (1 1 ) oct(k) = 2__ - -+-2 exp(-py). 
1102Kip) -1 v-z y py 

(48) 

These integrals may be expressed in terms of the integrals Tiz, p) arid thence in 
terms of T(z,p) and 8T(z,p)/8z using the results in Appendix 1. In this way one 
readily establishes that with Silin's (1960, 1961) method equations (36) and (37) 
are reproduced. 

Trubnikov's (1958) forms were obtained from the zero-B limit of the magnetized 
case. In the present notation his forms become 

• 2 
oct(k) = l(J)po _P_ foo d K2(PW) 

110 Kip) 0 17 w? , (49) 

• 2 2 
oct(k)-oc1(k) = l(J)po_P_~fOO d 2K 3(PW) 

110 K2(P) Z2 0 17 17 w3 ' 
(50) 

with 

w2 : = 1 -2i17 +172(1-Z2)/Z2. (51) 

Writing 17 = x +iy, one may deform the contour of integration to one along which 
w2 is real: this is from the origin along the y-axis to y = Z2 /(1- Z2), and thence 
parallel to the x-axis to infinity. The zeros of w2 lie outside the rectangular region 
enclosed by the old and new contours. Then changing the y integration to one over 

u:= z-y(1-Z2)/Z, 

one obtains 

t(k) (J);o p ( Z fZ d K2(pR) . foo d KipW») oc = ---- -- U +1 x--=..::.,,-..:... 
110 Kip) 1-z2 0 R2 0 (J)2' 

oct(k)-oc1(k) = 2__ Z du (U_Z)2K3(pR) 2 (J)2 p2 { fZ 
l1oKip)(1-Z2)3 0 R3 -1-z2 

with 

f oo K3(PW) i foo (2 Z4 )K3(PW)} 
X 0 dx X (J)3 + Z2 0 dx x - (1_Z2)2 (J)3 ' 

R2 .- 1-u2 

.- 1-z2 ' 

w2 .- 1 x 2(1-Z2) .---+--' 
1-z2 Z2 

(52) 

(53) 

(54) 

(55) 

The important other result used in establishing the equivalence to equations (36) 
and (37) is an alternative form of T(z, p) given by equation (All) of Appendix 1; 
some other details are summarized in equations (A23)-(A26) in Appendix 3. 
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5. Discussion and Conclusions 

The main results presented in this paper are a manifestly covariant and gauge
invariant treatment of dispersion in an isotropic plasma, and the explicit demonstration 
of the equivalence of some apparently quite different forms for the dispersion functions 
of a relativistic thermal electron gas. My motivation in carrying out this investigation 
is connected with the development of a theory which synthesizes the kinetic theory 
of plasmas and quantum electrodynamics. The results reported here for an isotropic 
medium are directly applicable to the quantum case, and the demonstration of the 
equivalence of existing classical results is a relevant preliminary step to the investigation 
of the dispersive properties of a relativistic, quantum, thermal electron gas. 
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Appendix 1. Plasma Dispersion Functions 

The functions Tn(z, p) may be defined by either equation (30) or (40): 

T.( ) = Ii ~ n (_ ) = -2 fOOdX(COShx)neXP(-PCOShX) (Ai) 
n Z, P 'Y exp P'Y Z 2 2 • 

-1 v-z 0 (z -l)cosh X+l 

The former leads trivially to the identities 

Tn + m(Z, p)= (- )m(8mj8pm) Tn(z, p), (A2) 
and the latter to 

(l_Z2) Tn+ 2(z,p) = Tn(z,p) +2zCnCp), (A3) 
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with 

Cip):= fow dx(coshxtexp(-pcosh x) 

= (- )"(onJopn) Ko(p), n ~ 0 

= Ki1nl(P) , n ~ 0, 

with Kio(p) : = Ko(p) and 

KinCp):= LW dz Kin - 1(z). 

The identity (Abramowitz and Stegun 1965, p. 483) 

D. B. Melrose 

(A4) 

(A5) 

rKir+l(P) = -pKirCp) +(r-l)Kir _ 1(p) +pKir-z(P) (A6a) 

then implies 
pCn+2(p) = (n+I)Cn+1(p) +pCip) +nCn- 1(p)· (A6b) 

On differentiating Tiz, p) with respect to z and partially integrating the result, 
one finds 

(l-zZ)oTn(z,p)/oz = -2pCn+1(p) +2nCn(p) +z{ -pTn+1(z,p) +nTiz,p)}. (A7) 

These results enable one to rederive the following relations for T(z, p) = To(z, p) 
quoted by Godfrey et al. (l975a) (after correcting an omission in their version of the 
first of these) : 

02 

(1-z2)-z T(z,p) = 2zKo(p) +T(z,p), 
op 

OZ oT(z, p) 
z(1_ZZ)3 oz2 T (z,p)-(1-z2)2(1+2z Z) ,., _pZz 3 T(z,p) 

(A8) 

= 2z2pZKo(p)+2(1-z2)pKl(p), (A9) 

zoT(z,p) _ l-zz oT(z,p) = 2Kl(P). 
op P OZ 

(AlO) 

Godfrey et al. (1975a) also quoted the alternative form 

2p iZ Kl(pR) . 
T(z, p) = - --Z du -- +1 nexp( - PYo)· 

l-z 0 R 
(A11) 

with R2:= (l-uZ)J(l-z2) and "10:= (l-ZZ)-t. A standard identity for the 
Macdonald functions then implies 

2p iZ 

T1(z,p) = --Z du Ko(pR) -inyoexp( -PYo)· 
l-z 0 

(A12) 

The function considered by Misra (1975) is 
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J:= JOO dxexp{-~(1+x2}!} 
-00 (1 +X2)2(X- y) 

with y = x2j(1_Z2)t. The substitution x = sinh X leads to the identification 

J = (1- z2)tT(z, p). 

Misra (1975) derived an expansion which is equivalent to 

2 co (2n)!(1-Z2 )n 
ReT(z,p) = z L: -2n , -2- Kn(P)· 

n=O n. pz 

Appendix 2. Evaluation of Integrals 
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(A13) 

(AI4) 

(A1S) 

The integrals (32)-(34) may be evaluated in an arbitrary frame, but it is simpler 
to use the rest frame, where we have pu = my and pk = ym( 0) - k • v). On inserting 
(28), using (23), evaluating some elementary integrals and converting from an integral 
over I p I to one over v, and using dl p I I P 12 = m3 dv V2 y5, one finds 

J {k2 UU (UU)2} np (I 
d4p F(p) (ku)2' ku' ku = 2Kz(p) J 0 dv V2y4 exp( - py) 

{1-Z2 ( 1 1 ) z v + Z Z2 ( 1 I)} 
x Tv v - z - v + z 'vO) In v - z' - 0) v -; - v + z . (A16) 

After a partial integration of the middle integral, all three may be reduced to sums 
of integrals of the form (AI) and (A4), with 

f dv ynexp( - py) = Cn - 2(p)· (A17) 

After some algebra the final results (32)-(34) are obtained on re-expressing 0) and z 
in invariant forms 0) = ku and z = kuj {(kU)2 - k 2 F:. 

The derivation of equations (45) and (46) from (43) and (44) is also facilitated by 
choosing the rest frame. For an arbitrary isotropic distribution we have 
k. af(p)jap = (k. vjv) af(p)jalp I, and with cos 8: = k. vjl k I v, equations (43) and (44) 
with (23) give 

ImaI(k) = -ne2z22n d(cos8) dlpllpI2b(0)-lklvcos8)--·-, f l fco 0) af(p) 

-1 0 v alp I 
(A18) 

ne2 J1 f"" Imat(k) = - -2n d(cos8) dlpllpI2{(1_z2)_y-2} 
2 -1 0 

x 15(0) -I k I vcos 8) (O)jv){af(p)jal pi} . (A19) 

The cos 8 integral may be performed over the 15 function and the remaining integral 
converted to one over y = (1 +lpI2jm2)t, with y> yo:= (1-Z2)-t required by 
the 15 function. Then after inserting (cf. the distribution 28), 

np 
f(p) = 4n KzCp) m3 exp( - py), (A20) 
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one finds 

0)2 nz3 p2 f 00 

Imex1(k) = 2. __ (_) dyy2 exp(-py), 
4n 2K2 p Yo 

(A21) 

O)Z nzpZ fOO 
Imext(k) = ---E.. __ (_) dy(yZjY6 -l)exp(-py). 

4n 4Kz p Yo 
(A22) 

The remaining integrals are elementary and equations (45) and (46) follow. 

Appendix 3. Reduction of Trubnikov's Forms 

The reduction of Trubnikov's (1958) forms (49) and (50) to the forms (36) and 
(37) involves the steps leading to (53) and (54) and the following. First the u integrals 
may be evaluated in terms of (All) or (AI2) by using the identities 

8 JZ K1(pR) zp JZ 
-8 du -- = K1(P) - -1 -Z du Kz(pR), 

z 0 R -z 0 
(A23) 

Jz K1(pR) JP P JP Kz(pR) 
du = ZK1(P) +p du KzCpR) - --Z du ~, (A24) 
oRo 1-z 0 R 

Jz du K3(pR) = JZ du K1(pR) + ~ JZ du Kz(~R), 
oRo R Po R 

(A25) 

Jz d Kz(pR) = K ( ) _ -p -Jz d Z KipR) 
U Z z zp 1 Z UU 3' o R -z 0 R 

(A26) 

which follow from recurrence relations for Kv and from partial integrations. 
The x integrals in (53) and (54) may be evaluated in terms of the standard integral 

(Gradshteyn and Ryzhik 1965, 6.596.4) 

Joo ZI'+l KvCex(xz+yZ)-!) _ 2I'r(,u+1) 
dx x (Z z)""-v - 1'+1 v u 1 K V -I'-l(exy) o x +y 2 ex z 

(A27) 

for J1 > 1. The imaginary terms in (53) and (54) may then be re-expressed in terms 
of exponentials using (Gradshteyn and Ryzhik 1965, 8.468) 

t n (n+k)! 
Kn+t(pyo) = C;yJ exp( -pYo) kY;O k!(n-k)!(2pyo"" (A28) 
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