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Abstract

The rotational motion of the ammonium ion in NH4CI at low temperature under the influence of
its nearest neighbours has been studied using a computer simulation technique. The Lennard Jones
potential is used as the representative interaction between NHt and CI-. Three values of the time
increment At occurring in the algorithm equation are taken to illustrate the three-dimensional effect
on the rotational dynamics of the NH: ion. In each case we notice a well defined transition gap
around <ERK>= 1·25 separating phases II and III which are known from the literature. The libra
tion frequency of the ammonium ion is found to be 1"0; 170 em -1, corresponding to the transition
temperature of 242 K, which is in agreement with the Raman spectra study by Couzi et af. (1973).

1. Introduction

The discovery of the A-type specific heat anomaly in ammonium chloride around
242 K by Simon (1922) led to a series of detailed experimental and theoretical investi
gations. The order of the phase transition' at this temperature is still a matter of
controversy because of the fact that it appears to be of first order from observations
of the stepwise change of the lattice parameter, from thermal expansion measurements
(Fredericks 1971), and from the piezoelectric effect (Mohler and Pitka 1974) in
ammonium chloride. Following the work "by Simon, heat capacity measurements
in ammonium chloride were carried out by Klug and Johnson (1937) and Ziegler
and Messer (1941). However, these measurements were not sufficiently closely spaced
to reveal the shape of the heat capacity anomaly in the vicinity of 242 K. Using an
improved experimental technique for heat capacity measurements, Schwartz (1971)
and Chihara and Nakamura (1972) also predicted the A-type phase transition around
242·5 K. More recently, Garland and Baloga (1977) reported the molar heat capacity
ofNH4CI near the transition with a high resolution a.c, calorimeter at one atmosphere
pressure and detected the A-type transition at 242·6 K. Slichter et ale (1971) put forward
a phenomenological theory using the Ising model to explain the specific heat and the
thermal expansion data of ammonium chloride near the A-type transition. They
noted that the agreement between experiment and theory was not very satisfactory
near the transition temperature.

In various attempts to understand these phase transitions two hypotheses were put
forward that either the motion (Pauling 1930) or the orientation (Frenkel 1935) of
the ammonium ion plays a decisive role, and both hypotheses have now become well
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established by subsequent studies. Many neutron scattering experiments have been
performed in ammonium chloride below and above the transition temperature to
study the rotational dynamics of the NHt ion. This type of measurement leads to
the idea of hindered rotation of NHt at the lower temperature, previously thought
to be of a librational character, whereas free rotation of NHt corresponds to the
higher temperature. Woods et ale (1961) carried out neutron scattering experiments
in NH4CI at 90, 208, 296 and 458 K and observed the change in the shape of the
spectra. Using a beryllium detector spectrometer, Venkataraman et ale (1963) also
performed inelastic neutron scattering experiments for NH4CI at 100, 300 and 400 K
with a view to elucidate the nature of the specific heat anomaly. A change in the
shape of the neutron spectrum was also noticed while going from 100 to 300 K,
indicating a shift in the frequency of the rotational mode. Later Bajorek et ale (1965)
carried out thermal neutron scattering experiments in crystals containing the NHt
ion to correlate the connection between the scattering processes and the phase tran
sitions. Neutron spectra in NH4CI were obtained at the temperatures 125, 140, 159,
186, 209, 224, 249 and 265 K, which indicated the occurrence of a phase transition
around 242 K. More .recently, Topler et ale (1978) carried out quasi-elastic
neutron scattering experiments near the order-disorder phase transition on a single
NH4CI crystal in order to obtain information on the type of rotational motion of
NHt. Quasi-elastic spectra were measured for temperatures just above and below
the phase transition with the Grenoble high resolution back scattering spectrometer.
The neutron spectrum at 240 K was found to be relatively narrow compared with that
at 246 K.

One can conclude from these neutron scattering experiments on NH4 CI that the
difference in the shape of the spectra around 242 K is caused by the change in the
rotational behaviour of the NHt ion under the influence of its nearest neighbours.
This forms the basis of our computer simulation study of the phase II~ phase III
transition at 242 K in NH4Cl.

2. Crystal Structure of Ammonium Chloride

We confine ourselves to a single unit cell ofNH4CI and the nearest neighbour inter
actions of chlorine atoms in order to avoid excessive computational work. We believe
that the rotational behaviour of NHt in a unit cell is a reasonably accurate represen
tation of the whole system of NH4CI, either in the powder or in the single crystal
form. X-ray studies of NH4CI have shown the structure to be of CsCI type with
a unit cell length of O:386 nm. The nitrogen atom is taken at the origin, surrounded
by the eight chlorine atoms situated at the vertices of a cubic unit cell. Neutron
diffraction studies by Goldschmidt and Hurst (1951) have shown that the hydrogen
atoms are arranged tetrahedrally about the nitrogen. The N-H bond length is taken
to be 0·103 nm. The moment of inertia of NHt ·is 7 ·099 x 10- 4 7 kg rrr',

3. Interaction Potential

As reported earlier (Pandey and Trikha 1984) for ND4CI, the Lennard Jones
(6-12) potential is more appropriate in predicting the phases II and III, compared
with the repulsive potential, and we use the same potential here:

(1)
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where a represents the distance of closest approach (~O·35 nm). The relative effect
of the electrostatic interaction on the phase transition has not been studied here.
Also, the potential energy between NHt and (:1- is a function of time because of the
vibrational motion associated with the rotating NHt ion.

4. Mathematical Formulation of the Rotating Ammonium Ion

Let 11(t), Iz(t) and 13(t ) be the directions of the principal axes of the ammonium
ion at time t and 11 , Iz and 13 be the principal moments of inertia (see Pandey and
Trikha 1984). The angular velocity Wand the angular momentum n of the rotating
NHt are written

Wet) = w1(t)/1(t) +wz(t)lz(t) +w3(t ) /3(t),

!l(t) = 11w1(t)/1(t) +Izwz(t)/z(t) +I3w 3(t)/3(t),

(2)

(3)

where W1(t), wz(t) and W3(t) are the components of the angular velocity Wet).
A feature of the solution is the use of axes fixed in space. The equations are

written as

la(t) = Wet) x la(t) ,

net) = 't(t) ,

Wet) = I-1. n (t ) ,

(4)

(5)

(6)

where rx ( == 1,2, 3) refers to the direction of the principal axes, 't is the torque exerted
on the NHt ion by its nearest neighbours and I denotes the inertia tensor.

The computer program consists mainly of three parts: a routine to set up the
initial position and orientation of the NH: ion obtained from the crystal structure,
a routine to advance the time step with the help of an algorithm, and a routine to
calculate the forces and torques exerted on the rotating NHt ion under the fixed
field of the chlorine atoms. The algorithm here :is very similar to that used for conven
tional studies of the molecular dynamics of liquids. The position r(t), velocity v(t)
and acceleration a(t) of a particle in the algorithm are replaced by the parameters
la(t), ia(t) and i:(t). The corresponding equations for the rotational motion of
NHt are

. ....
la(t+~t) = la(t) +Ia(t)~t +i-{41a(t)-la(t-~t)}~tZ,

!l(t+i\t) = n(t)+i-{2't(t+~t)+5't(t)-'t(t-~t)}~t,

(7)

(8)

. ..
where la(t) and la(t) are the first and second time derivatives of the direction cosine.
We have the additional constraint that la(t) are orthogonal unit vectors.

From equation (6), the components of W(t) are

The first derivatives of the direction cosine can be written as

(lOa)
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From equations (9) we get

w1(t ) = {~(t)./l(t) +w2(t)w3(t)(/2-13)}/11,

w2(t ) = {~(t)./2(t) +w3(t)wl(t)(/3-11)}/12,

w3(t ) = {~(t)./3(t) +wl(t)w2(t)(/1-/2)}/13.

Differentiating equations (lOa) and (lOb) we obtain

(lla)

(lIb)

(l lc)

11(t) = - {w~(t)+w~(t) }/1(z )

+13"1 {~(t) ./3(t) +Wl(t) W2(t)(11- 12+13)}/2(t )

- 12"1 {~(t) ./2(t) - Wl(t) W3(t)(/1+12- 13)}13(t ) , (12a)

12(t) = - {w~(t)+wi(t) }/2(t)

+11 1{~(t) ./1(t) +W2(t) W3(t)(/2- 13+/1) }/3(t )

- 13"1 {~(t) ./3(t)·- w2(t) Wl(t )(/2+13- /1)}/1(r ), (12b)

with a similar expression for 13(t ). The torque experienced by the NHt ion is given by

4

~(t) = L {ri(t)-rcm(t)} X Fi(t) ,
i=l .

(13)

where the ri(t) correspond to the positions of the four hydrogen atoms arranged
tetrahedrally about the nitrogen atom. In the present analysis the centre of mass
can be assumed to be time independent because of the low temperature of the system.
The force E, can be obtained from the space derivative of ¢(r) using equation (1).
The positions of the hydrogen atoms change in time, whereas the nitrogen atom
remains fixed.

Further, one can write

(14)

where the U refer to relative distances. Finally, one gets the expression for ~(t) used
in the calculations:

4

~(t) = L {U1il1(t ) x Flt) + U2iI2(t ) X Fi(t) + U3iI3(t ) X Flt)}. (15)
i=l
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The components of torque used in the expressions for lrx(t) are
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4

't(t).ll(t) = L [U2i{13(t).Fi(t)}-U3i{12(t).Flt)}], (16a)
i=l

4

t(t).12(t) = L [U3i{11(t).Fi(t)}-Uli{13(t).Fi(t)}], (16b)
i=l

with a similar expression for t(t) .13(t).
The algorithm given has been found to give both excellent stability and energy

conservation over long periods of time, which are the necessary conditions for this
type of computation.
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Fig. 1. Average total energy against average rotational kinetic energy (in reduced units) for the
NHt ion for (a) At= 0·001, (b) At = 0·01 and (c) At = 0·05. The triangles are for the calculation
by Trikha and Jain (1975) with a maximum time step of 5000.

5. Discussion and Results

Here we study the effect of considering lit = 0·001, 0·01 and 0·05 on the rota
tional dynamics of the NHt ion (under the influence of the eight chlorine atoms fixed
at the vertices of the unit cell). (The time increment is expressed in reduced units and
is of the order of ~ 10~13 s.) We find that in each case we get a well defined transition
gap starting around <ERK ) = 1· 25, separating phases II and III. The rotational
behaviour of NHt is followed up to 104 time steps. The rotational kinetic energy
of the system is computed for values of the angular momentum imparted to the
NHt ion about the z-axis in the range 1· 0 to 8· 0 (in reduced units).

In Fig. 1 the variation of the average total energy <E) (the sum of the potential
and rotational kinetic energies) is shown as a function of<ERK ) of the NH4 CI system
for the Lennard Jones potential. In each case, the two solid lines of different slopes
correspond to the phases II and III, which are well separated by a transition gap.
Computed values of <E) and <ERK ) from phase III come out to be nearly the same
irrespective of the choice of lit, whereas slight deviations in the values are observed
for phase II. For a given value of the total time step (~104 here) a small value of
lit (see Fig. la) indicates fewer rotations of NHt compared with a higher value.
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Fig. 2.' Potential energy (solid curves) and rotational kinetic energy (dashed curves) of the NHt
ion as a function of time step for angular momentum (a) 1·0 and (b) 3.Ocorresponding to At = 0,001,
0·01 and 0·05.
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For this type of calculation an optimum value of At and of the total time step must
be chosen taking into account the truncational errors in the computations. Earlier,
Trikha and Jain (1975) reported a similar calculation for NH4Cl with At = 0·05
and with a total time step of 5000 (see the triangles in Fig. l c). However, the lower
transition region was overlooked by these authors as their calculations were not
sufficiently detailed.

In Fig. 2a we have plotted the potential energy (solid curves) and rotational kinetic
energy (dashed curves) of the system as a function of time step for angular momentum
1· 0 for three values of At. The potential energy is found to dominate, in agreement
with the work of Gerling and HUller (1983) on NH4Cl. There are small oscillations
for both the potential energy and rotational kinetic energy, while for At = 0·001
the curves are relatively smooth. In Fig. 2b we have plotted the energy for angular
momentum 3· 0, and we see that the magnitude of the rotational kinetic energy has
increased with an increase in angular momentum. A comparison of Figs 2a and 2b
shows that the variation of energies with respect to the time step is of similar type
indicating the ordered motion ofNH·t under the influence of the fixed chlorine atoms,
and this corresponds to phase III of NH4 Cl.

Fig. 3a shows the results for angular momentum 5·0 for At = 0'001, 0·01 and
O'05. For At = O'01 and O'05, we see rapid fluctuations in the potential energy
and rotational kinetic energy. Prominent dips are evident in the rotational kinetic
energy at time steps 70, 170, 220 for At = O'05 and are also seen at time steps 350,
860 and 1100 for At = O'01. These large variations are not observed for the much
smaller time increment At = O'001. In Fig. 3b we have increased the angular momen
tum to 6· 0 and again with At = 0·001 we notice that the variation of energy is quite
smooth. The prominent dips in the rotational kinetic energy of NHt ion occur at
-time steps of 55, 100 and 215 for At = O'05 and are also visible at time steps of 250,
400 and 1000 for At = 0·01. Since each energy curve is different for different angular
momentum, this situation corresponds to phase II. The large fluctuations in the
energy curves correspond to the vibrational motion associated with the rotating
NHt ion.

In Fig. 4 we show the potential and rotational kinetic energies for angular momenta
1.0, 3· 0, 5· 0 and 6· 0 with At = 0·001 as a function of time step 1500 to 10000 to
depict the overall variation experienced by the NHt ion inour calculations. For
angular momenta 1.0 and 3· 0, the variation in both the potential energy and kinetic
energy is uniform and similar up to 104 time steps, whereas the large fluctuations for
angular momenta 5· 0 and 6· 0 indicate the complex motion of the NHt ion. Promi
nent dips in the rotational kinetic energy occur at time steps 3500 and 8500 for
angular momentum 5·0, whereas the first two dips are at 2250 and 3570 for angular
momentum ti-O.

6. Conclusions

The following conclusions can be drawn from the present study:

(1) Similar to earlier work, the rotating model of the NHt ion supports the
explanation by Pauling (1930) for the specific heat anomaly at 242 K in NH4Cl. The
transition phase II ~ phase III is explained in terms of the change in the rotational
behaviour of NHt .
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Fig. 3. Potential energy (solid curves) and rotational kinetic energy (dashed curves) of the NHt
ion as a function of time step for angular momentum (a) 5·0 and (b) 6·0 corresponding to
At = 0·001,0·01 and 0·05.

(2) In using the algorithm equation, a proper choice of the value of the time
increment At must be made. Higher values of At sometimes lead to truncational errors
in the computation. The value At = 0·05 (in reduced units) has been found to be
within the permissible range of errors.
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NHt ion with time increment At = 0·001 corresponding to angular momenta 1· 0, 3·0, 5·0
and 6·0 as a function of the time step 1500 to 10000.

(3) The computed libration frequency of NHt turns out to be of the order of
'" 170 cm -1, which is much less than the quoted value of 383 em -1 by HUller and
Kane (1974). The libration frequency corresponds to the transition temperature of
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242 K. However, our calculated value seems to be in better agreement with the
measurements on the low frequency Raman spectra in the NH4CI crystal around the
transition temperature by Couzi et ale (1973), who were able to separate the libration
frequency of NHt from the CI- ion.

(4) Since we have assumed the structure of ammonium chloride to be of the
CsCI type throughout our work, the discontinuity in the <E) versus <ERK ) curves
therefore corresponds only to phases II and III of NH4Cl.
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