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Abstract

This article reviews the Landau theory of interacting Fermi liquids such as mobile electrons
in solids or helium-3. It starts with Landau’s original formulation which takes advantage of
the existence of a Fermi surface to map the strongly interacting single-particle excitations
near the Fermi surface into a system of weakly interacting quasiparticle excitations. The
theory relates microscopic parameters for the quasiparticle energies and scattering strengths
to experimental observables. The resulting low lying collective modes of the system, such as
zero sound in helium-3, are then discussed. Next the rigorous microscopic basis of the theory
is presented. Finally there is an outline of a recent modification of the theory which may
resolve some of the puzzles about the nature of the electron states in materials exhibiting
high transition temperature superconductivity.

1. Quasiparticles and Landau Parameters
1.1 Quasiparticles in interacting systems of fermions

The Landau theory of Fermi liquids (Landau 1957) replaces the complexities
of a strongly interacting system of fermions by a system of weakly interacting
quasiparticles lying in states near the Fermi surface. The proximity of the
Fermi surface blocks most of the interactions between the low lying quasiparticle
excitations which makes them long lived and approximate eigenstates of the
system. The theory is particularly suited to transport properties since for
interacting Fermi systems these properties are mostly determined by excitations
close to the Fermi surface (Baym and Pethick 1991).

While Landau theory has some of the appearance of a phenomenological theory
it has a rigorous microscopic basis. Parameters appearing in the theory are
specified in terms of microscopic scattering amplitudes of particles sitting on
the Fermi surface. At the same time one of the theory’s strengths is that the
parameters are related to experimentally measurable quantities.

A primary assumption in the theory is that near the Fermi surface there exists
a one-to-one correspondence between the physical particles of the system and
the long-lived quasiparticle excitations. In the adiabatic approximation we start
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with a system of non-interacting fermions at time ¢t approaching minus infinity.
As t increases we slowly switch on the interactions between the particles at
such a rate that by t = 0 the interactions have reached full strength. It is
assumed that as this happens there continues to be a one-to-one correspondence
between the low lying excited states of the non-interacting system and the
states of the new interacting system. The excited single-particle states in
the interacting system are occupied by quasiparticles. These are not strictly
eigenstates of the interacting system but when they are sufficiently close to the
Fermi surface they can closely approximate true excited eigenstates for long
periods of time. While the interactions between low lying quasiparticles are weak,
they cannot be totally neglected and they are treated within a self-consistent
field description.

The assumption of a one-to-one mapping for the excited states cannot always
hold true for systems of interacting fermions. For example if bound states should
develop as the interaction is slowly switched on then the quasiparticle picture
breaks down since a bound state is a coherent superposition of many of the
non-interacting states.

Let us start with N non-interacting fermions of spin % in a volume Q. The
Fermi surface is a sphere of radius equal to the Fermi momentum kp given by
k3 /372 = N/Q. At zero temperature all non-interacting single-particle states
|ko) with momentum k < kr and spin ¢ = :i:% are occupied with occupation
number ng(ko) =1 and all states for k > kr are empty with ng(ko) = 0.

As we switch on the interaction the quasiparticles continue to obey Fermi
statistics and the occupation number of the quasiparticle state |ko) for the ground
state remains the step function ng(ko). Since the quasiparticles are only long
lived close to the Fermi surface it is desirable to describe excitations in terms of
changes in the occupation numbers, én(ko) = n(ko) — no(ko) (Nozieres 1964).
For low lying excitations the én(ko) will only be non-zero close to the Fermi
surface and

>0 k2 kp
sn(ko) <0  k<kp . (1)
=0 |k| > kp

The difference in energies between the excited and ground states can be written
in terms of én(ko),

SE[6n(ko)] = exgbn(ko). (2)

ko

This appears identical in form to the expression for the non-interacting system
but here the quasiparticle energies €, themselves depend on the én(ko),

€40 [6n(ko)] = é%s_("_k((’f")L)} 3)
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so the excitation energy 6E is a nonlinear functional of the én(kg). We denote the
energy of a quasiparticle when there are no other excited quasiparticles present
by €2, . Then we get

SE=_ e onka)+5 > flko,k'o")sn(ko)on(k'o"), (4)
ko ko,k'o!
where
2
f(ko, Ko’y = — 2 (5)
Onpo g o

measures the interaction between quasiparticles

eko[0nko) = €y + _ f ko, K'o')on(K'"). (6)

k'o!

In the absence of magnetic fields the system is isotropic and f(ko, k' o') can
depend only on the relative orientation of the spins (c.0”). We can make this
dependence explicit by writing

f(ko,K'a") = fo(k, k') + (d0.0") fa(k, k') , (7)

where the functions fs(k,k’) and f,(k,k") are spin independent.

1.2 The Landau parameters

For quasiparticles lying very close to the Fermi surface the dependence of
f(ko,k'a’) on the magnitudes of k and k' is not important and fs(k, k') and
fa(k, k') are functions only of the angle ¢ = cos™!(k.k’ /k%). We expand on the
Legendre functions basis,

folk, k') =S faePe(cosC),  falk, k') =D faePe(cos(), 8)
14 4

where for and fae are the Landau parameters. By factoring out the density of
states at the Fermi surface, Np = (Qm*kp)/m2, where m* is the effective mass,
the Landau parameters can be expressed in dimensionless form,

Fsl:prsla Faeszfal~ (9)

Implicit in Landau theory is the hope that the series in (8) converges rapidly
with increasing ¢. The leading parameters can be related to experimentally
measurable quantities
2
2 kE

&= —E— [1+ F (10)
3mm

1 F,
— + =, (11)
m m

1
m
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2

1 T
— = ————[1+ Fy) , 12
X HEMkp ] (12)

where c is the low frequency velocity of ordinary compressive sound waves, x,,
is the magnetic susceptibility and pp is the Bohr magneton. We set Planck’s
constant h =1 throughout. We now derive (10) to (12) (Nozitres 1964; Negele
and Orland 1988).

1.2.1 Fs,

For Fy we start with the definitions of the chemical potential, u = (8E, /ON),
and the compressibility of the system,

0*Ey

1 apP
9] - 0O)—
02’

-Q—=0
X o

(13)

where Ej is the ground state energy and P the pressure. Combining these gives

N2 du

Using (14) and the relation between compressibility and the low frequency velocity
of sound, ¢? = Q/(Nxm), we obtain

2_Ndw

AN (15)

The chemical potential u = €k, o[nko] depends on N both directly because of
the change in Fermi momentum,

Skp = [7?/(QkZ)]6N (16)

and also because of changes in the occupation numbers 6ny,. The total change
in pis

b€re

Su =
H= 5k

Skp+ Y f(ko,K'a")on(k'c"), (17)

k'o’

where ber,/6k = Viero, is the group velocity vy of a quasiparticle in state ko.
For an isotropic system k and vy are parallel and we can write

k
Vi = Vke,m = (18)
m
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Since nys,s is only appreciable near the Fermi surface we can replace the sum
over k' in (17) by an integral over the angle { between k and k',

du  kr QkZ
Tis == + za;/d(cosC) -Zﬂ_—gf(kd, K'a'), (19)
or using (16),
du 72 f(ko,k'a")
. d(cos ) —————~. 20
dN = Qkpm* + Z/ (cosc) 4 .

Equation (10) then follows using (15) and the orthogonality of the Legendre poly-
nomials. The parameter Fy is thus determined from experimental measurements
of m* and c2.

1.2.2 Fg

For the parameter Fs; we consider the current J, associated with the movement
of a quasiparticle having velocity vx = Viéxo. The relationship between v, and
Ji is made complicated by the fact that when a quasiparticle moves forward
in the medium the net current is reduced by a compensating backflow of other
quasiparticles. These move to fill in the space vacated behind the quasiparticle
as it propagates forward. This effect is particularly pronounced in a medium of
helium atoms with their large hard cores. For electrons which lack a hard core
the effect is much smaller.

To determine the effect of backflow on the total current we perform a Galilean
transformation on the Hamiltonian for the system H = Y (p?/2m)+V in the
centre of mass frame to another frame that is moving with velocity g/m relative
to the centre of mass. Here p; is the momentum operator for the physical particle
i and V represents the interactions between the particles. Since V depends only
on the relative separation of the particles it is not affected by the transformation
so the Hamiltonian in the moving frame is

2

N
Hq=H—q.2%+Ni— (21)
i=1

om

Writing the energy for the state |¢) in the moving frame as Eg = (d|Hql®)
then

N
-l VaB, = (¢ 3 T)- (22)

Since p;/m is the velocity operator for the physical particle the right-hand side
of (22) is the total current for the state |@).

In the ground state the current must vanish because of reflection symmetry
so the current associated with the quasiparticle excitation ko is simply

Jk = - il_r’l(l) quka . (23)
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Under the Galilean transformation the quasiparticle energy €, changes because
the state ko becomes (k — q)o leading to an energy change of —q.Vier, and
also because the occupation numbers n(ko) change (see equation 4). The n(ko)
change because states which had been on the Fermi surface in the centre of mass
frame are shifted away from the surface. In the direction of g these states now
lie above the Fermi surface and the én(ko) will be negative while states in the
direction of (—gq) will lie below the surface giving a positive én(ko). States in
directions transverse to q will to lowest order be unaffected. Aligning angles so
that ¢ =0 is along the direction of ¢ then the changes on(ko) are

on(ka) = —(qcosC)6(|k| — kr). (24)
The total energy shift is
Seko = —q.Viero + Y _ f(ko,k'a")[~(gcos )8(|K'| — kp)], (25)
k'a’
and using (23)
Ji = Viero + Y f(ko,K'a’)(cos Q)b(|K| — k). (26)
k'o’

For a translationally invariant system the total current is a constant of motion
and commutes with the interaction term V in the Hamiltonian. The current for
the quasiparticle ko must thus be the same in the interacting system as in the
non-interacting one where it is

Jp=k/m, (27)

with m the bare mass. Combining (26) and (27) and using (18) gives

Ok /
- Ffj ; / d(cos¢) f(ko,k'a") cos(, (28)

1
m  m*

from which (11) follows. Thus the effective mass m* determines Fy.

1.2.3 Fy,,

For the parameter F,o we consider the shift in the quasiparticle energy e,
caused by a magnetic field H. When H is switched on e, changes because of
the shift in the single-particle energies —2upoH and because of the changes in
the occupation numbers. The total change in €y, is

b€ke = —2upoH + Zf(ka, K'o\én(k'a'). (29)

ko’
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Let us assume that Oe;, depends linearly on H with some proportionality
constant 7) so dex, = —noH. The consistency of this can be checked at the end
of the calculation. The shift in the Fermi momentum is then given by

*

Skp(o = +1) = a’:—FnH. (30)

Since the up and down shifts in kr are symmetric the chemical potential and the
average of the kp for the two spins will not change. A total of 4mk%6kp additional
quasiparticle states with spins parallel to H will be shifted from above the Fermi
surface to below it and an equal number of states with spins anti-parallel to H
will move up out of the Fermi surface. For parallel spins én(ko) = +1 and for
anti-parallel spins én(ko) = —1. Equation (29) then becomes

Seke = —2upoH + UQ—Z;-E”IH ;(40.0’)/d(cos ¢)f(ko,k'a")

Qm*kp

= —2/J,BO'H+0' T]Hfa07 (31)

71-2

using (7) and (8). Equation (31) is consistent with the assumption that ez, is
proportional to H with the constant 1 given by

2uB
=2up —nky = . 32
N =24B — Nt'ao 1+ Fop (32)

The magnetic susceptibility of a system is x,, = (1/Q)(M/H) where the
magnetic moment M is determined by the shift in occupation numbers

M =" 2upoén(ko), (33)
ko

and so using (30)

m*k
M=0 27T2F penH

:Qm*kp /1,23
w2 1 + Fuo

H, (34)

and from this (12) follows giving F,o in terms of x,, and m*.

2. Inhomogeneous Excited States on a Macroscopic Scale

2.1 The Boltzmann equation for quasiparticles
We have assumed until now that the system is spatially uniform in density
but provided inhomogeneous variations change slowly over distances comparable
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to the spacing between particles we can generalise (4) and write (Noziéres 1964)

S6FE = Z/d3r € _én(ka,r)
ko

+1 ) / d3r / 3¢ f(kor, k'a'r)én(ka,r)én(k'a’, 7). (35)

kok'o’

For helium atoms where the interactions are finite in range we can assume that
interactions act only over distances for which én(ko,r) is almost independent of
r. Equation (35) then becomes

OFE = Z/d3r ), on(ko,r)
ko

+3 ) / &*rf(ko, K'o')on(ko, r)én(k'o’,7), (36)

kok'o’

where we take f(ko,k'c) = [ f(kor,k'c'r").

Let us further assume that the inhomogeneous variations én(ko,r) = [n(ko,r) —
no(ko)] are small compared with the mean value ng(ko) that is, én(ko,r)/no(ko)
< 1. Since in the absence of an external driving force the no(ko) is independent

of r and t the linearised Boltzmann equation of motion for én(ko,r) is (Noziéres
1964)

%(M(ka, ) + V,6n(ko,r).Vier, — Ving(ko). Vi exos (r)

o}
= | —én(ko, r)) . (37)
(dt collision

Since én(ko,r) is only appreciable near the Fermi surface (37) describes the
time development of a system of quasiparticles which are long-lived and weakly
interacting. The system resembles a dilute gas and for many applications the
collisional term on the right-hand side can be neglected. In (37) there is a term
V€1 (r) which is not present in the classical Boltzmann equation for a dilute gas.
This term is associated with the spatial variations of the quasiparticle energy,

€ro(T) = €0y + Z f(ko,k'c")én(k'c’,r), (38)
k'o’
so that
Veeko(r) = Y f(ko,k'o")V,én(k'o’,7). (39)

k'o’!
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Then

%611(190, r) + V,.6n(ko,r).vx

+6(eke — p)vi. Y f(ko, K"V, bn(k'c’,r) = (—8%6n(ka, 7‘)) ., (40)
collision

k'o’!

where we have used (18), and Ving(ko) = —vrb(€exs — 1).

For electrons (36) cannot immediately be used because Coulomb interactions
are long range. However we can still use it if we first replace the long-range
part of the interaction between points r and ' by an equivalent electrostatic
interaction. This acts between the average charge densities at r and 7/,

2

Va(r —r') /d3 /d3 'Zén (ko,r Z&n (K'o’,7") rErak (41)

k'o’

We can account for Vi(r) by introducing a Hartree electric field £g(r) which
obeys the Poisson equation, V.Eu(r) = 4me ), on(ko,r). With Eqx(r) treated as
an external field the remaining interactions between electrons are of finite range
and (36) can be used.

We consider two applications of the Boltzmann equation, the first collective
oscillations in a neutral system in the absence of an external driving term and
the second the response of electrons to an external electric field.

2.2 Collective mode in the neutral system

We search for periodic solutions to the Boltzmann equation for an uncharged
liquid in the absence of an external field. These are of the form

én(ko,r) = 6n(ko)el @ (42)

The periodic perturbations to which the Landau theory can be applied are
macroscopic and satisfy the conditions ¢ < kr and w < p. We will assume that
w is also much greater than the collisional frequency v, so that we can neglect
the collisional term in (40). For sufficiently low temperatures this condition will
be satisfied since the collisional frequency vanishes with temperature. Equation
(40) is then homogeneous and we have

(gvk — w)bn(ko) + quKb(€pe — Z f(ko,k'c")6n(k'c") = (43)

k’'o’

Solutions to (43) only exist for discrete values of w/q corresponding to free
oscillations of the medium with phase velocity vy = w/q. These oscillations form
the collective modes of the system.
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Replacing én(ko) by a function u(ko) which gives the displacement of the
Fermi surface in the & direction,

on(ko) = —%u(lm) O(eke — p)|vkju(ko), (44)
(43) becomes
(q.vx — w)u(ko) + q.ug Z f(ko,k'c")é(exror — p)u(k’'a’) = 0. (45)
k'o’

Expressing the phase velocity s = v,/vp in units of the Fermi velocity
vp = kp/m*, and with a slight change of notation we get

(cost — s)u(6, ¢,0) + cos6 Y / {d¢'d(cos o')}’(’;ﬂl’;g f(Cooyu(8',¢',0") =0, (46)

where (6,¢) and (¢,¢') give the directions of k& and k’, and ¢ is as usual the
angle between k and k'.
When u(0, ¢,0) is independent of spin (46) has the solution

cos 8

ue,8) = = [{astateos )y =lue, ). (47)

— cosf

If the phase velocity eigenvalue s < 1 the collective mode can only be damped
by excitations of two or more particles and the mode will be a sharp resonance.
For s <1 the velocity will be matched by some of the quasiparticle excitations
and the collective mode will be strongly damped.

Approximating F,(¢) by Fso the eigenvalues of (47) are given by solutions of

s s+1 1
5 14—
2 %51 Fuo

(48)

Provided Fyso > 0 a solution to (48) always exists with s > 1. For small positive
Fy the phase velocity approaches unity as s = 1+ 2exp(—2/Fy) and for large
Fy it increases as s = /Fy/3.

The eigenfunction u(f,¢) has the form

w(@,¢) = - 4rc, (49)

s —cosf

where C = Fyo [{d¢’'d(cos8')}u(#,¢’). For s > 1 u(f,¢) has a maximum in the
direction of ¢ where 8 =0, for 6 = +7/2 the u(f,¢) is zero and in the (—q)
direction it is a negative minimum, but with a magnitude less than in the ¢
direction. Thus (6, ¢) distorts the Fermi surface into an oval shape with the
elongated end pointing in the direction of propagation. For s approaching unity
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the distortion becomes a nodule on the Fermi surface localised in the g direction
and all the quasiparticle excitations in the collective mode will have the same
velocity equal to s. To distinguish this mode from ordinary sound it is called
zero sound. Zero sound is a quite different mode from the ordinary compressive
sound waves which form the low frequency collective mode for w <« v. In ordinary
sound the whole Fermi surface is uniformly displaced as the density oscillates
so the shape of the Fermi surface does not change. In zero sound the Fermi
surface displacement (6, @) is highly asymmetric and points towards the forward
direction.

2.3 External field acting on a charged system

If an external electric field £(r,t) acts on a system of electrons of charge e
then the total driving force comes from the sum of £(r,t) and the Hartree field

gH(T‘, t),

F(rt) = e{&(r,t) + Eu(r,1)} . (50)

We again look for solutions of the Boltzmann equation for a particular wave
number ¢q and frequency w,

E(r,t) = E'@m=wD  gn(ko,r) = 6n(ko)el T | (51)

with w in the range v « w <« pu so that the collisional term can be neglected.
Setting the collisional term in (40) equal to zero and adding the driving term
associated with F(t) we get

(q.vk — w)on(ko) + q.vg 8(exs — 1) Y f(ko,k'o")on(K'o") + iF.vg 6(exs —p) = 0.

k'o’
(52)
The quasiparticles excited by the external field will result in a current
I(r,t) =€) én(ko)Jre' @71, (53)

ko

where J; is the current of the quasiparticle ko.

Solution of (52) can be mathematically involved and we choose for illustration
an elementary example. Taking a spatially uniform external field we can set
¢ =0 and (52) has the solution

_iF g

n(ko) (ko — 1) (54)
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Combining (53) and (54) and taking Jy = k/m

. L\
I(t) = %]—'. gvk 8(exo — p1) (E) e~ it

= LF.3 6k - kr) (£> emivt
w ko m
e (55)

Recalling that the conductivity tensor o,p is the ratio of current I to the
driving force F we get the limiting long wavelength expression

iNe?

mw

oap(w) = 8ap (56)

a result which can be obtained directly from translational invariance arguments.

3. Microscopic Basis of the Theory
3.1 Single-particle Green’s functions

We now look at the microscopic theory on which the Landau Fermi liquid
theory is based (Abrikosov 1963; Nozieres 1964; Brown 1972; Jones and March
1973; Negele and Orland 1988; Bedell 1994). We assume a uniform system
and recall that the single-particle Green’s function G(ko,t) which describes the
propagation of a bare particle when k > kr or a hole when k < kr over a time
interval ¢t is

G(ka,t) = «{UY|T {aro(t)al,(0) b |28, (57)

with |U}Y) the exact N-particle interacting ground state of the system. The
operator 7 time orders the annihilation and creation operators ay,(t) and aZG(O).

Because of the time-ordering operator, Green’s function has a discontinuity at
time t =0,

G(ko,t =0%) — G(ko,t =07) =1, (58)
while for t = 0%
G(ko,t =0%) = i(1 — my),

Gko,t =07) = —imy. (59)

Here my, = (UY |a}Lw(O)ak¢,(0)|\If{)V ) is the distribution of bare particle states ko
in the interacting ground state. The discontinuity in G(ko,t) does not depend
on mg.
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From equation (59) for ¢ =0~ we have

e = — f{ dwG (ko,w), (60)
2T C

where the contour C is closed in the upper half of the complex w plane.
In the Heisenberg picture (57) is

i (U)|eiMtap e~ Mtal |TYY ¢ >0
G(ko,t) = , (61)
—i (U)|al eMtap e M TYY £ <0

with a time independent |¥}'). Introducing a complete set of exact eigenstates of
the full Hamiltonian, H|UN#1) = EN+1|TV+1) for systems with N £ 1 particles
we can express (61) in the Lehmann representation as

ZZn |<‘II1]Y+1|aLU|‘IJ6V>|2e—iwn()t t>0

G(ko,t) = , (62)
=3, (U= ag, | TY) [Petmet <0,

with excitation energies wno = |EN*! — ElV|. Let us introduce &no = wno F i as

the excitation energy relative to the chemlcal potential p = |E; EN# — EY|. This
is the excitation energy for a system with a fixed number of partlcles.
Introducing the real positive spectral density functions

Ay (ko,w) = >~ 1UN+al, 105 *8(w — &),

n

A_(ko,w) = Z |\If,17‘1|akal\l!6v|26(w —&no) (63)

(62) can be written in the form of a spectral expansion

ie” it [ dwAy (ko,w)e™ " t>0
G(ko,t) = ; (64)
—je~tmt fé’o dwA_(ko,w)e™t  t <0,

and hence

Clko,w) = /Ooo dw’{ A+(kcr,w')- 4 A-(ko,w')‘ } . (65)

W —wHp—i0t W4 w—p—i0t

3.2 Single-particle excited states

The excited state a,, a( )| ¥ consists of the N-particle ground btate to which
an additional bare particle ko has been added at time t = 0. The akd (0)| @)
is not an eigenstate of the Hamiltonian, being some superposition of eigenstates
of different energies with the distribution given in (64) Here Ay (ko,w) is the
probability density at energy w + p for the state a,m(O)]\IIN and A_(ko,w)
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the probability density at (—w + ) for U |axs(0)). If a;'w(O)|\I!(1)V ) were an exact
eigenstate with energy &, then A, (ko,w) would simply be the delta function
O(w — &).

Even though a,ta(O)]\IléV ) is not itself a quasiparticle state it may initially
contain a quasiparticle at energy £. If the quasiparticle decays with a lifetime
1/Tk then there will be a peak in A4 (ko,w) which is centred on w = & > 0 and
with a half-width of I'y. The area under the peak will be a spectral strength
z. The remaining contributions from states of other energies will make up
a smoothly varying background with a spectral strength of (1 —my, — 2z;) (see
equation 59). The smaller z, is in the range 0 < zx < 1, the greater will be
the tendency of the single-particle excited states to mix with states involving
excitations of two or more particles. For z, = 1 there would be no mixing
and the single-particle states would be pure eigenstates. For z; = 0 the mixing
with excitations of two or more particles would be complete leaving behind no
detectable quasiparticle component. We concentrate on the quasiparticle case
with k£ > kr but the argument for the quasihole proceeds in the same way. A
quasihole ko leads to a peak in A_(ko,w) at & < 0 and the background spectral
strength would be (—my — 2i).

To study the properties of the quasiparticle state we need to isolate it by
filtering the background out of a,c (0)|TY). With this aim let us look at the
propagator for the state ak (0)|¥{’). Choosing t > 0 we distort the contour of
integration in (64) from the positive real axis into the lower half of the complex
w plane. We take it first down the negative imaginary axis for some finite
interval 0 < Sm w < —a and then we run it parallel to the real axis out to Re w
approaches infinity

—iG(ko,t) = e
X (/ dwA, (ko,w)e™™?
0
+ e“"‘t/ dwA  (ko,w — ia)e_i‘”t) +R, (66)
0

where R is the residue contribution from any singularities in A, (ko,w) that the
contour passed over as we pushed it into the lower half plane. For a given time
t let us choose the value of the constant o such that ot > 1. Then the e~
factor in (66) is negligible and we can drop the second integration.

A quasiparticle state contained in aka( )| &) will lead to a pole in A, (ko,w)
in the lower half of the complex w plane. With the peak parameters we introduced
above the pole will be at w = &, —i['y with a residue of z,/2mi. The longer
the lifetime of the quasiparticle the closer the pole will be to the real axis. If
[y < a then the residue of the pole will be picked up in (66) and

—iG(ko,t) = e‘i“t/ dwA; (ko,w)e™ ™! 4 zpe 8kt Trt (67)
0
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For large t such that at > 1 the exp(—iwt) factor in (67) oscillates rapidly
with frequency causing destructive interference and the contribution from the
integral in (67) will be small. Provided t remains less than 1/T% then a > I'y
and we will pick up the residue of the pole giving

—iG(ko,t) = zperte TrE, (68)

When t becomes so large that t > 1/T'x the constant a can be chosen smaller
than T'y leaving no contribution R from the pole. By this time the quasiparticle
excitation has decayed completely away and the entire spectral strength of G(ko,t)
is located in the smooth background.

3.3 Quasiparticles and self-energies

In perturbation expansions the effect of interactions on a single-particle Green’s
function G(ko,w) can be completely absorbed into the self-energy correction
Y(ko,w). The Dyson equation gives the relation between G(ko,w) for the
interacting system and the non-interacting Go(ko,w) = [(k?/2m) —w —i0%]~! in
terms of ¥ (ko,w),

G(ko,w) = Go(ko,w) + Go(ko,w)E(ko,w)G(ko,w) . (69)

We now show that the quasiparticle energy &, its lifetime 1/ and its spectral
strength 2z can be related to X(ko,w) (Brown 1972; Negele and Orland 1988).
The solution of (69) is

Go(ko,w)
— 3(ko,w)Go(ko,w)

G(ko,w) = ]

1
- (k2/2m) —w—p—S(ko,w)

(70)

If G(ko,w) contains a quasiparticle pole its energy will be at & = (k?/2m) —
Re YL(ko, &) and its half-width will be Ty = —Sm X(ko, &).

We can show in a finite perturbation expansion that Sm X(ko,w) will vanish
as w? and that it will change sign at the Fermi surface as follows. Near the Fermi
surface the dominant decay channel for a quasiparticle is into two quasiparticles,
call them p, and pp, and a quasihole h. Denoting by |Viax| a finite upper bound
on the strength of the interaction within the phase space available for scattering
we can then write an upper limit for Sm X(ko,w),

Sm E(ko,w) Z V2, 216w —&p, — &py +En), (71)
Paprh

where &,, >0, &, >0 and &, < 0 are the particle and hole energies of the final
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states. Energy conservation requires that &,,, &, and |{,| are all less than w.
Then we have

ST (ko,w) < V227 / dt, / déy / T dem
X N(Epl)N(gpQ)N(ghl)é(w - é.pl - §p2 + ghl)

— V2,2 /O dé, /0 A€, N (Ep1)N (Ep2) N (€1 + 6y — ).
(72)

Introducing Nyax as an upper bound on the density of N(£) in the range
0<€<w we get

Sm L(ko,w) < V2, 27N3, w?. (73)

max max

Thus, provided the interaction strength and the density of states remain finite in
the vicinity of the Fermi surface, m X(ko,w) is bounded by a constant times
w? and the quasiparticle lifetime diverges at the Fermi surface as w goes to
zero. A similiar argument for a quasihole produces an inequality on the value
for Im Y (ko,w) just below the Fermi surface but with a change of sign so that
we have

Sm N(ko,w) ~ sign(w)w?. (74)

Qm ¥(ko,w) passes through zero at the Fermi surface and from (70) this implies
that the pole in G(ko,w) crosses the real w axis as w passes through the Fermi
surface.

The spectral strength z; of the quasiparticle peak is determined by the residue
of the pole in (70). Near the Fermi surface

1

T Ty o8/0w|

(75)

Since Re ¥(ko,w) changes from a negative to a positive sign when w passes through
the Fermi energy its gradient must be positive there. Provided Re X(ko,w) is
continuous (75) gives the inequality 0 < zg, < 1.

3.4 Quasiparticle propagator

We have noted that the state a,‘; ,(0)|TY) differs from a quasiparticle excitation
because of the spectral contributions from the background of excitations with two
or more particles. We had to filter out this background in order to isolate the
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quasiparticle state. Refering to (64), we want to confine the frequency integration
to a small interval centred on the quasiparticle peak in Ay (ko,w),

Suppose we can construct a state |ix,) that approximates a quasiparticle ko
added to the N-particle ground state |U)') (Nozieres 1964 Jones and March
1973). We can then introduce a creation operator q,w which adds just the
quasiparticle ko to the ground state, |trs) = quI\IIN ). From the discussion in
the preceding section the propagator for the quasiparticle fluctuation from the
ground state should for ¢ > 0 be of the form,

2

W lawo el Q1) = e [~ dudstho e i) )

where we have introduced the function a?/[a? + (& —w)?] as a filter to pick
out frequencies centred on w = & with a passband width of «. This filter
differentiates q,ta from aL » (see equation 64). By keeping o as small as possible
we eliminate most of the background. In the limit a goes to zero the filter would
become the delta function §(¢; —w) but we cannot actually take this limit since
A (ko,w) has a half-width of I'y. We must keep the passband width o > T in
order to encompass the entire peak.

We construct the states |¢r,) and (¥is| in such a way that we recover (77).
We define [4o) = g, |TY) as

0
a . !’
|"/Jka> — \/__z_;/ dt/e—zﬁkt eat (lk,'g' )|\I’N> (78)

—0o0

and (Yio| = (¥ |ako as

(@bkal = \;Lz_k/ dt//(qlé\lIaka(t//)ei&:t//e_at/, ' (79)
0

The factor «//z; normalises the states. In the Heisenberg picture qi,(t) =
exp(iHt)qroexp(—tHt), and the propagator is

2 0
<q1(1)\]|qka(t)q;a(0)|\llév> = i_/ dt'’e iEpt’ —at / dtle—iﬁkt R
2k Jo —00

X (U |agos (" + t)al, ()T . (80)

Since we have taken care to construct ¢’ > t' the ground state expectation value

on the right-hand side of (80) is Green’s function G(ko,t"" +t—t') for t > 0.
Using equation (57) we can carry out the time integrations recovering the form

we want (equation 77). If the peak part of A4 (ko,w) transmitted by the frequency
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filter is given by (76) then substituting this we get

\IIN kot qf 0 \I/N ze_“‘t/ dwz_k___—e—-zwt —*
e el oo [Ca o T e Lot
= e—is’“te_F’“t . (81)

For times t < 1/T'; the state q,ta(t)hllév ) thus acts as an eigenstate of the
interacting system.

3.5 Excited state Green’s function

Let us now calculate the Green’s function propagator for a bare particle in
the quasiparticle excited state [¢k,)

G (K'o',1) = i(Wo|T { ko (B)al, (0) } [91o) (82)

With the definitions for (x| and |¢s) given by (78) and (79) Gy, (k'c’,t) is the
ground state expectation value of four single-particle creation and annihilation
operators. It closely resembles the two-particle Green’s function for the ground
state |TQ),

K (ko,t";K'o’,t;K'o", 0ko, ) = (BT {ara(¢")aror(B)a, ., (0)af,, (#) } [5),
(83)

but it is not identical since in (82) only two of the four creation and annihilation
operators are acted upon by the time ordering operator 7. This can be remedied
by shifting time scales in the definitions (78) and (79). Let us redefine

0
|1/Jk> _ %/ dt e~ r(t'+7 )eat’azo(t/ + TI)|‘I’(I)V>,
—00

oo
<¢k| = \;L_/ dt”(‘I/(I)Vlaka(t” + T”)eisk(tl'*"'")e—at” , (84)
2k Jo

where 7 and 7"/ are constants. This does not affect the construction of the
frequency filter in equation (77) and so (84) is an equally acceptable definition.
Choosing the values of the constants 7/ < 0 and 7/ > t so as to bracket the time
interval from 0 to ¢ then, with the help of the convergence factors exp(—at), the
four operators in (82) are by construction correctly time ordered and

. 2

0 0o
Gro(Ko' t) =2 [ at / At/ e gkt +T =t =1)) ga(t' =)
2k J-c0 0

x K(ko,t" +7";k'c’ t;k'0’,0; ko, t' + 7). (85)
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Equation (85) provides the connection between Green’s function for the excited
state |ix) and the two-particle Green’s function for the ground state |¥)).
Separating out the non-interacting part of K(ko,t"”" +7"";k'c’,t;k'0’,0; ko, t' +17)
which represents the free propagation of the two particles from the interacting
part AK(ko,t"” + 71", k'0’ t;k'0’,0; ko, t' + ') we write

K(ko,t" + 7" k'o' t;k'0’,0; ko, t' + ')
= —G(ko,t" + 7" —t' —7")G(K'o', 1)
+ G(ko,t" +7")G(ko,t —t' — T")okks oo
+ AK(ko,t"" + 1"k o' t; K 0’ 0; kot +177). (86)

The second term on the right-hand side is the exchange term in which we
interchange the two incoming free particle propagators when they are in identical
states.

In the interaction term AK (ko,t"” +71""; k'o’ t; k'o’, 0; ko, t’ +7') the two particles
must be within range of the interaction, so in (86) this term will be smaller by a
factor of 1/Q compared with the non-interacting part where both particles can
propagate independently throughout the volume Q. Thus to leading order (85) is

-2 0 oo
Gk;o'(klo",t) — 3_0[_/ dtI/ dt//e_igk(t”+7‘”—-t'—-T’)ea(t'—t”)
2k J—co 0

x [~G(ko,t" + 7" —t' — 7)G(K'o",t)
+ Gkat" +7")G kot — 7' — )8k 0o - (87)

The first term on the right hand side is simply G(k’c’,t) because the quasiparticle
wave functions are normalised

.2 0 0o
g/ dt,/ At e~ k(T =t =1") ga(t'—t")
Zk J-0o 0
) Glkot" + 7" — ¢ — )G
= (Yr|tw) x G(K'd',1)
= G(klal,t) , (88)

so for ko # k'o' Gis(k'o’,t) and G(k'c’,t) are equal to leading order. For
ko = k'c’ the exchange term in (87) also contributes. Because of the exp(—at)
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convergence factors we can replace both the single-particle Green’s functions
under the integrations by their quasiparticle parts,

izge~%kte~ et 50
G(ko,t) = . oo (89)

so that equation (87) becomes
Gro(K'o',t) = G(K'0',t) — izge " rte™Thts 10 0 (90)

Thus to leading order the Gy, (k'c’,t) and G(k'c’,t) differ only by the additional
contribution from the quasiparticle pole for ko = k'0’. With ko = k'’ (89) and
(90) give for times |¢t| < 1/T,

t>0 (o1)
) 91
—izpe"Erte TRt ¢ <

0
Gka(kd s t) = {
and so Gp,(ko,w) has a pole in the upper half of the complex w plane while
G(ko,w) had its pole in the lower half plane. This means that the excitation ko
is a quasiparticle for G(ko,w) but a quasihole for Gy, (ko,w). The effect comes
from the fermion nature of quasiparticles which requires that, if there is already
an excitation ko out of the ground state, then a further excitation ko can only
be a quasihole which takes the system from |i¢}) and returns it to the ground
state.
From (91) the change in the bare particle distribution function when the
quasiparticle ko is added is

Amgye = i|Gro(ko,t =07) — G(ko,t = 07)]

= Zko - (92)

Thus 2, represents the fraction of the bare particle ko which is contained in
the quasiparticle ko. By analogy with (60) we write

Grolhot =07) = o }({ Gy (ko,w) (93)

closing the contour C in the upper half of the complex w plane. When k passes
down through kp and the excitations change from quasiparticles to quasiholes
the pole in Gio(ko,w) crosses the real axis. When this happens the pole is no
longer within the contour and the value of my, will drop by a discontinuous
amount equal to zg.

3.6 Microscopic expression for the quasiparticle interaction energy

To leading order we have established that Gi,(k'c’,t) and G(k'c’,t) are
equal for ko # k'o’ (equation 90). To obtain a microscopic interpretation of
the quasiparticle interaction energy (Nozieres 1964; Jones and March 1973) we
must retain the next higher order correction terms. In (89) the addition of the
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quasiparticle ko with ko # k'c’ changes zy and & in G(k'0’,t). The change
in energy & as a result of the addition of the quasiparticle ko is by definition
f(k'c’, ko) (see equation 6). Denoting the change in zx as 6k(2k), the difference
between the Green’s functions for ko # ko’ is

Gro (K’ t) = G(K'0' 1) = iz + 6 (z)]e ™ (Ew H bk =Tt

—izgre Ertem Tt (94)

Since both f(ko,k'c") and &y (zx) are of order 1/Q the difference to leading order
is

Gio (Ko’ t) — G(K'0" t) = [z f(ko, k'a")t + 6k (zi)]e™ W e Wt (95)
For large t we can neglect the & (zx) term and solve for f(ko,k'c’),

f(ko,Ko') = _15 [(Ghoo (K0, ) — (K0, )] ei€w teTirt (96)
Z

Using equations (85) to (88) we see that contributions to equation (96) come
only from the interaction part of the two-particle Green’s function, so that

. 2 0 00
f(ko,k'o’) = o t/ dt'/ dt/ e ikt 7" —t' =) qa(t' =t"") gifprt Trrt
Zk2k't J—co 0

x AK[ka,(t" +7");k'd’ t; ko', 0; ko, (' +1")]. (97)

Equation (97) provides the formal microscopic expression relating f(ko,k'c’) to
the two-body Green’s function for the ground state.

Since AK contains only the interacting part of the two-particle Green’s
function we can directly relate f(ko, k’'c’) to the irreducible two-particle scattering
amplitude v, which is defined schematically by

AK = GGHGG. (98)

Using the exp(—at) convergence factors in (97) to replace the external propagators
by their quasiparticle parts we obtain,

AKlko,(t" +7"); Ko’ t;k'0’, 0, ko, (t' + ')
= / dt dtadtsdts[G(ko, t” + 1" — t1)G(K'o’,t — t3)] (99)
xy(koty, k'o'ty, k'o’ts, koty) x [G(K'c’, —t3)G(ko,t' + 7' —t4)]
~ 2222, /dtldtgdtgdt4[e""sk(t”“”"“H,"'T,"t‘*)e_isk’(t_t2‘t3)]
></dwldw2dw3dw4e_"""1t‘e_i“’zt?e'i“"’tl’e_i‘"“t“

xT(kowy, k'c'wa, k' o' ws, kowy)6(w1 + we — w3 — wg)Ok 4k ikr +k - (100)
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For the vertex function I' the energy and momentum conservation delta functions
shared by AK and « have been made explicit,

Y(kowy, k'o'we, k'’ ws, kow,)

=T(kowy, k'0'wa, k'0'ws, kows) X [§(wy + wo — w3 — wa)Siprkrr] . (101)

Substituting (100) into (97) we get

fko,k'o") = 2mizpzp T(koby, k' o' € K 0" s kOEL) . (102)

Thus the quasiparticle energy f(ko,k'c’) is proportional to I'(ko&y,k'c’€y,
k'o'€r, kolr), the irreducible forward scattering amplitude of two quasiparticles
on the Fermi surface with the four external propagators removed.

4. Marginal Fermi Liquid Theory

The copper-oxide based metals exhibiting high transition temperatures to a
superconducting state have in their normal state some peculiar non-Landau Fermi
liquid-like properties. In an effort to understand these from a phenomenological
point of view a theory has been proposed lying between Landau Fermi liquid
theory and theories for systems of localised excitations. Marginal Fermi liquid
theory (Varma 1991) retains a Fermi surface but the lifetimes of the low lying
excited states do not diverge as the energy w goes to zero. Instead when w gets
very small the thermal energy T replaces the Fermi energy as the applicable energy
scale and the quasiparticle lifetimes remain finite for non-zero temperatures.

The polarisability in the Landau Fermi liquid theory is

__ Xaw)
M) T e

(103)

In the limit of small q the Lindhard function x°(q,w) for the quasiparticles is

k w VFq +w
Re +° ’ . — 2 mEr_ 14+ —1 3
e X (q (U)|11mq_,o Zkp 271'2 VEq l’UFq —UJI
0 w > qup
x 0 . =
Sm (G w)limg Lo = ]%FE:ME(—W—) w < qup. 1oy
2 \qur

Replacing the quasiparticle interaction f(k,k’) in (103) by the first Landau
parameter f§ we obtain

0 w > qup

Sm x(q,w) = 22 TNp w > (105)
———Ey——— X | —— w < qUp.
@+ 2, ) (qvp wr
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For systems with excitations that are spatially localised there is little or no
q dependence in x(q,w) and the low energy scale is controlled by the external
temperature rather than by any intrinsic scale implied by the Hamiltonian,

w
Sm x(qw) ~ % - (106)

In marginal Fermi liquid theory the proposed form for the imaginary part of the
polarisability at small w is

—Np¥ wkT
Sm x(qyw) ~ { T (107)

—NF T<(«U<<wc,.

where w, is some cut-off energy, the exact value of which is not important for
small w.
The corresponding real and imaginary parts of the self-energy are

Re T(w) = Iwlog [M—)]
Im L(w) = sign(w))\g x max(|w|,T), (108)

where X is a coupling constant. Here Sm Y (w) changes sign at w = 0 so that
quasiparticles still change to quasiholes at the Fermi surface. However, since for
non-zero temperatures the change in sign is discontinuous with a jump of AnT
the lifetimes remain finite at the Fermi surface. This result can be contrasted
with the Landau Fermi liquid theory expression (74) which gives inverse lifetimes
that vanish quadratically with w near the Fermi surface.

Equation (108) can be used to determine a spectral strength for the quasiparticles,

1
11— Mog{max(ek,T/we}

2k (109)

At zero temperature the spectral weight vanishes logarithmically as k approaches
the Fermi surface and £ goes to zero, but at non-zero temperatures z, is bounded
from below and 2, remains finite. The very existence of quasiparticles depends
on the temperature making them truly marginal.
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