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Abstract

Proton-deuteron elastic scattering at intermediate and high energies illustrates the importance
of the phase variation of the nucleon-nucleon elastic scattering amplitude as in previous work.
Two kinds of phase variation are examined. The first is the usual one which is related to free
nucleon-free nucleon collisions as suggested by Franco. The second is assumed to be related to
the time ordering of multi-scattering processes. The two kinds play similar roles in improving
the results. The contributions of both kinds lead to a good fit to the experimental data at
the energies considered. The value of the phase variation parameter in each kind (where they
are considered together), which gives a good fit to the experimental data, are approximately
the same and of order 4 (GeV/ c) -2. Also, with relatively small values of the phase variation
parameter, the phase variation effect improves the agreement with the experimental data for
the p-4He elastic scattering differential cross section at the minimum region in the energy
range 97-393 GeV.

1. Introduction

The phase variation of the nucleon-nucleon elastic scattering amplitude with
the momentum transfer squared q2 was used earlier to improve agreement of
the hadron-nucleus (Bassel and Wilkin 1968; l\1ichael and Wilkin 1969; Lombard
and Maillet 1990) and nucleus-nucleus (Franco and Yin 1985, 1986; Zhen et al.
1990) calculations with the experimental data, especially with increasing q2.
Agreement with the experimental data has been obtained by different workers,
at the same and different energies, for different values of the phase parameter ,
which takes the values 5-16 (GeV j c) -2 with positive and negative sign, where
the phase factor in the nucleon-nucleon amplitude is taken as e _i'"'(q2 /2. The value
of , at a specific energy must be independent of the target nucleus or colliding
nuclei and the difference between the results of positive and negative values can
be neglected (Franco and Yin 1985, 1986). At the same time, the study of
nucleon-nucleon scattering in the range 100-2080 GeV leads to indistinguishable
results with and without the introduction of phase variation (Kundrat et al.
1987). Also, using the nucleon-nucleon optical potential at 1 GeV, Ahamed and
Alvi (1993) obtained a value of , rv l (GeVjc)-2.

These different results and conclusions mean that the phase variation effect
still needs more study and discussion. Therefore, one purpose of this work is to
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discuss the values of 1, obtained earlier, using the proton-deuteron scattering
case at different energies.

Another purpose of this work is to study the origin of the phase variation.
The effect of the phase variation phenomenon is interpreted as a result of the
change of the difference in the phase between the different multi-scattering terms.
This leads to the correct interference resultant between these terms (Franco and
Yin 1985, 1986). All that we know about the origin of this phenomenon is that
it is related to many-nucleon processes. Soule authors (Lombard and Maillet
1990) investigated relating this variation to non-eikonal propagation, but they
concluded that this is not true. Therefore, we suggest the effect of the first
scattering occurring on the following scattering (i.e. the time-ordering) as a cause
of the phase variation. In this case we assume that T', r j -.f rjri where T; is
the profile function operator in the Glauber (1959) formalism and rirj means
that the incident particle scatters with the jth target nucleon first and then
with the ith target nucleon. We try to formulate this ordering effect using the
phase variation factor for the proton-deutron scattering case in the framework
of the Glauber approximation. We begin with this formulation, since the usual
formalism of the phase variation effect can be obtained from it. Also, the p-4He

elastic scattering differential cross section in the range 97-393 GeV (Bujak et al.
1981) is calculated using our assumption on the phase variation origin to improve
the Glauber results at the minimum region.

2. Proton-Deuteron Elastic Scattering

The proton-deuteron elastic scattering amplitude in the Glauber (1959)
approximation is given by

Fd(q) = ~~ f f eiq
• b ¢*(r) feb, s) ¢(r) d2b d:3r , (1)

where k is the incident momentum, q is the momentum transfer vector, b is
the impact parameter vector, ¢( r) is the deuteron ground state wave function,
r is the relative position vector between the two nucleons in the deuteron and
s is the projection of r on the impact plane. The profile function r( b, s) of
the hadron-deuteron interaction, considering T, r j -.f r j r i , is written as (Franco
1968)

reb, s) = neb - !s) + r 2(b + !s) - !{r 1(b - !s)r2(b + !s)

+r2(b+!S)n(b-!S)}. (2)

The first two terms represent the single scattering processes, where the incident
particle scatters from only one particle in the target deuteron. The last two
terms represent the double scattering processes, where there are two possibilities.
The first is where the incident hadron interacts with particle 1 and then with
particle 2; the second is where the incident hadron interacts with particle 2 and
then with particle 1.
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(3)

The profile function T i ( b) is related to the particle-particle elastic scattering
amplitude fi(q) by the Fourier transformation (Glauber 1959)

/i(q) = ik jeiq• bri(b) d2b.

27f

The inverse transformation is

ri(b) = 2:ik j e-
iq

• b /i(q) d2q. (4)

For a more accurate description of the proton-deuteron elastic scatering
amplitude, we use the notation f i for scattering of the incident proton only on
the ith nucleon and f ij with i # j for the scattering of the incident proton on
the ith nucleon after scattering on the jth nucleon, where i,j take the values 1
and 2 in the deuteron case. In general, we consider that

fi(q) # fij(q), i # j; i, j = 1, 2 . (5)

The difference between them is represented by a phase factor in the form e- i ,,/,i j q 2 /2,
such that

fij(q) = fi(q)e-i"/ijq2/2 , (6)

where -"'Iij q2/2 is considered as a phase shift due to scattering on the jth nucleon
at first, and this is our representation for the origin of the phase variation.

From equation (1), using (2), (4) and the notation (5), we get

Fd(q) = ik j l-: bl¢(T)1 2{_1_. {jexP[-iq'. (b - ~s)] fl(q') d2q'
27f 27flk

+ j exp[-iq' . (b + !s)] J2(q') d2q'}

1 {j exp[-iq' .(b - !s)] h2(q') d2q'

x j exp[-iq" . (b+ !s)] h(q") d2q"

+ j exp[-iq' . (b + !s)] hl(q') d2q'

X j exp[-iq" . (b - !s)] h(q")d2q"} d2b d3r . (7)

We consider two cases: the first is the usual one without any difference
between f'i(q) and fij(q), i.e, the case where "'Iij = o. The second is where
"'Iij # o. This case takes into account the time-ordering effect. In single scattering
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time ordering is meaningless. In each of these two cases we consider a further
two cases. The first is if we consider the phase variation of the nucleon-nucleon
elastic scattering amplitude f i ( q) as a proper property, then its appearance must
be in the scattering amplitude of the two free colliding nucleons, i.e. it is not
related to the target nucleus as suggested by Franco (Bassel and Wilkin 1968).
The other case is when we neglect this kind of phase variation. We represent
these latter two cases by the following two nucleon-nucleon elastic scattering
amplitudes (Franco and Yin 1985):

ka,
f .( ) - 'l (i ) -132 2/2 . 2/'/, q - - 1 + Qi e ,;,q e-1-Y'iq 2

4~ ,

f () kai. 2 2
i q == -(l+Q·)e- fJ'i q /2

4~ 1, ,

(8)

(9)

where a i is the nucleon-nucleon total cross section, Qi is the ratio of real to
imaginary parts of the amplitude, (3i is the slope parameter and ri in equation
(8) is a phase variation parameter.

In all cases we use the deuteron wave function in the form (Franco and Varma
1977)

where

3 l

¢(r) = (~Cj(47fdj)-3/2eXP(-r2/4dj)) 2 , (10)

Cl == 0·34,

d1 == 141·5 (GeV/c)-2,

Using the relation

C2 == 0·58,

d2 == 26·1 (GeVjc)-2,

8(q) == _1_ t-: b d2b

(2~)2 '

C3 == 0·08,

d3 == 15·5 (GeVjc)-2.

(11)

we can write (7) in the form

Fd(q) == fl(q)S(~q) + f2(q)S( -~q)

+ 2~k{J S(q' - !q)lt2(q') h(q - q') d
2
q'

+ JS(q' - ~q) 121 (q - q') It (q') d2q ' } , (12)



Phase Variation Effect

where

S(q) = Jeiq
• rl¢(rW d3 r

is the deuteron form factor. For the wave function (10), this form factor is

3

S(q) = L Cj e-d j q2
•

j=1

659

(13)

(14)

Therefore, the final form for the nucleon-deuteron elastic scattering amplitude
in the general case, where 1i and 1ij are not equal to zero, is given by

3 kc: 2 {
Fd(q) = L -,_J e-d j q /4 (Jl (i + al)exp[-(,8r + i11)q2 /2]

j=1 41T

+ (J2(i + a2)exp[-(,8~ + i12)q2/2]

i(Jl(J2 . . { 2. 2+ --2 (1 + a1)(1 + a2) exp[-(,82 + 112)q /2]
161T

00
x ~ __1T_ (,8~ + dj - i12)2rq2r
~ 2r - 1 ,
r=O T.

( [
1( 112 + 12 )]x cos (r + l)tan- f3; + f3~ + 2d

j

[
-1( 112+12 )])- isin (r + l)tan f3; + f3~ + 2d

j

00

+ exp[-(f3~ + ir'21)q2/2] L 2r~1r!
r=O

(,8~ + dj - i121 )2rq2r
X --=----:-;...,..-...,--=-.-----.-:.~~-

[(j3? + ,8~ + 2dj )2 + (11 + 121)2] (r+l)/2

( [
-1(" 11 +121 )]

X cos (r + l)tan f3; +; f3~ + 2d
j

.

- i sin [(T + l)tan- 1
( 2 1'1 -+; 1'21 .. )].)}} .' (15)

(31 + (32 + 2dJ ,
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3. Results for p-d Scattering and Discussion

Using equation (15), with ~ij == 0 and ~i == ~ =1= 0, the calculated results for the
p-d elastic scattering differential cross section at 1 and 11· 9 GeV are presented
in the Figs 1a and 1b respectively. The nucleon-nucleon parameters are given
in Table 1. The value 8 (GeV/ c) -2 for ~ gives the best agreement with the
experimental data. This value of ~ can be considered as the mean of those used
[~== 5,10 (GeV/c)-2] by Lombard and Maillet (1990) in p-4He elastic scattering
at 1·05 GeV. This mean value is used to obtain a good fit with the data for
Q-

4He elastic scattering at 5·07 GeV/ c (Franco and Yin 1986). We note that
Bassel and Wilkin (1968) obtained a good fit to the p-d elastic scattering data
at 1 GeV using ~ == -12·84 or -15·408 (GeV/c)-2. These values are compared
with ~ obtained from the nucleus-nucleus case (Franco and Yin 1985, 1986),
where the multi-scattering effect is larger than that in the nucleon-nucleus case.
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Fig. 1. The p-d elastic scattering differential cross section at 1 and 11· 9 GeV, where the
experimental data are taken from Igo et ale (1967), Friedes (1967) and Coleman et ale (1968)
at 1 GeV and from Bradamante et ale (1969, 1970) at 11· 9 GeV. Curves 1, 2 and 3 correspond
to 0,8 and -8 (GeV/c)-2 for ri, respectively, and rij == O.

Table 1. Nucleon-nucleon parameters at 1 and 11· 9 GeV

E {3~p {3~n Q p p Qpn O'pp O'pn Reference
(GeV) (GeV / c)-2 (GeV/ c)-2 (mb) (mb)

1·0 5·5985 5·5985 -0·60 -1·200 47·50 40·4 (Faldt 1970)
11·9 8·1600 8 ·1600 -0·27 -0·383 39·61 39·0 (Goggi et ale 1979)

On the other hand, agreement with the experimental data, at E == 1 and
11·9 GeV, in the ranges 0·2-1 (GeV/c)2 and 0·45-1 (GeV/c)2 of momentum
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transfer squared, respectively, is obtained with '"Y == ±2 (GeV j c)-2; see Figs 2a
and 2b. These r agree with the value obtained by Ahamed and Alvi (1993)
using a nucleon-nucleon interaction at 1 GeV, where '"Yrv1 (GeVjc)-2.
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Fig. 2. Same as in Fig. 1 except curves 1, 2 and 3 correspond to 0, -2 and 2 (GeV/ c)-2
for "'Ii, respectively, and "'Iij == o.

The difference between the results with positive and negative values is clear
only in the region of the first minimum, q2 rvO·2-0·6 (GeVjc)2. That is because
this is an interference region of the single and double scattering terms, where the
change of the phase sign leads to a change in the phase differences between the
two terms and then to different interference results. However, in the regions where
only single or double scattering is dominant, there are not serious differences
between the positive and negative sign results. Finally, the value of r, from the
results, is independent of the energies used.

Thus, what is the correct value of r? To answer this question we need
to determine the origin of the phase variation of the nucleon-nucleon elastic
scattering amplitude. Therefore, we discuss time ordering of multi-scattering
processes as a cause of this phase variation. Therefore, we calculated the p-d
elastic scattering differential cross section at the previously used energies on the
basis of equation (15) with '"Yi == 0 and rij -=1= o. Better agreement is obtained
at the two values E == 1 and 11·9 GeV with rij == -1·5 (GeVjc)-2; see Figs 3a
and 3b. The results obtained in this case mean that the phase variation of
nucleon-nucleon scattering amplitude can come, partially at least, from the time
ordering of multi-scattering processes. We note that, in the usual case where
ri -=1= 0 and '"Yij == 0, we can, taking the phase factor of the single scattering terms
as a common factor from all terms, write the p-d elastic scattering amplitude in
a form similar (approximately) to this amplitude in the case where ri == 0 and
rij -=1= 0, and then interpret the similar results in the two cases with, of course,
different r.
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Fig. 3. Same as in Fig. 1 except curves 1, 2 and 3 correspond to 0, -1·5 and 1·5 (GeVjc)-2
for 1ij, respectively, and 1i == O.
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Fig. 4. Same as in Fig. 1 except curves 1 and 2 correspond to the values (0, 0) and (4,4)
(GeVjc)-2 of (1i,1ij), respectively.

What happens if we consider the above two cases together, i.e. the case
where ri =I=- 0 and r-ij =I=- O? The new representation of the phase variation of
the nucleon-nucleon scattering arnplitude with two different sources of variation,
one the proper nucleon-nucleon interaction and the other the time ordering of



Phase Variation Effect 66:3

multi-scattering processes, gives a good fit at 1 and 11· 9 GeV using (,i, lij) equal
to (4,4) (GeV/ c)-2, see Figs 4a and 4b. We note that a good fit is obtained
with the same sign for Ii and I ij. If the signs of Ii and lij are different the
discrepancy between the theoretical and experimental data is clear; for example,
see Figs 5a and 5b where I'i and lij with different sign are used. Also, the Ii
and lij, which give a good fit to the data, have approximately the same values
at the given energies and, also are approximately independent of energy.
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Fig. 5. Same as in Fig. 1 except curves 1 and 2 correspond to (0,0) and (-2,4) (GeV j c)-2
for 1 GeV and (0,0) and (-4,4) (GeVjc)-2 for 11·9 GeV for (~i,~ij) respectively.

In conclusion, our results for p-d elastic scattering ensure the importance of the
phase variation of the nucleon-nucleon elastic scattering amplitude as in previous
work. Two kinds of phase variation are examined, the usual one which is related
to free nucleon-free nucleon collisions and was suggested by Franco (Bassel and
Wilkin 1968; Michael and Wilkin 1969), and the second which is our suggestion to
interpret the source of the phase variation of the nucleon-nucleon elastic scattering
amplitude in nucleon-nucleus and nucleus-nucleus scattering. This kind is assumed
to be related to time ordering of multi-scattering processes. We can say that the
two kinds play similar roles in improving the results. The contributions of both
kinds lead to a good fit with the experirnental data at the energies considered.
Also, both kinds have similar effects in the forward direction q == 0 where they play
unimportant roles. The value of the phase variation parameter in each case (where
they are considered together), which gives a good fit to the experimental data,
is the same of order 4 (GeV/ c) -2. Since the phase factor in the nucleon-nucleon
elastic scattering amplitude takes the form exp(-i'i q2/2-i, ij q2/2), then with
Ii == lij == I we get exp(-i, i q2/2-i

'
'i.j q2/2) == exp( -i, q2). Thus, the value I == 4

(GeV/ c)-2 in this case is consistent with that used by Franco and Yin (1985,
1986) in nucleus-nucleus scattering and by Lombard and Maillet (1990) in



664 M. A. Hassan et al.

nucleon-nucleus scattering, where the phase factor is ei,t/2 and 'Yr?10 (GeV/ c) -2.
Also, the value 'Y == 4 (GeV/c)-2 used by Lombard et ale (1991) in proton-nucleus
scattering is described by a complex optical potential, which is calculated using
the nucleon-nucleon amplitude and the nucleus form factor. Thus, this value is
related, in some way, to the target nucleus as is the parameter 'Yij [==4 (GeV/ c)-2]
in our calculations.

Fig. 6. The p-d elastic scattering
differential cross section at 1 GeV
for different sets of nucleon-nucleon
parameters. Curves 1, 2, 3 and
4 correspond to the four sets of
parameters in Table 2. The value of
('Y i , 'Yij) is (0, -1 .5) (GeV/ c) - 2. The
experimental data are from Igo et al.
(1967), Friedes (1967) and Coleman
et ale (1968) .
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Finally, any discrepancy between the data and our results in the forward
direction is not related to the phase variation effect. This is due to the minor role
of the phase variation in this region and it may be due to some uncertainty in
the other nucleon-nucleon parameters, as in the case of 1 GeV, which leads also
to a discrepancy at the first minimum (see Fig. 6) where 'Yi == 0 and 'Yij == -1· 5
(GeV/c)-2 and different sets of nucleon-nucleon parameters (Table 2) are used.
Thus, as is well known, the determination of the nucleon-nucleon parameters
is very important. However, this conclusion does not contradict our previous
conclusion about the phase variation, because all results using different sets of
nucleon-nucleon parameters are consistent in shape, due to the phase variation
effect, with the experimental data apart from a small shift up or down.

Table 2. Sets of nucleon-nucleon parameters at 1 GeV

P~p P~n cxp p cxp n a p p a p n Reference
(GeV/c)-2 (GeV/ c)-2 (mb) (mb)

5·5985 5·5985 -0·60 -1·2 47·5 40·4 (Fiildt 1970)
5·8807 4·9819 -0·35 -0·8 47·5 40·4 (Goggi et al. 1979)
6 ·162:3 4·3656 -0·10 -0·4 47·5 40·4 (Alkhazov et ale 1979)
5·4500 5·4500 -0·05 -0·5 47·5 40·4 (Bassel and Wilkin 1968)
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4. p-4He Elastic Scattering Amplitude

The p-4He elastic scattering amplitude is given by (Glauber and Matthiae
1970)

F(q) = ~:Jeiq
• b d 2bJ1,¢(r1' ... , r4)1 2 r (b, 81,82,83,84)

4 4

X 8( ~8ri) ]1 drj , (16)

where 1/J is the ground state wave function of the 4He nucleus, Ti, i == 1,2,3,4 are
the position vectors of nucleons in the target nucleus and r(b, 81, 82, 83, 84) is the
total profile function which describes the proton-v'He interaction. If T', r j =1= I', I',
this profile function takes the form

4

tt». Sl, 82, S3, S4) == L ri(b, Si) - ~ L ri(b, Si) rj(b, Sj)
i=1 i,j

i;f j

+ ~ L ri{b, s.) rj(b, Sj) tu», Sk)
i,j,k

i;fj;fk

- 2
14 L ri(b, si)rj(b, Sj)rk(b, sk)re(b, se). (17)

i,j,k,e
'i;f.i;fk;fl

The ground state wave function of 4He is (Sherif 1963)

'¢(rll r2, r3, r4) = N exp ( - a 2L: r7j ) ,

1,<)

(18)

where N is the normalisation constant, Tij == T'i-Tj and the nuclear structure
parameter a is related to the rms radius rrnlS of the 4He nucleus by the
relation r rrns == 3/8a, where a takes the value 0·078 mb -1/2 which corresponds
to rrnIs == 1· 52 fm.

We only consider, for the p-4He case, the effect of the phase variation which
comes from time ordering of multi-scattering processes. The nucleon-nucleon
scattering amplitudes j'i(q) and f ij ( q) which appear in the single and double
scattering terms are defined in Section 2. However, we also used in the triple
and quadruple scattering terms the amplitudes

f .. () ka, (. . - a 2 2/2' 21,)k q == - 1 + ai)e {J.;, q e-1"'{-iikq /2
4~ ,

ka. 2fijke( q) == _1, (i + ai)e-f3'i q2 /2e-i"'{;,jldq2 /2
4~ ,

(19)

(20)
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where, for example, f ijk (q) is the ith nucleon elastic scattering amplitude after
scattering on the kth and jth nucleons. In our calculations we assumed, for
simplicity, that --Yij == --Yijk == --Yijkl == --y, where --Yi is taken to be zero. The final form
of the p-4He elastic scattering amplitude is very detailed, and is not reproduced
here.
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Fig. 7. The p-4He elastic scattering differential cross section at energies 97, 259, 301 and
393 GeV, where values of ~i == 0 and ~ij == ~ijk == ~ijkf. == ~ are given on the curves. The
experimental data are taken from Bujak et al. (1981).

5. Results for p-4He Scattering and Discussion

Under the above assumptions, the p-4He elastic scattering differential cross
section was calculated in the range 45-393 GeV where the experimental data
were taken from Bujak et ale (1981). We attempted to obtain a good fit
between our results and the experimental data at the first minimum, where a
discrepancy between the usual Glauber calculations and the experimental data
is clear. The results are presented at E == 97, 259, 301 and 393 GeV in Fig. 7.
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The nucleon-nucleon parameters are given in Table 3. It is clear that the
phase variations in the representation considered improves the agreement with
experimental data. However, to obtain good agreement, I must lie in the range
0·25-0·5 (GeVjc)-2. It slowly increases with increasing energy. This value is
small compared with the values of lij used before in the deuteron case in the
range 1-12 GeV, where l'ijrv4 (GeVjc)-2. Also, this value of lij is very small
compared with the values of Ii used before in hadron-nucleus scattering (Bassel
and Wilkin 1968; Michael and Wilkin 1969; Lombard and Maillet 1990) and
nucleus-nucleus scattering (Franco and Yin 1985, 1986; Zhen et al. 1990), where
"Yi rv5- 15 (GeVjc)-2.

Table 3. Nucleon-nucleon parameters at 97, 259, 301 and 393
GeV (Bujak et ale 1981)

E
(GeV)

{3~
(fm 2 ) O<p

O"p

(rnb]

97
259
301
39:3

0·4171
0·4226
0·4053
0·4318

-0·0702
-0·0074
-0·0056
-0·0223

38·57
39·57
38·75
40·00

In conclusion, the phase variation of the nucleon-nucleon elastic scattering
amplitude, which is used with relatively large values of the phase variation
parameter in proton-deuteron elastic scattering at intermediate energies to
remove the deep minimum of the theoretical results, can be used in proton-I'He
elastic scattering with relatively small values of the parameter at higher energies
to improve the results at this mimimum. This means that the nucleon-nucleon
phase changes rapidly at intermediate energies and slowly at high energies, which
is in agreement with the asymptotic case E -+ 00, where the nucleon-nucleon
amplitude tends to an imaginary quantity (Van Hove 1963), i.e. with a constant
phase.
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