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Abstract 
Dual generalized order statistics is a common approach to enable descending ordered random variables like 

reverse order statistics and lower record values. In this paper probability density function of single concomitant and 

joint probability density function of two concomitants of dual generalized order statistics from bivariate Burr II 

distribution are obtained and expressions for moment generating function and cumulant generating function are 

derived. Also the expressions for mean, variance and covariance are given. Further, results are deduced for the 

reverse order statistics and lower record values. 
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1. Introduction 
Burkschat et al. (2003) introduced the concept of the 

dual generalized order statistics )(dgos  to enable a 

common approach to descending ordered random 

variables like reverse order statistics and lower record 

values. 

 

Suppose ),,,(),...,,,(2,),,,(1, kmnnXkmnXkmnX ddd (

mk 1,  is a real number 1 ), are n  dgos  from an 

absolutely continuous (w.r.t. Lebesgue measure) 

distribution function )()( xFdf  and probability density 

function )()( xfpdf . Their joint pdf  can be written as 
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where 11,2,...,=  1),)((=  njmjnkj , on the 

cone (0)>>(1) 1
21

1   FxxxF n . 

 

If 1=0,= km , then ),,,( kmnrX d  reduces to 

thrn 1)(   reverse order statistics nrnX :1  from the 

sample nXXX ,...,, 21  and when 1= m , then 

),,,( kmnrX d  reduces to thk  lower record values. For 

more details of order statistics and record values, one 

may reffer to David and Nagaraja (2003) and 

Ahsanullah (2004), respectively. 

In view of (1), the pdf  of ),,,( kmnrX d  is  
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and joint pdf  of ),,,( kmnrX d  and ),,,( kmnsX d , 

nsr  <1  is   
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Burr II distribution which is also known as 

generalized Gumbel bivariate logistic distribution and 

discussed by Satterthwaite and Hutchinson (1978). 

The pdf of bivariate Burr II distribution is given as  
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and corresponding df is  
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  The conditional pdf  of Y  given X  is  
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 and the marginal pdf  of X  is 
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 and corresponding marginal df  is  
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Concomitants of order statistics have wide 

applications in the fileld such as selection procedure, 

ocean engineering, inference problems, prediction 

analysis etc. For detailed survey one may refer to 

Castillo (1988), David (1996), Do and Hall (1992), 

Gross (1973), O'Connell and David (1976), Yang 

(1981a & b) and Yoe and David (1984) and references 

therein. 

 

Let ,1,2,...,=),,( niYX ii  be the n  pairs of 

independent random variables from some bivariate 

population with distribution function ),( yxF . If we 

arrange the X variates in descending order as 

),,,(...),,(2,),,(1, kmnnXkmnXkmnX ddd 

then Y variates paired (not necessarily in descending 

order ) with these dual generalized ordered statistics are 

called the concomitants of dual generalized order 

statistics and are denoted by 

],,,[],,[2,],,[1, ,...,, kmnndkmndkmnd YYY . 

 

The pdf  of ],,,[ kmnrdY , the 
thr  concomitant of dgos  

is given as 

dxxfxyfyg kmnrkmnrd  )( )|( =)( ,,,],,,[ 



         (9) 

and the joint pdf of ],,,[ kmnrdY  and ],,,[ kmnsdY   

nsr  <1  is 
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Ahsanullah and Beg (2006) derived the expression for 

concomitants of gos  for Gumbel’s bivariate 

exponential distribution whereas Beg and Ahsanullah 

(2008) obtained the concomitants of gos  for Farlie-

Gumbel-Morgenstern distributions and established 

some recurrence relations for the concomitants of gos . 

Das . alet  (2012) carried out the comparative study on 

concomitant of order statistics and record values for 

weighted inverse Gaussian distribution. Further, 

Tahmasebi and Behboodian (2012) obtained the 

Shannon’s entropy for the concomitants of gos  in 

Farlie-Gumbel-Morgenstern family. An excellent 

review of work on concomitants of order statistics is 

available in David and Nagaraja (1998). 

Here in this paper pdf  of 
thr , nr 1  and the 

joint pdf  of 
thr  and ths , nsr  <1 , concomitants 

of dgos from bivariate Burr II distribution are obtained. 

Further, moment generating function )(mgf  and 

cumulant generating function )(cgf  are studied and 

expressions for mean, variance and covariance derived. 

2. Moment Generating Function of ],,,[ kmnrdY   

Before deriving the expression for mgf  of ],,,[ kmnrY , 

we shall obtain the pdf  of ],,,[ kmnrdY . 

Lemma 2.1: For the bivariate Burr II distribution with 

pdf  as given in (4), the pdf  of 
thr  concomitant of 

dgos , in view of (9) and (6) is, 
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Proof : we have  
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Let 1)(1=  xet , then the R.H.S. of (13) reduces to 
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See Srivastava and Karlson (1985).          

Thus in view of (15) and (16), (11) can be 

established. Expression (12) can be obtained by 

simplifying (11) and taking 1m . 

 

Now moment generating function of ],,,[ kmnrdY  is 

given by  
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 Let yez = , then R.H.S. of (17) reduces to  
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Now using the relation, given by Prudinov et al. 

(1986) as 
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Cumulant generating function of ],,,[ kmnrdY  is given as 
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We have Andrews (1985)  
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Remark 2.1: At 0=m  and 1=k  in (22) and (23), we 

get mean and variance of concomitants of order 

statistics from bivariate Burr II distribution as obtained 

by Begum and Khan (1997).  
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Remark 2.2: At 1m  in (22) and (23), we get mean 

and variance of concomitants of  thk  lower record 

values.  
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3. Joint Moment Generating Function of 

],,,[ kmnrdY  and ],,,[ kmnsdY   

 

Here, we shall first obtain the joint pdf  of ],,,[ kmnrdY  

and ],,,[ kmnsdY . 

Lemma 3.1: For Burr II distribution with df  as given 

in (4), the joint pdf  of 
thr  and 

ths  concomitants of 

dgos  is given as 
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is known as      ́      ́     function (Srivastava and 

Karlson, 1985). 
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Proof : We have  
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If we put ,)(1= 12 


x
et  then the R.H.S. of (28) 

reduces to 
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 Now putting the value of (29) in (27), we get  
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Setting ,)(1= 11 


x
ez  and using the relation (15), we 

get  
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 Nothing that  
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(Srivastava and Karlson, 1985) 

and using in (31), we get the result as given in (25). (26) 

can be obtained by simplifying (25) and taking 1m . 

The joint moment generating function of ],,,[ kmnrdY  

and ],,,[ kmnsdY  in view of (25) is given as  
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Now using relation nmnm m)( )(=)(    as given 

by Srivastava and Karlson (1985), we have  
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Now on application of (19) in (34) and after 

simplification, we get  
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 Now using Prudnikov . alet (1986)  
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Cumulant generating function of two concomitant 

],,,[ kmnrdY  and kmnsdY ,,,[  is given by  
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 Noting that,  
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Remark 3.1: Set 1= 0,= km  and replace 1 rn  by s  

and 1 sn  by r  in (38), we get covariance between 

concomitant of order statistics from bivariate Burr II 

distribution as 
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This result was also obtained by Begum and Khan 

(1997). 

Remark 3.2: As 1m  in (39), we get covariance of 

concomitant of 
thk  record values from bivariate Burr II 

distribution as 

.
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=],[
2]1,,,[]1,,,[
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r
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4. Conclusion 
In this paper, we have obtained the marginal and joint 

moment generating function of concomitants of dgos  

from bivariate Burr II distribution. A good application 

of this setup is the use of mgf  of concomitants of dgos  

for computing the moments of any order of concomitant 

of order statistics, record values, sequential order 

statistics etc.  

Acknowledgement 
The authors acknowledge with thanks to learned 

referee and Professor Surendra Prasad, Editor-in-Chief, 

SPJNAS for their comments which lead to improvement 

in the manuscript. The authors are also grateful to 

Professor A. H. Khan, Aligarh Muslim University, 

Aligarh for his help and suggestions throughout the 

preparation of this paper. 

 

References 
Ahsanullah, M. 2004. Record values-theory and 

applications. University Press of America, Lanham, 

Maryland.  

Ahsanullah, M. and Beg, M. I. 2006. Concomitant of 

generalized order statistics in Gumbel’s bivariate 

exponential distribution. Journal of Statistical Theory 

and Applications 6, 118-132.  

Andrews, L. C. 1985. Special function for engineers 

and applied mathmatician. Macmillan, New York, 

USA.  

Beg, M. I. and Ahsanullah, M. 2008. Concomitants of 

generalized order statistics from Farlie-Gumbel-

Morgenstern distributions. Statistical Methodology 5, 

1-20.  



24  H. Athar et al.: Concomitants of Dual Generalized Order Statisti 

 

© The University of the South Pacific (2015) 

Begum, A. A. and Khan, A. H. 1997. Concomitants of 

order statistics from Gumbel’s bivariate logistic 

distribution. Journal of the Indian Society for 

Probability and Statistics 1, 115-131.  

Burkschat, M., Cramer, E. and Kamps, U. 2003. Dual 

generalized order statistics. METRON LXI, 13-26.  

Castillo, E. 1988. Extreme value theory in engineering 

(statistical modeling and decision science). Academic 

Press Inc., India. 

Das, K. K., Das, B. and Baruah, B. K. 2012. A 

comparative study on concomitant of order statistics 

and record values for weighted inverse Gaussian 

distribution. International Journal of Scientific and 

Research Publication 2, 1-7.  

David, H. A. 1996. Some applications of concomitants 

of order statistics. Journal of the Indian Society of 

Agricultural Statistics 49, 91-98.  

David, H. A and Nagaraja, H. N. 1998. Concomitants of 

order statistics. In Hand Book of Statistics. N. 

Balakrishnan and C. R. Rao, (Eds.), Elsevier Science, 

North Holland, 487-513. 

David, H. A. and Nagaraja, H. N. 2003. Order 

Statistics. John Wiley & Sons, New York, USA. 

Do, K. A. and Hall, P. 1992. Distribution estimation 

using concomitants of order statistics, with 

applications to Monte Carlo simulation for the 

bootstrap. Journal of the Royal Statistical Society 54, 

595-607.  

Gross, A. L. 1973. Prediction in future samples studied 

in terms of the gain from selection. Psychometrika 

38, 151-171.  

O’Connell, M. J. and David, H. A. (1976). Order 

statistics and their concomitants in some double 

sampling situations. In Essays in Probability and 

Statistics. S. Ikeda, T. Hayakawa, H. Hudimoto, M. 

Okamoto, M. Siotani and S. Yamamoto, (Eds.), 

Shinko Tsusho, Tokyo, Japan, 451-466. 

Prudnikov, A. P., Brychkov, Yu. A. and Marichev, O. I. 

1986. Integral and series. More special functions (Vol 

3). Gordon and Breach Science Publisher, New York, 

USA. 

Satterthwaite, S. P. and Hutchinson, T. P. 1978. A 

generalization of Gumbel’s bivariate logistic 

distribution. Metrika 25, 163 - 170.  

Srivastava, H. M. and Karlsson. 1985. Multiple 

gaussian hyper geometric series. John Wiley & Sons, 

New York, USA. 

Tahmasebi, S. and Behboodian, J. 2012. Shannon 

information for concomitants of generalized order 

statistics in Farlie-Gumbel-Morgenstern (FGM) 

family. Bulletin of the Malaysian Mathematical 

Science Society 34, 975-981.  

Yang, S. S. 1981a. Linear functions of concomitants of 

order statistics with application to nonparametric 

estimation of a regression function. Journal of the 

American Statistical Association 76, 658-662.  

Yang, S. S. 1981b. Linear functions of concomitants of 

order statistics with application to testing and 

estimation. Annals of the Institute of Statistical 

Mathematics  33, 463-470.  

Yeo, W. B and David, H. A. 1984. Selection through an 

associated characteristic with applications to the 

random effects model. Journal of the American 

Statistical Association 79, 399-405. 

 

Correspondence to: H. Athar,  

Email: haseebathar@hotmail.com, 

 

 

 

mailto:haseebathar@hotmail.com

