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Summary

The response to truncation selection is considered for populations which
reproduce by self-fertilization. Family structure is disregarded in the selection
process, and individuals are selected or rejected on the basis of phenotypic value.
For k unlinked loci of small effect, the expected response from n cycles of selection
is the sum of

(1) the change in mean due to inbreeding, and
(2) a component which is a function of the selection intensity and the variances
and covariances of an unselected population.

For a single-locus model the expected response is interpreted in terms of the
parameters of the base population. Predictions may be readily made for random-
mating populations or for populations with two alleles per locus.

A general expression is derived for the expected change in mean following
selection and reversion to homozygosity. This expression is investigated for the
single-locus model.

I. INTRODUCTION

Procedures for estimating the genetic components of variance in an auto-
gamous species are well documented. The pioneering study was that of Fisher,
Immer, and Tedin (1932), who gave expressions for the variance of an F, generation,
and of subsequent generations obtained by both selfing and intercrossing, in terms
of the additive and dominance effects of single loci. The methods of estimation
were considered in greater detail by Mather (1949), and the theory was extended
to indicate the possible effects of linkage bias on the estimates. In a later paper,
Hayman and Mather (1955) proposed an extension of the genetic model to include
epistatic effects. But although estimation procedures suitable for an autogamous
species have been considered in some detail, there is little information on how these
estimates should be used to predict the response from artificial selection.

In a series of connected studies, Sakai (1954, 1955, 1956) considered a number
of problems, including how to discriminate the most desirable hybrid combinations
in early generations of hybrid bulks, and how to construct a selection index for
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individual plants on the basis of individual measurements, line means, and line
group means. It was shown that heritabilities are invariably low for the early
generations following a cross of two lines, and the usefulness of the pedigree method
of plant selection was questioned on the basis of this result. However, all of these
investigations were based on a single-locus model, and the only populations considered
were the segregating generations following the cross of two inbred lines. Panse
(1940a, 1940b) made use of moment-generating functions in his investigation of the
response to selection in an F, population. Several models of gene action were
considered for a single locus, and values were derived for various characteristics of
the F3 population resulting from the selection and self-fertilization of F, individuals.
A more comprehensive set of genetic models were later considered by Panse and
Bokil (1953) and it was suggested that the results would be of use to a breeder in
predicting qualitative responses to artificial selection. No formulae were given
which could be used to predict the absolute magnitude of a selection response.

In the present study prediction formulae are therefore derived for the response
to truncation selection in an infinitely large population of self-fertilizing individuals.
Only the simplest situation is considered, in which the selection process is based on
individual performance and takes no account of family structure within each
generation. As such the results are applicable only to species and culture methods
which permit the ascertainment of individual values free from competition effects.
Results are presented for the generalized response due to a number of unlinked
loci, each with many alleles, and then for a more restrictive model the response is
expressed in terms of components of genetic variance. In the final section the
consequences of relaxation of selection are investigated.

II. GENERALIZED SELECTION RESPONSE

Attention will be given to the diploid genotypes generated by m alleles at
each of k unlinked loci. It will be assumed that these k loci represent only a small
subset of the total number of loci controlling the character undergoing selection,
and that the effects of subsets are additive.

The genotype of an arbitrary individual with alleles A5 and A3, at the sth
locus may be written as

k
I1 4345,
s=1

with corresponding genotypic value Y ;. In this and other expressions, unless it
is otherwise specified, the set of values s =1, ...... , k are to be assumed for the
product operator. The genotypic values are completely general and permit all
classes of between- and within-locus interaction.

The operation of self-fertilization will be denoted by the letter S. In general
terms, the expression (S'Ypy, ;) represents the array of genotypic values obtained
from genotype I145 A4S, by ¢ generations of self-fertilization.

Let the frequency of genotype 1145 43, in the base population be ,fm;;,, where
the zero subscript indicates generation number. The symbol ,f.; ;. will be used to
represent the marginal genotypic frequencies at the sth locus. Summation is
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assumed. to be over all of the 4’s and j’s not specified in the subscript. The initial
population mean, with respect to the k loci under consideration, is given by

ot = 2 . Ofl'lisjsyl'lisis'
all 4,5

Now consider the result of ¢ generations of self-fertilization. The marginal
genotypic frequencies at the sth locus for the ¢{th generation are

tfige = Bof gt B[l —B oSy (1)

where ,f.;__ is the frequency of allele A4$,, and

0 if 45 #~ j
Pun=19 ... .-
1if ¢, = j

The frequency in equation (1) is marked with an asterisk to indicate that it is
the result of self-fertilization without selection. Since the k loci are unlinked, the
overall genotypic frequency may be found as the product of marginal genotypic
frequencies, i.e.

tf ﬁi,js = Htf "isfs" (2)

The population mean after ¢ generations of selfing may be found either as

w = 2 tf’ ﬁig, Yl'[isfs’

all4,j

= D of i, (8 Yimi,)-

all ¢,j

or as

(@) Covariances in the Absence of Selection

For selection with random mating, the expected response can be written in
terms of covariances between related individuals (e.g. see Griffing 1960). It is therefore
of interest in the present case to derive similar expressions for the covariances between
relatives, and in this section particular attention will be given to the expected
covariance between an individual in the ¢{th generation and its offspring array in
the nth generation of self-fertilization (n > ¢).

The frequency of IIA§AS after ¢ generations of self-fertilization without
selection is ;fy; ;- In the nth generation this genotype will have produced an array
of genotypes for which the genotypic values may be written 8"~¢Ypy, ;. The desired
covariance in an unselected population is therefore

Otn) = anz" efTiggs Yty (S™ Y iusyg,) — o™ ap®

)

=% tfﬁisf,( Yl'[isj,'—'tl*"‘)(Sn_tYHisjs)' 3)

(b) Response from n Cycles of Selection
Suppose that the population phenotypic variance, which takes into account
all sets of loci, has a value of ,0® after ¢ generations of selection. It is convenient
at this point to define
tZl'Iisjs = (Ymg,"tlb)/ 10
and
tZ1i,5, = ( Yitigs,— )10
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The assumption will be made that the loci within the 4 subset are all of small effect,
so that the deviation of any genotypic value from the mean is always small relative
to the phenotypic standard deviation. It is then reasonable to assume that the
squares and products of Z values are of negligible magnitude.

The selection scheme will now be considered in which only the individuals
with phenotypic value exceeding a certain arbitrary value are chosen to contribute
to the next generation. Let the standardized selection differential have a value i.
Then it follows from Kimura (1958) that the frequency of 114543 in the set of
selected individuals is given by

oItizi, = ofl'ligjs(l +7 oZHisjs)'

The selected individuals are allowed to self to produce the next generation, which
therefore has a mean of

w= X . Ogr[isj,(S Ymsj,)

all 4,j

= Z of Hisis(l—l_i OZl'Iisjs)(S Yl'[isjs)
= "+ 2 of Migjs ozrusj,(S Yl'[isjs)' 4)

The genotypic frequencies following one cycle of selection and self-fertilization
will be denoted , fr;,.
From equations (3) and (4) it follows that

= 1" +1C(0, 1)/go.

This result may be compared with that of Griffing (1960), who found that the mean
of the progeny population which results from random mating selected parents from
any arbitrary population is equal to the sum of (1) the mean of the population after
it has been allowed to mate at random for one generation in the absence of selection,
and (2) the increment 2:Cov(PO)/,0, where Cov(PO) is the covariance of parents
and offspring in the base population.
A second cycle of selection of the same intensity gives
Wtigg, = 1S 1,7,(1 47 121m4,3,),

and subsequent self-fertilization gives a population with mean

ot = 2 19y (S Y,
i

all g,
= 2 (g, oS miggs 121mi,,) 08 Yiyg,)-

But the frequencies ,fr; ;, are the result of self-fertilization in a population with
frequencies ygr;,;,, and hence

o = 2 oIy, (8% Yruags)+2 2 1 magsy 121145, Yrusg,)
= o+ 2 of Tmigsy 0Z101475(S® Y11igsy) T 2 1f iyt 1Zm1,5,(S Yrag,)-

In general, after n cycles of truncation selection the population mean is found to be

n—1
b=+ N [ D i, Zmis, (8" Yy, ] (5)
t=0 all4,j
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Equation (5) is written in terms of the parameters of the selected population.
However, by definition

tZl'Iisjs = (Yl'lisj,—tl’**)/ta_(t:“'—t:“'*)/ta

t—1
= tzﬁiaf,_(i/tff) o [ ]E ufl'[isjs uanij(S""" Yl'[isis)l

u= all ¢,j

The second term on the right-hand side of this equation is effectively zero
since the product of two Z’s is a negligible quantity. Equation (5) therefore becomes

n—1
b= i X [ Z .tf isds thusjs(S"_tYmsfs)} (6)
t=0 ~ alli,j

Further, by a method similar to that used to derive equation (5), with repeated
application of equations (1) and (2), it may be shown that

n—1
wf Mg, = ”fﬁisjs+i tE_O{[(%)n—t]k[tinsjs ZLigg,

k
+(2mt—1) u§1 (Biusa 12 tf i, 1 Zmig,)
+(1/2!)(2n_t’"1)2u§w (ﬁiujuﬁiu,ju,ij tfﬂisjg tZl'Iisj,)
o 1}

The second term on the right-hand side is a function of Z values, and substitution
into equation (6) therefore gives the final result that

n—1

bt = o+ X% [ 2 ) tfl*'Iisjs tZ;Iisjg(Sn—tYHisjs)]' (7)
t=0 all<,j

From equation (3) it is clear that this expression may be rewritten as
. - n—1
b = nt 110 t§0 [O(t’n)/tc]' (8)

Equation (5) could have been written in this form but the covariance term would
have referred to the population undergoing selection. This equality of the covariance
terms follows from the assumption that loci are of small effect relative to the
phenotypic standard deviation. In the same way the overall genotypic, and hence
phenotypic, variances are identical for the selected and unselected populations,
and only the symbol ,0% will therefore be used.

ITI. RespoNSE IN TERMS OF GENETIC PARAMETERS

In the prediction of selection response under random mating the parameter
of overriding importance is the covariance between parents and offspring in the
base population (e.g. Griffing 1960). From equation (8) it is clear that a less simple
situation exists for selection with self-fertilization, in that the number of covariances
to be estimated is equal to the number of cycles for which a predicted response is
required. In addition, while the phenotypic variance remains constant for a popula-
tion mating at random, this is not necessarily so when' propagation is by self-
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fertilization. For the particular case of a population with a high level of heterozygosity
and no overdominant loci the phenotypic variance will tend to increase as selfing
proceeds.

In an attempt to deal with these difficulties a single locus model will be
considered and the covariance C(t,n) will be expressed in terms of genetic parameters
of the base population, that is the Oth generation. When this is done, it is sufficient
to estimate the genetic parameters to determine CO(t,n) at any stage of self-fertilization.
Although the theory is based on a single locus, it will again be assumed that the effects
of many independent loci may be summed. Explicit expressions will not be given
for the population phenotypic variance since the genotypic variance for the single
locus may always be found by substituting » = ¢ in the appropriate expression
for C(t,n), and then

0= 3% C(tt)+of,

loci
where o% is the error variance, assumed to be constant.

The subsecripts of the previous section will be simplified by putting 4, = ¢ and
J1 =J, and omitting all other subscripts. The “dot” notation will be used, e.g.

ofi. = §0fii-

A completely general model will be considered, such that the value of genotype
A;A; is given by
Y = optoyto;+0; (Gj=1....m).
In this equation, «; and «; are the additive effects of the ith and jth alleles respectively,
and §;; is the dominance effect associated with genotype 4,4;. The o’s may be
determined by a least-squares procedure, which yields the normal equations
of .04+ 72 of 5% = jz of (¥ i5—on) (t=1,..,m).

Summation over this set of equations gives

Z of 1.y = 0. 9
K
It can be further shown that
Z OfiISii = Z OfijSiJ' =0. (10)
i j

Following Kempthorne (1957), the additive variance in the base population
is given by
oG =2 Z of 17 0( Y iy—opt)
%

=2 ; 0fi-“i2+2 ZEJ of 17%:%;. (11)

The remainder of the variance is attributable to dominance effects, and is given by

o = 3 of 8 (12)

Y

For a single locus, equation (3) reduces to

O(t,m) = (F)" % tfi(Y =Y+ 20 —=1) Y ] (13)
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Similarly, from equation (1)

fis = B ofi+HBull—(3) oS 1.5
so that

Ctm) = (H)" Z of i Yyy— ) [ Y+ 2 —1) Y ;] +[1—(3)] ; of 1. Y i Yy — ™).

But
it = 2 ne
i

= %)toﬂ“‘[l"(%)t] EE ofz.Yu
= 0I’«+[1—(‘%‘)t] ; of 1.811 (14)

and therefore

Cltn) = (3)" Z of i Yiy—o)[ Y+ (2" —1) Yy ]+[1—()] E of 1. Yis(Yii—on)
—®1-® E ofi. Sn of ul Vi (@2 —=1)Y ]
—[1-®) t]2 ofi.8: 2 ofz Y.
Substitution of gene effects into this equation yields the final result
Cltn) = [4=20] B of ot +2(0)" S oS oy
+H@' =] %3 of u(ai+aj)3u+4[1—(%)‘] le of 1.8
+[1-(3)] % of 1 —[1-B) - X oft w2 3)" % of 585 (15)

This equation is valid only if the «’s and &’s are defined in the base population,
and for this to be so all of the ,f;; must be non-zero. This somewhat limiting restriction
will apply in all of the discussion which follows.

Although each of the unknown functions in equation (15) is estimable, it is clear
that the equation is of little practical value. However, there are two classes of
population for which a simplified result may be obtained, namely a population which
has arisen by a random-mating procedure and a population which has only two alleles
present per locus. These two cases will now be considered in turn.

(@) Random-mating Population

The significant feature of a random-mating population is that, for all ¢ and 4,

Ofif = (ofz.)(of.f)-

The terms involving the products «; «; and «; 8;; in equation (15) are therefore zero.
However, the number of unknown functions in the equation for C(¢,n) is still prohi-
bitively large. The assumption will therefore be made that all dominance effects
are zero, in which case the mean value of the character is not expected to change
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with self-fertilization in the absence of selection. Substitution of the expressions
for C(¢,n) and ,0? into equation (8) therefore gives

n—1
=S {160) . 31/100) - o3 +-oRl),
where
6() = 2—(3)".
This is equivalent to the expression presented by Brim and Cockerham (1961).

(b) Populations with two Alleles per Locus

The restriction (9) may be written as

ay = —(of 1.9%) oS 2.5

so that equation (11) for the additive variance in the base population becomes

% = (o3/0f3.)(8—D?), (16)
where

8= 0f22+of11’
and

D = ofzz“ofu-
Similarly, 8,, and §,, may be written in terms of 3,;, and there results

‘7% = (of113%1/2of12 ofzz)(S—D2)~ (17)

Finally, the covariance o, will be defined as

Oap = 3% 2 of 1y (otay) 8
i

= (D oy 311/40f 2. of 22)(S—D?). (18)
With this definition,

00.,1) = 0'?1“"",40‘!‘%0%-

There exist a number of useful relationships involving the genotypic and genic
frequencies, namely:

of1. =3 (1-D),
of 2. = % (1+D),
of 32 toft = 3(82+D?),

ofn of22 = i(Sz_

These relationships, and those between the «’s and the 8’s, are used to write equation
(15) in the form

Otn) = (af/of3.)[1—2(3)'of 12— D%
+(Doy313/20f 3. of2){[(3)'—(B)"1(S —D?)+-2[1—(3)11 —D?)}
+{[1 (3)11D*(1—D?8 1/40f22} '
+I(B™S—D»8%/80f 12 of 321 (S— DAL —2(3) o 12]—2D%f 1o}

and
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From equations (16), (17), and (18) it then follows that
[1 2(3)of 12— D" ]0
A

(S—D2)
{ 1P —(3)1(S—D?) +-4[1 —(3)](1 — D%}
®—D?) o4
21— ()10 —D¥),f,
+{ S —DI(E—D%) 2}"%
_I_( ) {[1 2 )tofl(‘gz__Dlz))z] 2D20f12} 2, (19)

For the special case of D = 0, equation (19) and the corresponding equation
for the phenotypic variance reduce to

Ctm) = (1/S)[1—2(3) o f 12)loh+ () 03], (20)
and

= (1/8)[1—2(3)’of 1)[0%+ (3 oB]+ 0 2D

These would be the appropriate expressions for selection in a population derived
by self-fertilization from a cross of two homozygous lines.

IV. RELAXATION OF SELECTION

Of particular interest for an autogamous species is the gain after selection has
been relaxed, and the population has resumed its homozygous condition. For a
population which has been selected for n cycles and then allowed to revert to
homozygosity the expected mean will be written as ,uy.

In the general notation, the frequency of genotype II1Aj A4S, in the first set
of selected individuals is ogr; ;. If self-fertilization is then carried out to homozygosity,
the expected frequency of 114§ 45, is given by

E Ogl'lzsfs

all j
since the k loci are unlinked. The proof of this relationship for the two-locus case
is given by Griffing (1956). It follows that
e = 2 (X oIy, Ymg,

alli  allj
= 2 ofmy, ¥ rlm;H of Tiggs 021155, Y ity
all 3,5 14,5
In a similar fashion
ol = 2_( % 191,5,) Yrust8
all j

all¢

= 2 . 1fr11315(1'|‘5 IZHisjs) Yl'llsi,

alle,7

= 2 oIy, Lt Z 1/ Mgy 1Z2mi,,) Y1,

all 4,j 14,5

= ofrli,,js Y s 10 2 Ofl'lisis stjs Ymscs

alli,j

+i X% & frlms 1Zrlt,f8 YHisis-
a. 't
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As a general result, after » cycles of selection

n—1

i = 2 ofmy, Ymig, i 2 (X ofmig, B, Yiig,)-
j

all 7,5 t=0 alli,

By the same manner in which equation (7) was derived from equation (5), this
expression may be transformed to give

n—1
nMtH = 2 ofrusjs YHisis+i ( 2 . tfﬁisjs thIisjs Yl'[isis)'
all 4,5 t=0 all 4,5
It follows that
n—1
i = % ofmg, Y+t X [C(f0)/0], (22)
all 2,j t=0

where
C(t,00) = lim C(t,n).
Nn— o

For the general one-locus case, from (15)

C(t,0) = [4—2(})] ; of 1. a¥+2(3)* % of 17 o o (3)¢ % of 7y 4-s)3;

+4{1—(3)] Z@ of 1. o 8 +H[1—H)[ 2@ of 1. 85 —( Et of 1. 812 (23)

When the genotypic frequencies in the base population are the product of gene
frequencies, two of the product terms disappear and there remains

O(t,00) = [4“2(’]2*)t] ZZ of i “iz+[4“3(%)t] 2:4 of i i 8y
+H1-G1 ; of 1. 85— ( ; of 1. 811)%]- (24)
For the case of two alleles per locus, substitution of n = co into equation (19) gives
- 1“*2(%)t0.)012"‘-D2 2
o) = [ o

n {2(%)t(3 —D2)+4[1—(%)‘](1—D2)}0AD

=
21 ()DL~ Doy
HE 9

As may be expected, when D = 0 the last two terms disappear so that the covariance
is a function of the additive variance alone.

V. DiscussioNn

The genotypic frequencies of a large random-mating population remain
constant from generation to generation if selective forces are not acting, and genetic
variability is therefore maintained in a form readily utilizable by artificial selection.
By way of contrast, a self-fertilizing population normally comprises a number of
homozygous genotypes which, with continued selfing, offer limited potential for
genetic improvement. Hybridization should therefore precede artificial selection
for such a population, and it is with hybrid material constructed in this manner
that the present study is concerned.
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The key result of the study is the equation for the expected population mean
after n cycles of individual selection, viz.

n—1
b = nl"'*—l"’z EO [C(tsn)/to']

It is clear that the natural change in mean due to decreasing heterozygosity is a
component of the observed response. If allowance is made for this factor, the
heritability for the #th cycle of selection is

r3(t,n) = C(¢,n)/,02

This is the relevant expression when selection is carried out in the fth generation
and the response is measured in the nth generation.

There are several courses of action open to a person wishing to predict the
selection response for a population of self-fertilizers. The first method would be to
grow the population for several generations in the absence of selection and thus
estimate the means, variances, and covariances necessary for prediction. The major
assumption would be that of no linkage between the loci responding to selection.
This method has little attraction, however, since it would be necessary to grow
n generations of plants to predict the response for n cycles of selection. One of the
less general methods may therefore be more suitable.

On the assumption that loci do not interact, equation (15) gives the required
covariance in terms of single-locus effects. Although the number of unknown para-
meters is probably too great for the equation to be of any predictive value, there
are two classes of population for which a simplified result is obtained. The first
type has genotypic frequencies equal to the products of gene frequencies, for example
the population resulting from a diallel intercross of several parents. Some of the
problems of estimation have been considered by Harris (1964). There are few
difficulties if no dominance is assumed, possibly a reasonable assumption for an
autogamous species.

A simple result is also obtained if it is reasonable to assume only two alleles
per segregating locus in the base population. Such a population would result from
a hybridization scheme between two homozygous lines. However, it would be
necessary to know the mating procedure by which the population was constructed,
since genotypic frequencies enter into the prediction equation.

A common procedure for an autogamous species is to cross two inbred parents
and then repeatedly self the hybrid material. The resulting populations have two
alleles per locus and the homozygotes equally frequent, and, as was noted in the
previous section, the covariance C(f,n) and variance ,0% are functions of the additive,
dominance, and error variances alone. The covariance is a function of only the
additive variance when the gain to be estimated is the ultimate gain following
relaxation of selection.

Selection in an F, population, which has f;; = of1s = ofes = %, Will be used
as an example. Direct application of equations (8), (20), and (21) gives
' [2—(3)1lo%+(3)"03]

o= B T 0 T (D eR ] Fol
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The equation for the ultimate gain following relaxation of selection is similar except
that the dominance variance does not appear in the numerator.

From (14)
e _'n—l/"','r = %(n-—ll"* —n—att”).

This equation could be used to estimate the change in mean in the absence of selection
for the above example. In practice, it would be necessary to observe the unselected
mean for at least two generations. It may be noted that if dominance of the ‘““plus”
genes is a significant factor in the genetic structure of a population, then the natural
decrease in mean may be of such a high value that the overall response is negative
for one or more cycles of selection. This result may be compared with the situation
for a random-mating population, for which the expected selection response is always
a positive function of the additive variance.

For the single-locus theory to be applicable it is necessary that the gene effects
are defined in the base population. This is always so for a random-mated base
population, but there is a restriction on the type of two-allele population which can
be considered. For example, in a backecross population only one homozygote and
the heterozygote are represented at each locus, so that dominance effects are
undefined. One way of overcoming this difficulty would be to determine, from first
principles, the expected genotypic frequencies after one cycle of selection and then
treat this as the base population.

A basic assumption of the present study is that the squares and products of
Z values are of negligible magnitude. In its original form (Kimura 1958) this
assumption stated that the effects of individual loci are small relative to the total
phenotypic standard deviation, but Griffing (1960) extended the concept to include
the effects of subsets of loci. The present study follows this later development.
No general theory exists to predict the response of loci of large effect, although
their patterns of response may be investigated by methods such as that used by
Latter (1965) for selection with random mating. In practice the effects of individual
loci are always unknown, and so the present theory should not be applied for more
than two or three cycles of selection.
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