LUNAR VARIATIONS IN THE IONOSPHERE
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Summary

The global pattern of the observed lunar variations of the height and electron
density of the F, region is briefly summarized, new analyses being presented for Canberra,
(foF,), Brisbane (h'F,), and Washington (h"-and f,F,). It is concluded that the height
variation has an amplitude of from 1 to 3 km and a phase giving maximum height at
06 lunar hours at moderate latitudes and at 09 lunar hours at the geomagnetic equator.
The critical frequency variation has an amplitude of from 2 to 4 per cent., maximum
critical frequency occurring at about 09 lunar hours at moderate geomagnetic latitudes
and 04 lunar hours at equatorial geomagnetic latitudes.

A theory of lunar ionospheric variations is then presented. The current system
which Chapman has shown could be responsible for the observed lunar geomagnetic
field variations is taken as a starting point: it is- considered that this current must
flow at a height of about 100 km. The tidal winds needed to drive the current, the
potential distribution which will be set up in the dynamo layer, and the resulting periodic
vertical drifts of ionization in the higher layers are calculated. It is shown that the
divergence of drift velocity is too small to account for the lunar variations in fyF,.
These are calculated taking into account the probable height variations of recombination
coefficient and ionization production rate.

The conclusions thus reached are in good agreement with the observed variations
in the F',. Tt is concluded that the amplitude of the lunar tidal wind near the E layer
is about 45 times greater than that observed on the ground.

I. INTRODUCTION

In recent years periodic atmospheric phenomena have been intensively
studied. These phenomena include variations, in both solar and Ilunar time,
of barometric pressure, of geomagnetic field, and of the maximum electron
density in the ionosphere; and the horizontal and vertical movements of
electron density peaks. The lunar variations can be safely ascribed to a single
cause, the Moon’s gravitational field, and in this paper an attempt will be made
to relate ionospheric phenomena of lunar periodicity to this field.

In 1882 Balfour Stewart suggested that the daily magnetic variations were
due to electric currents generated in the upper atmosphere by the daily con-
vective movement of ionized air across the Earth’s magnetic field. Subse-
quently Schuster (1908) and Chapman (1919) developed this ¢ dynamo ”’ theory
quantitatively. Two unknowns were in the theory : the tidal velocity and the
conductivity in the upper atmosphere.

* Radio Research Board, C.S.I.R.O., Electrical Engineering Department, University of
Sydney.
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From the study of barometric pressure oscillations, the lunar atmospheric
tidal movements on the ground are fairly well understood, but there is no direct
information about the corresponding movements in the upper atmosphere.
The early workers, Laplace and Lamb, considering perfect isothermal and
adiabatic atmospheres respectively, concluded that the tidal velocity at higher
levels would be the same as at the ground, which is much too small for the
purposes of the dynamo theory ; however, Pekeris (1937) showed that for other
cases it was usual for the amplitude to increase with height. From a study
of the vertical oscillation of the E layer, Martyn (1947) concluded that the
amplification was probably about 200. A new estimate of the tidal velocity
in the dynamo layer will be made in this paper.

Pedersen (1927) pointed out that the Earth’s magnetic field impedes the
movement of ions across it, and for this reason it has been difficult to find enough
conductivity to account for the observed magnetic variations. However,
Martyn (1948b) suggested that because of Hall current and consequent polar-
ization the conductivity would not be as low as Pedersen had suggested, and later
Baker and Martyn (1952, 1953). and, independently, Hirono (1950) and Fejer
(1953) studied the problem of the conductivity of a thin layer of ionization in a
magnetic field in detail and showed that, because of the form of the global wind
pattern and the consequent inhibition of Hall current, vertical and horizontal
polarization fields are set up, which increase the effective conductivity to about
8ix times the Pedersen value over most of the Barth and to even higher values
in a narrow strip over the geomagnetic equator. This removed the lagt objection
to the dynamo theory.

The oscillations of height and ion density of the ionospheric layers remained
to be explained. Martyn (1947) pointed out that these could hardly be attributed
to the simple rising and falling of isobaric surfaces, and he suggested that they
were due to electrodynamical interaction of the dynamo current with the
geomagnetic field. .

The revised dynamo theory of Baker and Martyn enables us to say with
gsome certainty that the day-time dynamo layer is near the E region and to
calculate the global distribution of electrical potential, which differs radically
from that given by the Schuster theory. We shall here bring forward experi-
mental evidence that notable lunar variations in ionospheric layer heights and
electron densities occur chiefly in the day-time, when the E layer is present.
These facts permit the presentation of a consistent explanation of lunar variations.

We first describe the observed ionospheric lunar variations. Then, taking
the current system which Chapman has shown to be consistent with the observed
lunar geomagnetic field variations, we calculate the necessary tidal winds, the
potential field set up in the dynamo layer, and the periodic movements of
ionization and changes in ion density which this field will produce in higher
layers. The conclusions thus reached are reconciled with all available measure--
ments of movements and electron density changes in the F, region of the
ionosphere.
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II. THE OBSERVED LUNAR VARIATIONS OF ELECTRON DENSITY AND
HEIGHT OF THE F, REGION

Martyn (1947, 1948a), Appleton and Beynon (1948), Burkard (1948), and
Matsushita (1949) have shown that the main lunar periodicity of F, electron
density and height is semi-diurnal. Maximum heights generally occur at
06 lunar hours at moderate latitudes and at 08 lunar hours above the geomagnetic
equator (Table 1), the only serious exceptions to this rule being Ottawa and
Watheroo, where the tidal amplitudes are small and the phase determinations
therefore not so reliable. Maximum electron densities occur 3—4 hr after
maximum height at moderate latitudes, and about 4 hr before maximum height
at Huancayo. ' ’
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Fig. 2.—The lunar variation of fF, at 11 (top) and 23 (bottom)
solar hours. Huancayo 1942-43-44.

Analyses made by the Radio Research Board, which will be published in
detail later, show that large lunar semi-diurnal variations of A™3x and f,F,
occur above Huancayo only during the day (Figs. 1 and 2), and above Canberra
only during the late afternoon and evening and for a very brief period
at dawn. '

ITI. THE THEORY OF LUNAR TONOSPHERIC VARIATIONS
() The Lunar Dynamo Current
Chapman and Bartels (1940) have calculated the form and magnitude of
the currents which must flow in the ionosphere if the observed lunar geomagnetic
variations are to be explained in this manner. Figure 3 shows the current at
new moon during the equinox : a similar current system centred near solar noon
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in each case flows at first quarter, full moon, and last quarter. At intermediate
lunar ages, there is slight distortion of this picture, the day-night boundary
cutting across the current loops. As a result of more recent geomagnetic
analyses, it is known that an anomalously large current of about twice the
intensity shown in Figure 3 flows above the geomagnetic equator.
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Fig. 3.—The system of ionospheric currents which could cause
the lunar geomagnetic variations observed at new moon during
the equinoxes. Contours 1000 A apart (after Bartels).

If we ignore the difference between the day and night intensities and the
equatorial anomaly, the current system of Figure 3 is well described by the
funection :

R=2-60dJ sin? 6 cos 0 sin 29 em.u., .......... (1)

R . R
0= s 69¢’ 7° = ro0’

where 0 is the co-latitude.

¢ is the longitude measured from the Moon,
r is the radius of the Earth,

jo is the southward current density,

jo is the eastward current density.

This function represents a current system with vortex centres at ¢ =45°4+m90°
and 0=54-7° and 125-3°, and with a circulation per vortex of J. A clockwise
vortex with a day-time circulation of 500 e.m.u. flows in the first octant (Fig. 3)
so that J has a day-time value of —500. We shall take the equatorial eastward
current j, to be double that given by (1), so that

Je=(5-20/r)J sin 2¢. ..., (2)

The E region must carry the substantial part of this current during the day
and early evening, and, as detectable lunar variations in the F, are almost
entirely confined to these hours, we shall not concern ourselves with the problem
of the height distribution of the relatively small night-time dynamo currents.
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(b) Lunar Tidal Winds in the Dynamo Layer
Barometric observations show a lunar pressure variation (p) on the ground
of the form
p=sin®6cos2¢. ........ ..., (3)

Fejer (1953) was the first to point out that the Earth’s rotation enhances the
electromotive effect of the tidal winds, as Coriolis deflection induces east-west
air motion, i.e. air motion normal to the geomagnetic field, at higher latitudes.
Taking account of the Earth’s rotation, then, southward and eastward wind
components
vg=—cos 0 sin 20,
vp=—(1—0-59 sin? 6) cos 2¢ }

may be expected (Gold 1910). We are free to choose a suitable phase and
amplitude for these winds in the dynamo layer.
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Fig. 4.—The global distribution of the lunar gravitational tidal
winds in the dynamo region. An arrow one division long
represents a velocity of 100 cm/sec.

Although the conduction of the ionosphere depends on the formation of
Hall polarization, Baker and Martyn have shown that the dynamo current
at high latitudes is parallel to the dynamo electromotive force, and maximum
eastward wind must therefore occur at the time of maximum poleward current,
that is at 00 and 12 lunar hours. The phase of the winds in the B layer must
therefore be opposite to that on the ground with components of the form

Vg ="max. €08 0 sin 2¢,
Vo =Vpax. (1 —0-59 sin? 0) cos 2¢.

The wind velocities may be estimated by equating the dynamo electro-
motive force to the ohmic potential drop around a circuit which runs along the
meridian =0 from the equator to the pole, back to the equator along the
meridian ¢ =4, and then along the equator to the starting point: this corres-
ponds very closely to the circuit of maximum dynamo voltages and currents.
The dynamo field Eg along the meridians is

Bo=H,00, +ueerrrrnnnennnnnnn.. (6)
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where H,, the vertical component of the geomagnetic field, equals —0-622 cos 6.
No dynamo field is generated along the equator and the total e.m.f. around
the circuit is therefore

b2
e.m.f.=2f —0-622 cos 0 vyay. (1—0-59 sin? 0)rd6
0
=1 007 Ummag.e «ovvenr et e (7)

We shall accept Martyn and Baker’s value of 3:5x10-% e.m.u. for the con-
ductivity in the non-equatorial region so that the ohmic drop along the meridians
is ‘

2 J‘*“.
35x10-8), 1

i.e. from (1), equal to (1-49x108%)J. Along the equator the éonductivity is
1-64 x10-7, so that from (2) the potential drop is

5-207 [0 7
m—T)LW" sin 2¢de=(1-58 X10 )IJ.

Hence the total potential drop around the circuit is

1-65X108J. .ot (8)
Equating (7) and (8), we find

Vmax. =130 cm/sec. ..., (9)

This is about 45 times as great as the lunar tidal wind observed on the ground.
The E region winds are shown in Figure 4.

(¢) Polarization and Electric Fields in the Ionosphere
The E-layer dynamo current. will induce polarization, the horizontal
distribution of which can be most easily described by dividing it into two parts,
an equatorial Schuster polarization and a Hall polarization at the centre of
each current loop.

The intensity of this polarization is independent of the diurnal variations
of conductivity, as the dynamo current is proportional to the ion density and
the induced polarization is proportional to this current divided by the ion
density. We may therefore use noon values of current and conductivity in
our computations without loss of generality.

The latitude variation of conductivity arising from the variation of solar
zenith angle and magnetic dip is important. Although a more precise investi-
gation is by no means intractable, we shall adopt the simplified picture of Baker
and Martyn (1953): a region lying within 7° of the geomagnetic equator is
taken to have a height integrated direct east-west noon conductivity
3,=1-64x10"7 em.u. Above the rest of the Barth, a direct conductivity
3,=6-4x10-? em.u., a Hall conductivity Z,=-1-36x10-%e.m.u. in the
northern and —1-36 x10-8 e.m.u. in the southern hemisphere, and an effective
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conductivity ;=3 +E§/21=3 5 X10-8 e.m.u. will be assumed. The meaning
of these four conductivities has already been described by Baker and Martyn
and will be clear from the context.

The dynamo electromotive forces (Fig. 5) do not form closed circuits but
converge on, or diverge from, four points spaced around the equator so causing
‘ Schuster ” polarization, the geographical distribution of which may be described
approximately by the expression

V,=VE §in2 0 o8 2¢. ............ (10)
It is this polarization which closes the current loops by producing flow along the
equatorial parallels of latitude so that

Je=EoZ i (11)

where Ho, the eastward field, equals

9V, o omax SO .
s 099 =2V —— Sin 2¢.
Therefore, from (2)

5-20J 2V %,

rr

ie. Vi™=-79-3x10%e.m.u. and the extreme potentials due to horizontal
polarization above the geomagnetic equator are +80V.
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Fig. 5.—The global distribution of the electromotive forces in
the dynamo region. An arrow one division long represents an
electromotive field of 100 mV/km.

Because the ionosphere has a Hall conductivity, initially a component of
current will flow at right angles to the dynamo electromotive forces, but as
such currents all converge (or diverge) from the vortex centres, they will be
rapidly countered by the accumulation of Hall polarization. As is explained
in Baker and Martyn’s papers, this Hall polarization then causes its own Hall
current to flow around the current loop, augmenting the dynamo current and
raising the effective conductivity from 2, to X, +Z§/Zl. Of the observed
non-equatorial current, therefore, a part proportional to X, is due directly to
the dynamo voltages, but the major part, proportional to X3/, (and thus a -
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fraction 33/(S3+33)=0-83 of the whole) is caused indirectly by the Hall
polarization. The Hall current function R, is therefore from (1)

R,=0-83R,
© OR
r sin 00¢’

. oR
JH, o= —0 ‘837?9.

jH}6==0'83

This current is related to the Hall field E, and polarization potential V
by the relations

L oVy

ju, 0 =2:Em, ¢ - zma

oy, o (14)
jH, o= —2:Em, 0= 12, ;a—lé
Hence V,, varies in the same manner as E, that is,
Vy=2-60VE"™ sin? 0 cos 6 sin 2¢, ...... (15)
VE* = _02'83‘7 — 43-05X10° .......... (16)
2 .

in the northern and southern hemispheres respectively.
The complete expression for the global distribution of polarization potential
V in the dynamo layer is therefore
V =[4+300 X 2-60 sin? 6 cos 0 sin 2¢ —80 sin? 6 cos 2¢] X108 e.m.u.

................ (17)
This is shown in Figure 6.
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Fig. 6.—The global distribution of horizontal polarization in
the dynamo region. Contours 100V apart.

The polarization of the E region will be communicated to the higher levels
along the highly conducting and thus equipotential geomagnetic field lines.
Hence, generally,

V —=[ 4780 sin? 6 cos 0 sin 2¢ —80 sin? O cos 2¢] X108, ...... (18)
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where 0 is the co-latitude at which the region connects via the geomagnetic
field lines with the dynamo layer. From the properties of the geomagnetic

field
8in? Op=(rg/r)sin2 0, ................ (19)

8o that the potential function for the complete ionosphere is

V' =[4780(r,/r) sin® 04/{1 —(rz/r) sin? O}sin 2¢ —80(ry/r) sin? 6 cos 2¢] x108,
V[ 780 sin? 64/{1 —(rz/r) sin? O}sin 2¢ —80 sin? 6 cos 2¢] x108. .. (20)

In the E region the total electric field will be the sum of the electromotive
and electrostatic fields, but due to the greatly decreased pressure at higher
levels, which will entail a much greater reduction of gravitational tidal power
per unit volume than of viscous and electrodynamic damping, it is likely that
in the F region gravitational tidal winds are negligible and that the electrostatic
field is the only one which need be considered. There will be horizontal air
movements in the F, due to the interaction of the electric currents produced
by the electrostatic field and the geomagnetic field, but, as Baker and Martyn
(1953) have shown, the e.m.f.’s developed by these will be back e.m.f.’s and
will merely reduce the effective electric field. This effect will be discussed later.

(d) Vertical Drift of Ionization in the F, Region

Martyn has shown that, because of the geomagnetic field, an electric field
in the ionosphere produces a drift of neutral ionization. This drift is the same
as that given by Ampere’s law ; an eastward current being associated with an
upward drift of ionization.

A discussion of ion drift in the E region is difficult because of the very rapid
change with height, in this region, of the conductivity per ion pair; we shall
confine ourselves to the very much simpler problem of ion drift in the F, region.
Here there is no Hall current so that an eastward field will cause an eastward
current. Martyn (1953) has derived the relation

_Fy

v, = o

for the upward drift velocity (v,), where Eg is the eastward electric field, H the
geomagnetic field intensity, and ¢ the geomagnetic dip angle.

As has been pointed out (Baker and Martyn 1953), ‘this relation will need
modification if the air is set in motion by the drifting ionization.. A rough
measure of the time which air will take to acquire the velocity of ionization
drifting through it is given by t=p/(cH?), where o is the air density and ¢ the
conductivity. If we evaluate this for the F, region we find that ¢ is of the order
of an hour ; independent of the air pressure. Hence some air motion probably
occurs. However, vertical air drift will be prevented by the Barth’s gravitational
field and even horizontal motion will be affected by a redistribution of air
pressure because the horizontal component of the ion drift has appreciable
divergence. Air motion is therefore 'probably a second order effect, but it
should be remembered that it will reduce the vertical ion drift to some extent,
particularly at high latitudes.
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Going back to equation (21), we have from the properties of the geomagnetic
field

cos ¢ sin 6
H ~ 0-311(1+3 cos? )’
also,
. ov

?7 " rsin 60¢’

so that
ov
v,=—0_311T(1+3 oS 09" T (22)

From (20), then

§in2 04/(94 -5 cos? 0,41)
1-+3 cos? 0

v,=80-3 [cos (2<p —arctan

-1 _
—9-75 cos OE)]
.................... (23)

Hence maximum upward drift velocity should occur at 06 lunar hours over
most of the Earth. The theoretical variation of the amplitude of the drift
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Fig. 7.—The variation with co-latitude of the vertical
lunar drift velocity at 300 km.

with latitude is shown in Figure 7. Above the geomagnetic equator the time of
greatest upward drift depends on the height, being 09 hours in the dynamo
region (100 km), 07 hours at 300 km, and approaching 06 lunar hours at very
great heights.

(¢) Lunar Periodicity in the Height of the F Region
Integration of equation (23) shows that if the F' region were translated
up and down by the drift it would oscillate through about 12 km, maximum
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height being reached 3 hr after the time of greatest upward velocity. However,
this large movement does not occur because the limited life of electrons (about
an hour in the day-time F, region) prevents them from being shifted very far
from the height at which they are produced. Even at night diffusion and the
helght gradient of the recombination coefficient tend to stabilize the height of
the F, layer : if the layer is shifted upwards it tends to diffuse down again : if
the layer is shifted downwards the accelerated decay of the lower edge will
tend to restore it to its original height. Vertical drift, therefore, will perturb
the height of an ionospheric layer rather than shift it bodily.

Suppose that we have in an ionospheric region, ionization, recombination,
and a redistribution of electrons by a solar tide. The equation of continuity
of the electron density is

aé.)_z:r =I—aN2—v,gfbV Na;h, .............. (24)
where N is the electron density, ¢ is time, I is the rate of ionization, « is the
recombination coefficient, v, is the velocity of vertical drift, and % is height.
In time the electron density will approach a value N, such that oN,/dt=0.
If the electron density is perturbed from this value by an amount n so that
N=N,+n, and the perturbing cause then removed, the equation of continuity

becomes

an ov, on

P —2aNn— ”ﬁ'”rﬁ,'
The only term on the right of this equation which represents a tendency for the
perturbation to decay is the first, —2aN n, the other two terms merely show
that the electron density perturbation is redistributed by the solar tide. The
electron density perturbation n decays, then, according to the law

on/ot= —2uN m,
or .
n=exp (—2alN i), ...... e (25)

so that t=1/2aN may be taken as the ‘ relaxation time ’ of the ionosphere.

If this relaxation time is much shorter than 3 hr, we should expect an
ionospleric layer to be displaced a distance Ah=v,r by a vertical drift v, Of
all time intervals r, that beginning }r seconds before and ending 37 seconds
after the time of maximum upward drlft covers the period of greatest upward
drift, and the electrons should be at their greatest height 1t seconds after the
time of maximum upward velocity. The following more rigorous treatment
shows this picture to be correct.

If AN/dh is the height gradient of the electron density, then in the presence
of a uniform vertical drift v, the equation of continuity becomes

oN oN

ot LN

that is, - -
—2aNn —v,~— (26)

= RS E R TE RS
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When the relaxation time is short, the layer will reach a new equilibrium
state so that 0N /0t=0, :

and hence

: oN
MmO Tmgme et (27)
This relation implies that to the first order we can consider the ion density
perturbation at a given height to be due to the layer being raised undistorted
a distance Ah where

(It should perhaps be pointed out that the electron density perturbation at a
given height is deduced in (27) merely as a means of obtaining the height
perturbation. Tt is not the observed quantity; the perturbation of the value
of the maximum electron density. The latter will be calculated in the next
section.) : ‘

It is difficult to obtain reliable estimates of T in the F, but if we accept
S. K. Mitra’s (1952) values of recombination coefficient, we obtain a midday
figure of 4000 sec. From this we should expect a day-time lunar height variation

~ of about 6 km, maximum height occurring at 06 lunar hours at moderate latitudes’
and 07 lunar hours at the geomagnetic equator. Even larger amplitudes and
later phases would be expected at night. However, we shall show that at F,
heights, and particularly at the height of the night F, (300 km) diffusion becomes
a process important enough to keep the effective relaxation time of the ionosphere
short. » ’

The greatest height at which reasonably reliable rocket measurements of
temperature and mean free paths have been made is 200 km (Rocket Panel
1952), and on this evidence the coefficient of diffusion of air (K) at this level is
roughly 7-5x108 cm?/sec. The diffusion coefficient will increase with height
due to the increasing temperature and decreasing pressure. Pressure decreases
exponentially with height and will have much the greater influence so we shall
write

K=(7-Bx108erH, . . ... ... ...... (29)

where h/H is the reduced height above our 200 km datum level.

Huxley (1952) and others before him have shown that the electrons and
positive ions in the ionosphere are held together by electrostatic attraction,
the electron-positive ion gas diffusing at twice the rate appropriate to the positive
ions alone. For our purposes, it will be sufficiently accurate to assume the
coefficient of diffusion of the latter equal to that of neutral molecules, so that the
coefficient of diffusion of the electron-positive ion gas (K,) is

K,=(1-5x10%eMH. ... ...... e (30)
The equation of continuity for the electron-positive ion gas is

N
o

—div [Kig%T—WN], .............. (31)
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where W is the drift ve1001ty of the ions under gravity. It may be shown from

kinetic theory that
Kmg K . (32)

W=="31 ——m;

o that, as is well known, diffusion and gravitational drift are in equilibrium

when
N=Ngexp (—h/H)), ..ccovvvieeeen.. (33)

where H;, the scale height for the electron-positive ion gas, will be twice that
for the neutral molecules (H).

It is clear, however, that in an ionospheric layer gravitational drift and
diffusion will not generally balance one another ; indeed, on the under side of
the layer, the side observed, they both cause a downward flux of ionization.
The total effective velocity of this flux (U) is

) oN
U=—K e +W,

or

oN

U=—K (Nah+H)

We have not yet considered the effect of the geomagnetic field. Ions can

gravitate and diffuse only in the direction of this field. If the dip is ¢ the

components of ion density gradient and gravitational field in this direction are

. the corresponding vertical components multiplied by sin ¢. To find the vertical
component of velocity we must multiply by sin ¢ once again, so that

_ oN 1\ .,
U———Ki(m"f—ﬂ—.l) S LIJ,
that is, e (35)

oN
U= 2K(Nah+ ) sin? ¢.

At night we may consider the F, layer to consist of a relatively thick bank
of ionization in the upper region of rapid diffusion and low decay, with a lower
boundary whose position is determined by the opposing processes of downward
diffusion and gravitational drift on one hand, and the relatively rapid decay of .
the lower edge on the other. A reasonable value for the scale height of the F,
region is 30 km. We shall take the semi-thickness of the F, to be 60 km so
that the mean value of ON/0h iS Npax /(6 X10%). The mean value of N may be
taken as iNp.x, so that

. 1 1
—_(1- |~ % | «in? LellH
U (1-5x10 )[3 ><106+6><10“] sin? Jeh/H,
that is,
U=—7808n% YeMH, ... .oiiiiiiiiiinanannnn. (36)
and hence
%7 2B %1075 §In® YO, L. (37)
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An upward electrodynamic drift (v,) will push the F, layer up until the
downward diffusion velocity (—U) is increased by an amount equal to w,.
Hence, if in the relation

105 |
dh=— 5 cosec® e MHAU ................ (38)

we put —dU equal to the upward drift v,, dh is the displacement which this
drift will cause, that is,

5
) Ah=-2% cosec? YeMHy,, ..., (39)
or
5 2
AR B e O (40)

T 25 4 cos?

The F, layer is about two scale heights above the 200 km level. We shall
put therefore,
h/H =2,
and -
v,=155 cm/sec,

corresponding to the situation at co-latitude 55°.
This gives Ah=1-26 km.

This crude argument does not take account of the height gradient of recom-
bination, but it indicates approximately how much diffusion will limit the
amplitude of the lunar height variations.

It seems therefore that, at moderate latitudes, the amplitude of both the
day and night lunar variation of h'F, should be about a kilometre, and that
maximum A’ and hmaxF, should occur close to the time of maximum upward
drift velocity ; 06 lunar hours. Table 1 shows that, at most moderate latitude
stations, maximum F, heights occur close to 06 lunar hours, and that the
amplitude of the variation is from 1 to 3 km, in fair agreement with these
arguments.

Above the geomagnetic equator vertical diffusion is inhibited and this
will lead to large F, height variations. The maximum drift velocity here is
160 cm/sec, so that at midday when the relaxation time is about 4000 sec, a
maximum positive height variation of about 6 km should occur close to the time
of maximum upward drift ; 07 lunar hours. Towards sunset, when the relaxa-
tion time is of the order of hours, even larger amplitudes and a phase of 10
lunar hours can be expected.

Martyn (1947) has shown that the observed variation at Huancayo does
~in fact exhibit these features.

(f) Lunar Periodicity in the Electron Density of the F, Region
Periodic drift may result in periodic variations in electron density in two
Ways :
(i) The drift velocity may have a gradient, resulting in the periodic con-
centration and rarefaction of the ionosphere.
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(ii) The drift may shift the layer to a height where a different ionization
and recombination rate prevails.

Let us first consider the effect of drift velocity gradients. The drift velocity
v is given in magnitude and direction by the relation :
1
7l
The divergence of the drift is therefore,

V= (EXH) oot (41)

div v=vy. [ (E ><H)]
1
=1Tzv.(E x H) —|—Vm.(E x H)
=]-51—2 (curl E.H—E.curl H)+(grad %).(E % H).

Now the first term is zero as both E and H can be derived from scalar potentials
so that

div v— (gra,d ) (EXH). v, (42)
As both Hg and 0(1/H?)/0p are zero, this reduces to
o o(1/H?) 8(1/H?)
div V_Eq;[—— L Ho+ 2 H,]. .............. (43)
The geomagnetic field is such that
H,=2M (;os 9,
7
M sin 0
He= 73 ’

2
H2=g—f6— (3 cos? 641).

where M is the Earth’s magnetic moment. Hence,

(1/H2) 6r5
or M2 (3 cos? 6+1)

and
0(1/H?)  6r®cos O sin O

rod — M2 (3 cos® 641)%

Substituting these values in (43) we find that

672 gin 0 (cos2 041)
(3 cos? 6 1) By, oooiiiiinn. (44)

divv=—

It is useful to obtain this expression in terms of the vertical component

of drift (v,). From (21) : :
73 gin 0

U ="M (3cos? 0 +1)Eq°’
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therefore
6 (cos? 041)

AV V=t o g )

(1/N)(0N/ot)=—div v and, if the F, relaxation time is 7, the critical frequency
variation will be
Afo  3(1+4cos?6) 3(1+4-cos2 0) A

fo  r(1+3cos? 6)”’1— r(1+43 cos?0) - (45)

Thus the critical frequency variation due to drift dlvergence will be in
phase opposition to the height variation.

Martyn (1955) has calculated the vertical gradient of the vertical component
of the drift- velocity (dv,/or) on the assumption that the geomagnetic field
intensity is uniform, and he has equated this to —0N/Not. Clearly, we should

| N N D D N

o 30° 60° 20°
CO-LATITUDE

Fig. 8.—The variation with co-latitude of the relative
critical frequency changes due to lunar drift velocity
divergence at 300 km.

also consider the gradient of the eastward component of drift (dve/r sin 00¢).
The new term is equal and opposite to the old (i.e. dv,/or= —0ve/r sin 00¢p)
so that the total velocity divergence is zero. The derivation given here
[(41)-(45)] shows that this is generally true: the drift divergence due to the
electric field gradient is zero because div (E X H)=0. The residual velocity
divergence is due to the gradient of the geomagnetic field intensity.

The ecritical frequency variation given by equation (45), for a height of
300 km,  equal to 4000 sec, and v, as given in (23), is plotted against geomagnetic
latitude in Figure 8. It is seen that a critical frequency variation of about
% per cent. may result near the geomagnetic equator, but that generally the
effect is small.



LUNAR VARIATIONS IN THE IONOSPHERE 129

It seems. likely, therefore, that electron density variations at moderate
latitudes are principally due to the effect of drift in an ionosphere with a height
gradient of electron production and recombination.

Let I be the electron production rate,
o be the recombination coefficient,
N, be the maximum electron density,
h,, be the height at which this occurs,
Nu, o be the maximum electron density which would preva,ll if there were
no drift, and
hm, 0 be the height at which this would occur, and
N, o be the equilibrium electron density
- (l.e. Noo=1/(Ip/a)) at the height hy.

Then let
n :N m —N e, 03

h =l —hp, -

k' is the tidal perturbation of h,, but n, the perturbation of the maximum
electron density, will be due partly to the drift and partly to the natural difference
between the actual electron density and the equilibrium value at any time,
that is,

n=N,—Ne 0=(Np—Nm,0) +(Nm,o0—2Ne,o)

Now,
dw,, \
ST a2 (46)
therefore
ng 0 . ’ oo ’ 2
a5 @0t
and :
d ,
df —ag(N =N o0t (I—mij.

This relation is precise but to the first order we may write

dn Y
€T = 2ocN'n+ah(I—ocN W,
that is,
dn ,
a =—An+Bh'. ..o (47)

If »' varies sinusoidally semi-diurnally, that is,
' =P, cos 2w,

where « is the angular velocity of the Earth, (47) has the solution

n=n0e—At+7£ﬁ) cos (Zcot——arcta,n %—;3) ....(48)
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The first term in this expression shows that the electron density recovers
exponentially, with a relaxation time t=1/2«N, from any initially imposed
perturbation n,. '

The second term,

BP,
V(& F4o2N?

®

n= ) cos (2wt—aretan MN>. cee. (49)

gives the tidal perturbation of the electron density.

Now, as in fact equation (49) implies, because of the intrinsic stability
of an ionospheric layer in which ionization and recombination processes are
rapid, we should expect appreciable lunar perturbationlof the F, only during
the late afternoon and evening when the relaxation time is reasonably long,
yet the F region is still the most highly conducting region of the ionosphere.
This is in fact the case at Canberra, as will be shown in a later paper, and it
seems reasonable to assume that at all moderate latitude stations the lunar
variation extracted from data averaged over all solar hours is dominated by the
behaviour at these times.

Recombination is then the dominant process so that we may write

0

B=—gr(

AN, e (50)

At the height of the F, region at moderate latitudes (250-300 km) the
recombination coefficient is proportional to the air density, that is,

a=qge M,

where H is the scale height,

B::%N2 (aiv is zero at the density ma,ximum),

oh
and
- aNZP, o .
n_H\/(4@2—{—4a2N2) cos (2wt—aretan ocTV)’ ...... (51)

Now at night the relaxation time (1/20.N) of the ionospheré can be considered
infinite, as its value at any time ¢ after sunset is always greater than {. Hence
the variation of critical frequency should lag that of height by 3 hr.

We may estimate the amplitude of the critical frequency (f,) variation
from (51)
n o NP,
N 2H/(0*+a2N?)
therefore ’
Afy aNP,
fo  2H+/(0?+a2N?2)
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where Af, is the total variation of critical frequency, i.e. twice the amplitude
of the variation.

Put o=3 x10-1° cm3/sec (Mitra),
N =2-5x%105/cm?,
P,=1-5x10% cm,

w=27/(24 X 3600) sec~1,
H=3x10°% em.

Then
Afolfo=1-8 X102,

Martyn found a variation of about 2 per cent. at Canberra, with maximum
critical frequency at 09 lunar hours, in good agreement with these results, and
other non-equatorial stations show variations of similar amplitude and phase
(Table 1).

The arguments above are not applicable to the ¥, region near the magnetic
equator, for here, probably as a result of solar tides (Martyn 1955), the day-time
F, region occurs at the great height of from 350 to 450 km (Maeda 1955). The
recombination coefficient at this height is small and thus the electron relaxation
time in the F, region near the magnetic equator is of the order of hours during
the day when the conductivity of the B region is greatest. Vertical diffusion
is inhibited by the geomagnetic field. This will lead to large day-time lunar
variations of Amax-F, and f,F,, and we should expect these day-time lunar varia-
tions to dominate the variations found in data meaned over all 24 solar hours.
Figures 1 and 2 show that this is the case.

There is good evidence that at 300 km electron decay is primarily due to
attachment and hence proportional to the pressure, but the rate of electron loss
cannot fall indefinitely with height as attachment must ultimately cease to be

the most important process of electron loss. At 400 km, then, the effective
~ recombination coefficient has probably fallen to a constant low value.

On the other hand 400 km is well above the height of maximum ion pro-
duction so that the ionization rate will be practically proportional to the pressure,
that is,

I=Ie™H, (52)

For day-time equatorial conditions, therefore, o(I —aN?)/0h becomes
—I/H, 0N |oh being zero at the electron density maximum. Substituting this
value in (49) we obtain

n=— 1P, cos (2 ot —arctan . )
Hy/(40?+4a2N?) aN)’
hence: ‘
Af, 1P,

EZZHN\/(Q)2+O(2N2)' . : ....................

From this we may estimate the expected phase and amplitude of the
Huancayo lunar critical frequency variation.
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Put N =108 em~2, o =5 xX10-! ¢m3/sec. Then the relaxation time (1/20N)
equals about 2-8 hr. This is much less than the time for which the sun shines
(12 hr) so we should expect the electron density to be approxunately equal to
the equilibrium value and thus

I~aN?2=50 cm—3sec,

also, P,=>5x10°% cm, H=3 X10% cm, and o =27/(24/3600) sec—1.

Substituting these values in (53) gives arctan w/«N equal to 55°, i.e. 19 hr,
and Af,/f, equal to 4-7 <1072

Thus, we should expect a lunar critical frequency variation of about 5 per
cent. at Huancayo, and maximum critical frequency should occur about 4 hr
before the time of maximum height. The phases and amplitudes observed
by Martyn (Table 1) are in agreement with these conclusions.
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