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Summary

A theory is given for the radiation from a fast electron rotating, under the action
of an external magnetic field, in an ionized plasma. It is shown that, although the
radiation is emitted predominantly in the extraordinary mode, the ordinary mode is
also weakly excited, even in the limiting case in which the density of the background
plasma is vanishingly small. At the harmonics of the gyro frequency of the fast electron
the power radiated in the ordinary mode is a few per cent. of that radiated in the extra-
ordinary mode. This ratio is independent of v,, the velocity of the fast electron, as
long as v, is sufficiently small compared with ¢, the velocity of light. However, at the
Sfundamental gyro frequency the power radiated in the ordinary mode is lower by a
factor ~10-%(yy/c)* than that radiated in the extraordinary mode and indeed is
significantly smaller than that radiated, in either mode, at the third harmonic.

The gyro theory of the non-thermal radiation from the Sun is discussed in the
light of these results and it is argued that this mechanism cannot explain the phenomena,
associated with the bursts of spectral types II and III. However, it is conceivable
that the radiation on spectral type I may be of gyro origin, though even in this case there
are serious objections to this explanation.

I. INTRODUCTION

The possibility that the non-thermal radiation from the Sun might be due
to gyro radiation from fast electrons was suggested at a very early stage in the
development of radio astronomy (Kiepenheuer 1946), but in its initial form this
hypothesis seemed subject to several very serious objections. The most important
of these was that gyrating electrons would radiate only in the so-called extra-
ordinary mode. At the fundamental frequency at which, it was thought, the
majority of the radio energy would be generated, it was argued that this mode
could not escape from the Sun (Ryle 1950). . It has recently been suggested
(Kruse, Marshall, and Platt 1956) that this objection is not conclusive, since in
fact a gyrating electron will radiate both in the ordinary and in the extraordinary
mode except in directions parallel and perpendicular to the magnetic field.
However, in estimating the magnitude of the radiation that might be expected
in a practical case, Kruse, Marshall, and Platt assumed that an electron gyrating
in a plasma would radiate as much energy as in free space, and that all the energy
would be in the ordinary mode. These assumptions are not valid, and before one
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can decide whether gyro radiation plays any significant part in the non-thermal
golar radio emission one must have a quantitative theory for radiation by
electrons in an ionized medium.

In the present paper we consider the idealized case of a single charged
particle of arbitrary energy rotating in a circular orbit in a uniform ionized
medium of zero temperature and we shall assume that the motions of the ions
are too small to be significant. The more general case where the ionized medium
is at a finite temperature and where there is a distribution of fast rotating particles
with arbitrary axial velocities has yet to be analysed.

II. THE FUNDAMENTAL EQUATIONS AND METHOD OF SOLUTION

In the small signal theory in which the quadratic terms involving the
time-dependent field and space-charge quantities are negligible, the Maxwell-
Lorentz equations which determine the generation and propagation of electro-
magnetic waves in an ionized medium become linear. When the ionized medium
is a neutral plasma at zero temperature with infinitely massive ions acted upon
by a uniform external magnetic field, then the fundamental equations deter-
mining the radiation from a rotating charged particle consist of the vector
Maxwell equations

VAE=—0BJot; VANH=p,v+oD/ot+1,, ........ (1)
where R
B=p,H, D=¢E, ................ (2)

the equation representing the conservation of charge

0p/0t+p,VV=0, ... ... (3)

and the Lorentz force equation

o(myv)/ot=—e(E+vAaBy). ............ (4)

Here
oy p are the average and time-dependent charge densities respectively of the
background plasma,
v i the time-dependent velocity of the background plasma electrons,
—e, m, are the electronic charge and rest mass respectively,

B, is the flux density of the external axial magnetic field,

a is the unit axial vector (0, 0,1), and

I, is the current density associated with the rotating charged particle.

 These equations are subject to the boundary condition that the solution
should consist only of outward going waves at distances sufficiently far from the
origin.
The solution which we shall give here is based directly upon the analysis
given in an earlier paper (Twiss 1952), hereafter referred to as I, in which it was
shown that the general solutions of the Maxwell-Lorentz equations in an ionized
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medium composed of arbitrarily many beams of charged particles and pervaded
by a uniform external magnetic field could be represented by an integral expansion
over a complete orthogonal set of elementary vectors. These vectors are given
by the orthogonal triad L, M, N, where

L=V{(z!, 2?), M=v{(z', 2% A\ a, N={(!, a?)a, .. (5)
where the scalar quantity ¢(«', #?) satisfies the two-dimensional wave equation

V2 (@t 22) +p2(at, 22)=0. ............ (6)

Here (', #%) are the coordinates transverse to the magnetic field and p,
the transverse wave number, is a real quantity.

In the case of radiation by a rotating charged particle it is natural to take
the origin at the centre of rotation and use circular cylindrical coordinates (r, o, 2)
with the plane =0 as the plane of rotation. Then, since the observable quantities
will be finite on the axis r=0 we may, without loss of generality, take

Y@, 2B)=p,m(r, @)=Jm(pr) exp (—ime) ........ (7)
as a typical solution of equation (6).

Subject to certain conditions of boundedness and integrability, which will
be valid in any physically realizable case, an arbitrary vector field F(r, o, 2, t)
can be expanded by

0

F(r, 9,2, 0)= X o dp[Fy(p, m, 2, )Vp,m

+F2(p7 m, z, t)Vka,m/\ 3+F3(p’ m, z, t)%,ma], . (8)

where (p,m(r, @) is given by equation (7). Similarly, an arbitrary scalar field
U(r, ¢,2,1) can be expanded in the form

U(r, ¢, 2, t)=m=2_wf0 dpue(p, m, 2, t)Yp, m. e (9)

The quantities F,(p,m,z,t) (1=1,2,3) and wuy(p,m,2,t) can be found
explicitly in terms of F(r, ¢, 2, ¢) and U(r, ¢, 2, t) by the Fourier-Bessel inversion
formulae which state that if

G(p)= f T g In(PAE, e (10)
0

then
g(r)=f°° PEP)Im(pr)dp, oviiiiiiiia.. (11)
0

and vice versa, provided that

jmrél.q(r)ldr

0
exists in the sense of Lebesgue.
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The method of solution given in I is to express the vector quantities E, H, v,
and I, which appear in equations (1)-(4) by the vector expansions

E(ry, @,2,t)= X dp[E,(p, m, 2, t)V‘-IJP,m'{‘Ez(pa My 2, )V Yp,m A\ @
0

" +Hy(p, m, 2, t)p,mal, ... (12a)
Hir, 0,5 0)= 5 [ aplHym,m, 2 )V n+Ha(p,m, 2 OV m AR
’ +Hgy(p,m, 2, )p,mal, ..ot (12b)

o, 5 0= £ |7 aployp m, 2 OV nt0ud,m, 2 OV m AR
’ +vg(p, M,y 2, Op,mal, oo (12c¢)

Lo ez 0= 5[ aptw,m, 5 09412 m, 5 0¥ A2
’ L (p,my 2, )p,mal, oo (124d)

and the scalar quantity p(r, ¢, 2, t) by the scalar expansion

oy @)= 5 f : Apo(p,my 2, Dlpme -+ (13)

Now because of equation (6) it was shown in I that all the vector-yielding
operations in equations (1)-(4) leave the general form of a vector
V=a(z, t)L+b(z, t)M +c(z, )N

invariant, while all the scalar-yielding operations in equations (1)-(4) when
applied to a vector V reduce to a form linearly dependent upon {; . Hence
all the vector equations of equations (1)-(4) can be expressed in the general
form

§ foo dp[a(p,m, 2, HL+B(p, m, 2, t)M’I_Y(p’ m, z, H)N] =0,

m=—o]g

while all the scalar equations are of the form

[ee} e}
bX f dpw(p,m, 2, t)‘Pp,m:O'

m=—oJ o

If these equations are to be satisfied for all z, ¢ we must have
a(p, my 2 O)=B(p, m, 2, )=1(p,m, 2 1) =P, M, 2, 1) =0, .. (14)

and these latter equations can be solved for the components E,(p,m, z,t)
(I=1,2,3) of the electric field in terms of the components of the * driving
function * Iy(r, ¢, 2,t) and of the initial conditions along the lines given in I.

III. THE VECTOR EXPANSION FOR THE. DRIVING FUNCTION
In terms of the Dirac 3-function we may write the * driving function »
Iy(r, @, 2,t) in the form

To(r, @, 2, )= — 3 €,3(2)3(r —10)3(t—nty—ty0/27)b, . ... (15)
n=0 .
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where
t, is the rotation period defined by

2 fty=| e, Bom, | =| Vg |[Tgy «evrviiiiiinn (16)

v, is the velocity of the particle, with charge —e,, in its-orbit of radius r,,
b is the unit vector (0,1, 0), and
m, is the relativistic transverse mass of the rotating particle.

The summation in equation (15) arises because ¢ is confined to the range
0<¢ <2r by the need to keep all functions of position single valued ; we have
assumed that the fast particle is ¢ started up ” at time ¢=0 so that at a later
stage we can use the Laplace transform analysis.

In a practical case e, m, will have the values appropriate to the electron,
but we shall not make this restriction to begin with.

As a first step in the solution outlined in the previous section, we must find
explicit expressions for I,(p,m,2,t) (I=1,2,3) in equation (12).
From equation (15), we have immediately
Is(pa m, 2, t)=0-
To find I,, we operate on both sides of equation (12) with the scalar operator
(V—2ad/0d2),
and get
(V—a0/02) . Iy(r, o, 2, t)" 2 dpI,(p, m, 2, )V2¢p, m -
0

Now from equations (6), (10), (11), and the Fourier series inversion formulae,
we have immediately

I,(p, m, 2, t) fzﬂ f d7'7'|:— '—{ E;O“}ss(z)s("—%)

X 8(1: —nty— g’—n) }Jm(pr) exp (i’mcp)]
_ e,0(2)Im(pry) . 2mim exp (27rtimt

e to ), t>0. .... (17)

To find I,(p,m,2,t) we take the curl of both sides of equation (12d) and
then take the scalar product with a to get

a. [VAL( ¢ t)]=— X ApIo(p, my 2, )V dp, my
S I
whence
2;
I,(p,m,2,1) fﬂ j dT’I'I:— —{——1’263(2) (r—mnp)

X S(t —nly— t"(P) %Jm(pfr) exp (1m<p)]

e d(2)pred ,(pro) . 2m 2mime
=" o 1 exp % ), t>0. .. (18)
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IV. TeE SoLUTION IN TERMS OF THE DRIVING FUNCTION
If we substitute from equations (12), (13) in equations (1)-(4), then from
equations of the form of equation (14) it can be shown that the Maxwell equations
reduce to

~—(.L08H1/at=aE2/az, a.Hz/az—_- po’vl -I—anEl/at +I],7
—odH |0t —=T,—0F, (32,  —0H,|de+Hy—pg,+e,dBofdi+1, |..(19)
—oOH [0t =p*H,, PPH =405 +y0E5/0F. -

From the charge conservation equation we get
06/0t= —po( —P20,-+003/02), ..ovvn.... (20)
and from the Lorentz force equations

0(mgvy) [0t = —eE; +-mg6>50,,
O(mg,)[0t=—eBy—MywpWyy F «ovennnnnn.. (21)
0(mgvs) [0t = —eHy, ‘
where
wg=eByfmy ...... ... (22)

is the gyro angular frequency of the background plasma electrons.

Except for the forcing terms I,, I, in equation (19) this set of equations
is a special case of those derived in I, in which the solution was obtained in terms
of arbitrary initial conditions by means of successive Laplace transforms firstly
with respect to the time coordinate ¢ and secondly with respect to the axial
coordinate z. To apply this procedure to the present case of an unbounded
medium we introduce a cut over the plane #=0 and consider the solutions in
the regions >0, 2<<0 separately.

The double Laplace transform F= ¢k, ) of a quantity F(z, f) can be defined
in the region 2>0, >0 by

Fail, )= {w dz exp (——ikz)fw dtF (2, ) exp (—iwt), .......... (23)
Jo 0
where
1 © —iy; . © —iy,
Pz, t)=%2 f dk exp (ikz) f dwFYk, w) exp (iwt),
— 0 —iy; — 0 —iy,
.............. (24)

and where v;, v, are real positive numbers such that all the poles and singularities
of Fz¥(k, w) and Fi(k, ) lie above the lines

Im (k) +v,=0, Im (0)+y,=0

in the complex %- and w-planes respectively.
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In the region 2 <0, t>0, F»!(k, ) is defined by a similar equation in which
all the singularities of F=!(k, ») lie below the line

Im (k) 4y, =0
in the complex k-plane.

Now that the plane #=0 has been excluded by a cut, the quantities I,, I,
in equation (19), may be taken as zero in the regions z>0 and z<<0 and we
can use the solution, derived in I, for E}(p, m, k, ) (I=1, 2, 3) in terms of the
initial conditions. In the present case the disturbance at =0 may be taken as
identically zero in the regions 2> 0 and 2<C0 and under these conditions we have
immediately from equation (3.52) of I '

3
Ef’t(ky )= 210;(197 m, k, o)A, (p,m, k, »)/det A. .. (25)
r=

Here A,.(p,m, k, ») is the minor of a,(p,m, k, ») in the matrix A defined by
equation (3.47) in I which, in the present case, may be written

,

w2 02w? —iw oyl .
A= | 2— -+ ——— S ik
2 (02— o0f) (w2 —w2) ’
iw oy 03 2 ©2wZ
R PEAEE— & 0 ’
(0?2 —wZ) ’ & e (o?— o)
N
ikp® ) 0 e P
................ (26)
where
wo=(—€pplegMg)t ... (27)

is the angular plasma frequency associated with the background electrons.

The column matrix C*(p,m, k, ») defined by equation (3.49) of I reduces
in the present case to the simple form given, for 2> 0, by

Ci(p,my ky )= —ikEi(‘i“O)_i(’)P-oHtZ(‘l‘O)a
C3(p, m, b, ©)= —ikB4(-+0) HopHi(+0), ¢ ... (28)
C3(p, m, &, @) =pE1(+0).
It therefore depends only upon the transverse components of the electric and
magpetic fields at 2= +40.

The expression for C*(p, m, k, ») in the region 2 <0 is of exactly similar form
and involves the initial conditions Ej(—0), E5(—0), Hi(—0), and H5(—0).

The transverse fields in the region 2>0 and z2<<0 are connected by the
continuity conditions which, for the electric field components, give

Bi(4-0)=Ei(—0), }
Eb(+0)=E5(—0).
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The continuity conditions on the tangential magnetic fields are complicated
by the fact that the driving function consists of a current sheet in the plane z=0.
However, by applying Stokes’s theorem

<£H.ds=fJ.dS.

it can be shown that

+0
Hi(+0)—Hi(—0)=+| _ dTa(p,m; 5, ©)

—e 2Tc/t0 4
- .v. . 7 J 7
27;;p1 O)—Qﬁm/top ° m(p 0)’ . (30)

+0
Hy(+0) —H3(—0)= —f _FLip, my 2, 0)

_te, . 2mmft
2mp ——2Tcm/t0Jm(pr°)'

J

Two further relations between Ef(--0), H5(--0), Hi(-+0), and Hi(+0) are
provided by the boundary conditions which require that the solution in the
region 2> 0 should consist only of outward-going waves. Two similar relations
will exist between the transverse field components at 2= —0 but in the present
case these need not be set up explicitly since, from symmetry considerations,
we have at once

e, 27t .
fo v 3i(pra),

2 gt __ - A
H(+0)=—Hi(=0) ompi | o —2mmfi;

(S

.. (31)

e, 27tmt, (7).

¢ =—Hy(—0)=+} + ;= + — 0
Hy(+0)=—Hy(—0)=+1% 2np o —2mm/t,

The components at 2= —O0 can therefore be eliminated by means of equations
(29) and (31).

(@) The Inversion from the Complex k-Plane onto the Real z-Axis

In the complex k-plane the singularities of B} ‘(p, m, k, ») consist of simple

poles at the zero of det A. In the present case det A may be expanded in the
biquadratic form given by

det A=

o2 — 2 02— w2 202 w2 2,2 w2
0 0 ) 0 pPw 0
L W[ e {pg_ cf(l_mz—wz)}* o (1’ mz—co%,)]
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which may be written in the equivalent form
det A={(w?—02)[*} (k—Fy)(k—Fy)(k—k3)(k—Fky)]. .... (33)

The inversion from the complex k-plane onto the real z-axis expresses
Ej(p, m, 2, ) as the sum of the residues of

iB; Y(p, m, k, o) exp ike

at the poles given by the zeros of det A. Hence Ej(p, m, 2, ») may be represented
as the sum of four partial waves of the form

2
2 G (k,) exp (ik,2).
r=-—2

Two of these partial waves will be reverse waves excited only by reflection
and their propagation constants will be designated by -k, +k,, where for the
reasons given in I, the sign of &,(w), ky(w) must be chosen so that

fm B©) g Eale) 1

oo O w—> 0 (] ¢
when o tends to infinity along a line in the complex w-plane which lies below all
the singularities of k;(w), ky(w).

To meet the boundary conditions at infinity the amplitudes @,(k,), G,(k,)
of these reverse partial waves must be identically zero. From equation (25)
this implies that

3
§10;(p: m, kg, 0)A(p; My kg 0)=0 ... (34)

for anyf choice of I.

The amplitudes of the forward partial waves with propagation constants
—k,, —k, are proportional to

. :
210;(]77 m, —k;, o)A, (p,m, —k;, o), s=1,2.
r=
By iﬁspection of equation (26) we see that A,, A,, are even functions of
% and A is an odd function of k for /=1, 2 and vice versa for [=3. Hence, from

equations (28) and (34), we find that the amplitudes of the forward waves
are proportional to

T It is a well-known consequence of the theory of determinants that the three linear equations
obtained by taking the three possible choices of I are linearly dependent when det A(p,m,k ,w)=0
so that this condition gives only two independent equations for s=1, 2.



ELECTROMAGNETIC RADIATION FROM ELECTRONS 433
and using equations (25), (26), (28), and (31) we get

2 (02—w2)/c2—p? Ol P
t . 0 . (‘LO sp
Bpym s 0)==2 —amm@ " ip¥e —2mmll)

2.2
X [{(p“rk%— S )Jm(p’”ﬁ')

Ao?—w%)

COFOY Py }(—)"'“1 exp (_iksz)]
- 02(0)2_0)2H') me(pTO) 2703(70% ——k%) ’

2 (w2—w?)/c2—p? i u.epm
¢ . 0 . UobsP
Ho(pymy 2 0)= 2 (@ —ad)[E ipHe—2rm]ty)

Pk, 2w ©%p \pr,
[t i gy et

g

© 0y OF (—)—lexp (_iksz)]
~ #er—az) P r")} ok, (212 1

2 2 i
. _ P . 1o ee,pm
Es(p, m, 2, w)= 851 (0*—wd)c®  tp?(w—2mm/ty)

2 w202
X [{ (pz +k— 20—2‘ +02(m—2_08§))Jm(2Wo)

gy }(—)8—1 exp (—ikg)
T @et—ag) | momPr 2k, (K —13)
.............. (36)

In the complex w-plane the electric field components Ej(p,m, 2, ) (=1, 2, 3)
all have a simple pole at )

J

m:27cm/tOE(om, .................. (37)

that is, at the mth harmonic of the gyro frequency of the fast charged particle.
The residue of this pole represents the steady state solution in which we are
interested* in this paper. Thus, ignoring the decaying transient terms, we have

B\(p, m, 2, t)=i(e —2nm/[ty)Ej(p, m, 2, ») exp (2nim[l,). .. (38)

V. THE ASYMPTOTIC SOLUTION AT LARGE DISTANCES FROM THE SOURCE
‘We shall consider the solution at very large distances from the source in a
direction making an angle y with the z-axis at the point

r=REsiny, #=Rcosy, R—co.

* It might appear from equation (36) that Eg(p,m,z,co) would have poles at w =w, and & =ep,
that is, at the natural resonances associated with the plasma and gyro frequencies of the medium.
However, a more detailed discussion involving the behaviour of &,(w), k() at these frequencies
shows that this is not the case. This latter result is to be expected on physical grounds since, if
it did not hold, it would imply that the medium would oscillate with finite amplitude at its natural
resonances whatever the nature of the initial stimulus. The transient terms, arising from the
integrals around the cuts in the complex e-plane that need to be inserted to eliminate the branch

points of E’f(p,'m,z,co) decay with time and do not contribute to the steady state solution.
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Since the solution has been derived for the case 2> 0 we have
0<y<im,, O<tan y< co.
Now as r— o0 ‘
by, m(ry @)= m(pr) exp (—ime)
~{1/+/(4mpr)} cos (pr —imm —}w) exp (—imeg), .. (39a)
as long as p>0, while '
Vip, m(r, ¢) ~(—ipy, 0, 0), %
Vidp, m(r, 9) Na~(0,ipy, 0),
Since (1/r)0y/0p ~r—3/2 and may be neglected.

Accordingly, the Ith component of the electric field associated with the sth
mode is of the general form

E, (R sin y, m, R cos X’ t)

dels 3 1 1
Nf v (irpR sin 7) 1npR sm ) cos (pR sin y —imm—iw)
xXexp [—iR cos y k(p)], ... oot (40)

where s may take the value 1, 2 corresponding to the ordinary and extraordinary
mode respectively, and where

(Wls(p)7 W2s(p)7 W3s(p))E(—ipEls? ipEZs? E3s)‘ s (41)

For very large values of R, the only effective contribution to the integral in
equation (40) comes from values of p near the point of ¢ statlonary phase ” at
which

p=p, and tan y= 40k [0p,. .......... (42)

That is, the only Fourier-Bessel components of the driving function which
contribute to the power radiated in directions close to y are those with radial
wave numbers near p, defined by equation (42).

Since 0 <<y <}, equation (42) can be satisfied for only one choice of the
ambiguous sign and in the present case where —Fk (p) is the propagation constant
of an outward-going wave, we have

exp [i0(po) IW ,(po)
v/ (27p R sin y)

@ (%, R
X f dp exp [_I{a k. c;)s X(p—po)2+0(p—po)3}], - (43)
0

E, (R sin y, m, B co8 y, t) ~

ops
where
0(po) = —p, R sin 3 —k(po) R cos y +(m+3)m.

The absolute value of the integral in equation (43) does not depend upon the
sign of 0%,/9p2, and since ‘

f "R MWy () exp (—bim) =~ f :exé)ufu)d% - (44)

— 0
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we have from equations (12), (39), and (43)

exp [i{0(po) + 3w+ 47(9%k,/0p3)/(|0%k,[0pZ |)}] )
R +/{p, sin y cos y | 0%k,[0pZ |}

XA{ —ipoB1s Pol 25y B3}y

E (R, y, m, 1)~

. (45
H.(R, 7, m, 1) _Xp [i{e(Po)fl-%W+%ﬂ(32k3/apﬁ)/(l32ks/310§ D3] (42
5 L T R/1p, sin y, 08 ¥, | 0%k, [0p3 [}
XA —ipoH 15 ipoH 55 H3,}, J
where
Ok, Jopp=—tan y, ..........coiinn (46)
provided that*
0%k /0pZ #0.

VI. THE RADIATION FLUX IN A GIVEN DIRECTION
From equation (45), it follows that the mean energy flux associated with
the sth mode at a great distance from the source is given by
1
DpoR? sin 2y | 0%k,/Op3 |
X Re {ipo(EZngs "I‘ESsH%s)’ ipo(Elngs +E33His)7 —p(Z)(Els-Hés "‘E28His)}'

Re }(E A\ H¥),=

................ (47)
From the vector Maxwell equation
and from equations (36), (37), (38), and (47) we get
1
—TRe 1 *)
P,=Re F(E \H*), OmpoPo R sin 2y, | 3%k, [0p2 |
6)2 __(02 0)2 —0.)2 (1)2 _(02 E..B
><{po(ngZsE§s+"7‘;;2—ﬂ‘2)'£E3sE§s),0’ ksp(%EZsEés_i' —I’ZT%O( mcz ? _p%))i;;;—&?}
................ (48)

on using the relation
{((972,,"‘03(2))/02 —p%}E%(p, m; 2, 1) —iksngls(p, m, 2,1)=0, .. (49)

which follows from equation (36).
The power flux P, dy out of an infinite sphere in angle dy is given by

P, dy=2nR?sin ydy(P,, sin y +P,, €08 %)y «vv..- (50)

* Equation (45) is not valid when 62ks/8p(2)=0 but it can be shown that the zeros of 82ks/8p%
form a set of measure zero on the y-axis, so that they do not contribute to the total radiated
power. It remains true, however, that the amplitude of the electromagnetic field and therefore
of the radiated power is likely to have a maximum near the zeros of a%s/apg.
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so that
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The total power radiated in the forward direction in both modes is given by

2 i
P=3 | Pudy. .eeiiiiiiiii... (52)
s=1/ ¢

The integral involved in equation (52) is extremely complicated in the
general case and one must rely on numerical integration to find a quantitative
expression for the radiated power. However, it is possible to draw some useful
conclusions about the relative power radiated in different harmonics and different
modes from the general nature of the solution. As a preliminary to this discus-
sion, it will be necessary to review briefly some of the properties of the propagation
constants —k,, —k, of the ordinary and extraordinary modes respectively with
the aid of the familiar magneto-ionic theory.*

(@) The Propagation Constants

It follows from relation (32) that the propagation constants for a given
value of p2 are given by

B2={b 4+ /(b2 —4ad)}/2a, .............. (53)
where .

/ w2
Y 0

p(,(l w%_m%)].

One cannot give a general rule for deciding which choice of the ambiguous

sign in equation (53) corresponds to the ordinary and which to the extraordinary

wave since this depends upon the relative magnitudes of 2, w2, and % and

each case must be considered separately. In what follows we shall assume
that

4

2 2 2 22
0)0<col <03H<a>2 WF  cerrire

* The point of view developed in the present paper is rather different from that normally
adopted in magneto-ionic theory but the general survey given by Mitra (1947) contains all the
results we need below.
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This case is one of the more interesting from the point of view of solar
radiophysics since, when it is valid, the ordinary mode can escape from the Sun
at the gyro frequency of the rotating fast electron as well as at all the harmonics,
while the extraordinary mode can escape at all the harmonics though not, of
course, at the fundamental.* It may be noted that the inequality w?<w?%
is a direct consequence of the assumption that the radiating charged particle is
an electron rotating under the action of the axial magnetic field in a frame of
reference at rest with respect to the background plasma since, in this case,

2= (6Bym)2 = (eByfmy)?(1 —v3e?) =3, (1 —2/e?) <3,
where v, is the velocity of the fast particle.

We know from magneto ionic theory that the infinity of the propagation
constant at w=wj is associated with the extraordinary mode. Now, as n
tends to oy from below it may be seen from equations (53), (54) that k will
tend to infinity when the ambiguous sign is chosen positive. The reverse is true
when wy, tends to w, from above, the change of sign arising because the parameter
b, defined in equation (54), changes from + o0 to —oo as o, changes from
og—e to wy+e.  Accordingly, for radiation at the fundamental of the gyro
frequency of the fast electron, for which w,=w,;<<wy, the positive choice of sign
in equation (53) corresponds to the extraordinary mode and vice versa for the
higher harmonics of this gyro frequency for which, from the inequality (55),
Op=> O

It can be shown that %2, k3 both decrease monotonically as p increases
from zero to the values at which ki or k3 become zero, which, it may further
be shown, coincide with the two zeros of the parameter d defined in equation (54).
At these zeros of %, | 0k,/dp | = co so that, as one would expect, they correspond
to propagation in a direction perpendicular to the axial magnetic field. As
p is increased beyond these critical values, k> becomes negative, so that the
associated wave becomes evanescent and a radiation field is produced for only
a finite range of values of p which, it can be shown, is defined for the ordinary
mode by

0<p2<(0E —wl)[E=p% ....... (56)
and for the extraordinary mode by

m_fn[(mfn——co%—ng)coi—l—cog]: ) (57)
@ | oZ(e —af—wl) P

0<p2< e eeeene

(b) Comparison between Radiation in the Ordinary and in the
Eaxtraordinary Mode

One important difference between the radiation emitted in the two possible
modes is that the ordinary mode is relatively weakly excited for small values of p,
that is, in directions making a small angle with the axial magnetic field. To
see this we note that

Prodm(pro) =mdm(Pro) —proJm+1(pro),
* The theory in this paper has been developed assuming a uniform medium but will be valid

for the solar corona as long as the macroscopic properties of the medium vary sufficiently slowly
with distance.
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hence, from equation (36), the amplitudes of the components of the electric
field are proportional to

[kz i __OmD% __]J (pry) +terms of order p2J,,(pr,).
@ +0 2omton] e

Neglecting terms of the order of p2, it is known that for the ordinary wave
Onw?

FlomFay)

w2
K — ;%n +
so that the energy carried by this mode is proportional to p4J2(pr,) for sufficiently
small values of p. For the extraordinary mode on the other hand

©Onw3

A (w _QH)ZO’

%—7+
so that the energy carried by this mode is proportional to J2(pr,) for small values
of p.

It can also be shown that the ordinary mode is not excited in a direction
perpendicular to the magnetic field. This arises from the fact that the electric
vector of the ordinary mode lies parallel to the axial magnetic field in this case
and cannot, therefore, be excited by a charged particle of which the velocity and
acceleration vectors are both perpendicular to the axial magnetic field.

The fact that the ordinary mode can be excited appreciably over only a
limited range of values of the direction angle is one of the reasons for the associated
radiation being much less than that in the extraordinary mode; a second and
more obvious reason is that the polarization of the extraordinary mode rotates
in the same sense as does the radiating electron. This latter fact probably
explains why the possibility of the ordinary mode also being generated has been
ignored for so long. Furthermore, at the fundamental gyro frequency of the fast
electron the relative contribution of the ordinary mode is reduced by an additional
effect which arises because the propagation constant of the extraordinary wave
near the gyro frequency is very much greater than the propagation constant for
the ordinary mode. Thus for the former we have

2 w2 w2 — 2
2 €% | 0 H 0 2

k2~’172 (,0%1—(;,)%(2 02 —_po g seseseaane (58)
- Yo

for w2 =w%(1—v3/c?) and for values of p which obey the inequality (56), at
least as long as

V2] < 0k/(0f—ol).

The propagation constant for the ordinary mode on the other hand is nearer
to the free space value, being given by

12, AGeh—0f)[e —piH(0f — op)/(@* e}
1= 2(w% —w3)/c2—p?

The characteristic admittance of the extraordinary wave is therefore much
greater than that of the ordinary wave with which it is effectively in parallel
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from the point of view of the source current generator, so that almost all the
available power will be generated in the extraordinary mode.

To make this argument more concrete, we rote from the relations (58),
(59) that the average value of pZ is of the order of magnitude of w/c?, for
radiation at the fundamental gyro frequency of the rotating electron, so that the
parameter pr, which occurs as the argument of the Bessel function in equation
(36) is of the order of magnitude of vy/c. As long as v,/c<1, we have

J1(pro)<proJi(pro)=~=ivolc, ........ (60)
while

J1(pro) —prodi(pro)=proJa(pro)=}(vofe)*. ....... (61)

Now for the large values of k, we see from equation (51) that the power radiated
in the y-direction in the extraordinary mode is of the order of magnitude of

(0p/c2) EasEsoks +EsEiwpc.

From equation (36), (58), (60), and (61), we see that for the extraordinary
mode the term E,, g k, 0% /c? is of the order of magnitude of v3/c3, while the term
E, B, wg/c is of the order of magnitude of v2/c2. Hence, just as in the free space
case, the total power radiated in the extraordinary mode at the first harmonic
of the gyro frequency of the fast electron is proportional to v2/c%. For the
ordinary mode, on the other hand, in which &, is also of the order of magnitude
of wy/c, we see from the same equations that E,,, E; are both of the order of
magnitude of v3/¢3. The total power radiated in the ordinary mode at the first
harmonic of the gyro frequency of the fast electron is therefore of the order of
magnitude of v§/ct.

If we now consider the mth harmonic of the gyro frequency, however, at
which p and also k,, k, are all of the order of magnitude of mwy/c, it follows, from
equation (36) and the fact that !

Jm(pro) == (m™m!2m)(vofe)™  for mu,lc<1,

that the power radiated in either mode is proportional, for small enough values
of vy/e, to (vy/c)?™. In particular, it follows that the power radiated in the ordinary
mode at the second harmonic of the gyro frequency of the fast electron is larger
by a factor (¢/v,)? than that radiated at the fundamental frequency in the same
mode. Finally, it may be noted that the power radiated in the ordinary mode
at the fundamental varies in the same way with vy/c as the power radiated in
this extraordinary mode at the third harmonic, but because the latter mode
should be generated more efficiently one would expect that it would carry
appreciably more power. This is confirmed by the numerical results given below.

(¢) Numerical Results
The calculations shown in Table 1 below were carried out for the special
“case
Z=0Z[e?=0-1, ....... ...l (62)

corresponding to a kinetic energy of the rotating fast electron of approximately
27-7keV. 1In order to bring out the effect of the background plasma electrons
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we have compared the powers radiated in different modes and at different
harmonics in the two special cases, (a) wZ/w%=0-8, (b) w/w%=0. To show
how the radiated power varies with the velocity of the fast electron we have
expressed the total power radiated at the mth harmonic as a numerical quantity
times (3%, The results are exact only for the special case of equation (62),
but they will be accurate to better than 10 per cent. for values of B2 in the range

0<B2<0-15.

As might be expected, the effect of the plasma electrons is most serious at
the fundamental frequency. In every case, however, it may be seen that the
power radiated is lower than in the free space case.

TaBLE 1
COMPARISON BETWEEN POWERS RADIATED IN DIFFERENT MODES AND AT DIFFERENT HARMONICS
FOR TWO VALUES OF THE DENSITY OF THE BACKGROUND PLASMA ELECTRONS

JPercentage of Percentage of
Total Power* Power Total Power* Power
Harmonic Radiated in Radiated in Radiated in Radiated in
Forward Forward Forward Forward
Direction Direction in Direction Direction in
Ordinary Mode Ordinary Mode
1 0-07553%(1—3%)C B4x1-539% 0-322B%(1—B*)C B4x1-63%
2 0-5984(1—B*C 2-19% 0-72934(1—B3)C 2-5%,
3 1-18B3%(1—B2)C 6-59%, 1-683%(1—32)C 4-49,

* The expressions for the power are in watts when C=2-48 x10-22H? and H is in gauss.

Besides changing the total radiated power, the plasma electrons also modify
appreciably the polar diagram, especially at the fundamental frequency. This
effect is illustrated in Figures 1 (a) and 1 (b), where we have plotted the polar
diagrams for the radiation at the first three harmonics in the ordinary mode for
the case () wZ/w%=0-8, () w2/w}=0. In Figures 2 (a) and 2 (b), we have
plotted polar diagrams for the radiation, in the extraordinary mode, into the
second and third harmonics: the polar diagram for the first harmonic in the
ionized plasma has not been plotted since at this frequency the radiation cannot
escape from the Sun. ‘

VII. DIScUsSION AND CONCLUSIONS

The main result of this paper is to confirm that a fast electron rotating with
velocity v,<<c¢ in an ionized plasma permeated by a uniform magnetic field will
radiate energy both in the ordinary and in the extraordinary modes, but pre-
dominantly in the latter. Thus the power radiated at the fundamental gyro
frequency in the ordinary mode is proportional to (v,/c)® in contrast with the
extraordinary mode in which the power radiated is proportional to (v/e)?;
indeed the first harmonic power in the ordinary mode is appreciably less than
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that radiated in the third harmonic—at least in the numerical cases considered
in this paper. - At the mth harmonie, m>1, the power is still radiated pre-
dominantly in the extraordinary mode, though for both modes it is proportional
to (vofc)?™ as long as (vpfc)? is sufficiently small. These conclusions are valid
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Fig. 1.—FEmission polar diagrams for the ordinary mode. (a) With cozlco2 =0-8; (b) for free
space, (.02/¢,o2 =0. The emission per unit solid angle is shown as a functlon of %, the inclination

to the ma,gnetlc field. The intensity scale is arbitrary and is different for each curve. Curve I
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Fig. 2.—Corresponding emission polar diagrams for the extraordinary mode.

not only in media so dense that the plasma frequency is comparable with the
gyro frequency but also in the limiting case of free space propagation in Whlch
the plasma frequency tends to zero, as shown in Appendix I.

To see the relevance of these results to gyro-type theories for the non-
thermal solar radiation, let us first consider the bursts of spectral types II and
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III. In these phenomena, the radiation at a given instant is concentrated
into one or two frequency bands, the centre frequency of which decreases with
time ; very rapidly for the type IIT bursts, less rapidly for the type II bursts
(Wild, Murray, and Rowe 1954). Recent observations have shown that in the
case of type III bursts this decrease of frequency is associated with a rapid
movement of the radiating disturbance (Wild, personal communication). In
those cases in which two frequency bands are observed the data are consistent
with the belief that the higher frequency band is simply the second harmonic of
the lower. There is virtually no evidence that the third or higher harmonics
are radiated ; if these are present then their intensity, in the great majority of
cases, must be at least one order of magnitude lower than that in the first two
harmonics. The apparent dimensions of the disturbed regions in a type III
burst are large, being up to 10 per cent. or even more of the area of the visible
solar disk (Wild and Sheridan 1958). In general, these bursts are unpolarized ;
however, in quite a number of cases there is an appreciable component of circular
polarization, and when this is so the sense of polarization is the same in both the
high and the low frequency bands (Komesaroff 1958).

If these features are to be explained on the gyro theory, one has to imagine
either that a burst of fast electrons is fired out from the Sun or that an electro-
magnetic disturbance travels outward giving rotational energy to a fraction of
the local plasma electrons as it goes. On either picture the decrease in frequency
with time would be attributed to a decrease in gyro frequency with increasing
height above the solar corona. The energy in the fundamental band would have
to be carried entirely by the ordinary mode, since the extraordinary mode cannot
escape at the fundamental gyro frequency (Ryle 1950). On the other hand,
one would expect the energy at the higher harmonies to be carried predominantly
by the extraordinary mode for the reasons discussed in this paper. One might
hope to explain the fact that the majority of bursts are not strongly polarized
by the large size of the radiating regions together with the assumption that the
sense of the magnetic field is different in different parts of the radiation front.
However, when the bursts were polarized, one would expect the sense of polariza-
tion to be different in the higher and lower frequency bands and this is in disagree-
ment with the few observations so far available (Komesaroff 1958). It is also
very hard to see why the third harmonic should not be present and stronger
than the first since, as we have shown, the power radiated at the fundamental
frequency in the ordinary mode is less than that radiated at the third harmonic
in the ordinary mode,* and very much less than that radiated at the third
harmonic in the extraordinary mode. A similar objection is that the power
radiated at the fundamental gyro frequency in the ordinary mode is very much
smaller than the power radiated either in the extraordinary or in the ordinary
mode at the second harmonic, and this is in disagreement with the observed
ratio of the power radiated in the upper and lower frequency bands; at least

* The possibility that the absence of the third harmonic could be due to differential absorption
can be eliminated, since the ordinary mode at the fundamental gyro frequency will be more
heavily absorbed than either mode at the third harmonic of the gyro frequency, especially in the
case when the plasma and gyro frequencies are of comparable magnitude.
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in some cases. Omnce again the discrepancy is too great to be explained away
by differential absorption.

Adlrgi't;tedly, we assumed in our quantitative analysis that the velocity v,
of the fast radiating electrons was significantly less than ¢, but, if this were not
the case, appreciable power would be radiated at quite a few harmonics of the
gyro frequency, which is contrary to observation.

A final objection to the gyro theory of the rapid drift bursts is that the first
harmonic can escape only when the plasma frequency is less than the gyro
frequency. Since the type III bursts at least are often associated with quite
small sunspots this requirement is not very likely to be met.

It is possible that some of these objections would be removed or at least
mitigated by a more exact analysis in which one allows for the finite temperature
of the background plasma and for Doppler effects in the radiation from the
gyrating electrons. However, at the present time the weight of evidence is
still strongly against the gyro theory, at least as far as the types II and IIIL
bursts are concerned.

The position is perhaps more hopeful in the case of the type I disturbances,
which are strongly associated with large sunspots and which consist of short-
duration bursts, with a narrow frequency spread, superimposed upon a continuous
disturbance of much longer duration and with a wide frequency spread. Both
bursts and continuum are strongly circularly polarized and it is conceivable that
the continuum disturbance may actually consist of a very large number of small
bursts occurring over a wide range of heights in the solar corona. There is some
rather weak evidence of correlation between bursts at different frequencies, but
there is definitely no sign of a 2 to 1 frequency correlation as in types IT and III.

Much of the data is compatible with the suggestion that the type I
disturbances are due to second harmonic gyro radiation. However, one objection
to this is that such an explanation would lead one to expect that the radiation
would be in the extraordinary mode : the evidence on this point is too scanty
to be conclusive, but it suggests that the radiation is in the ordinary mode, at
least in the majority of cases (Payne-Scott and Little 1952). If this is confirmed,
it would seem that the gyro hypothesis could be saved only if (a) the absorption
in the extraordinary mode were greater by about three orders of magnitude
than that in the ordinary mode at the same frequency* or if (») the plasma
frequency at the point of generation were so high, at least in the majority of
cages, that the second harmonic could not escape in the extraordinary mode.
It may be noted that, in a zero temperature plasma, the conditions that the
ordinary mode at the mth harmonic should escape and that the extraordinary
mode should be trapped is

Wy <Mmy < A/{m[(m—1)}0.

* This would be quite impossible, in any conceivable model of the solar corona, if absorption
were due simply to free-free transitions in the background plasma. However, as has been pointed
out by Gross (1951), a finite temperature plasma permeated with a magnetic field may possess
stop bands at the harmonics of the gyro frequency and it is not inconceivable that this phenomenon
could discriminate against the extraordinary mode.

K
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Here ,, wy are the plasma and gyro angular frequencies of the plasma, and we
have assumed v2/c®<1. It is not implausible that this condition might be met,
when m=2, above a large sunspot.

Of course, it is not sufficient merely to prove that waves with the right sense
of circular polarization could both be generated and escape; one also has to
explain quantitatively the observed energy flux. Now in the larger type I
disturbances the effective black-body temperature of the source may be as high
a8 3x100°K or even higher (Wild and Sheridan 1958), and the electrons of a
gas at this temperature would have an average energy of ~3x10%eV. However,
the kinetic energy of the gyrating electrons must be very much less than this or
the bursts would not consist of isolated narrow bands, nor would the emergent
radiation be so strongly circularly polarized. To obtain a radiation flux with a
black-body temperature much greater than that appropriate to the average
kinetic energy of a non-equilibrium electron gas implies a process of radiation
transfer very different from that usually encountered in stellar atmospheres,
but as pointed out elsewhere (Twiss, in preparation) it is conceivable that
conditions could arise in the disturbed solar corona where the absorption coefficient
was negative so that the medium behaved like an amplifier. If this latter effect
were really present one could certainly explain the observed radiation flux.
However, a detailed discussion of this possibility involves a theory for the case
where a large number of gyrating electrons is present, and this is beyond the
scope of the present paper.
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APPENDIX I

Resolution of the Radiated Field into Ordinary and Extraordinary Modes in
the Limit of Vanishing Electron Density

Even when the density of the background plasma electrons is vanishingly.
small, the magneto-ionic modes still have defined polarization so that the radiation
emitted by an electron gyrating *in vacuo ’ under the action of an external
magnetic field may still be resolved into ordinary and extraordinary modes.

In spherical coordinates (r, y, ) the magneto-ionic modes in the limiting
case of zero plasma frequency obey the constraint (Mitra 1947)

Bo|Ey= —Hy|H,=(—i/2 €08 y)[(0g/om) 8in? 3 -{(0y/wn)? sin® y +4 cos? y}1],
................ (A1)

where «, is the angular gyro frequency of a background plasma electron,
om i8 the mth harmonic of the angular gyro frequency of the fast gyrating
electron,
and where the upper sign refers to the extraordinary, the lower sign to the
ordinary mode.
For the radiation at the fundamental gyro frequency of the fast electron.

Oy om=0g/0;=(1—B2)"ix~11p2
to the first order in 82=v2/c?, where v, is the velocity of the fast electron.
Accordingly, at the first harmonic, we have

(Bo/By), = [(Bo/By),] >~ —i cos {1 +3B%sin? y/(1+cos2 x)}, .. (A2)

where the subscripts ¢ and o refer to the extraordinary and to the ordinary mode
respectively.

The polarization ellipses for the two modes are similar, but their major
axes are mutually perpendicular.

Now for the radiated field (Schott 1912) we have

(1&) =i Tua(mB Sin ) — Ty pa(m sin %) (Asjj

Ey)rma €08y  Jp_1(mp sin X)+dmt1(mpP sin )

Hence for the fundamental mode, m=1, we have, to the first order in gz,
(Bo/By)ma=(—ifcos y)(1—1B2sinZy). ........ (A4)

Comparison between equations (A2) and (A4) shows that, although the
radiated power is carried predominantly by the extraordinary mode, the ordinary
mode is also excited. To determine the proportion of ordinary mode excited
at a given angle y to the axial magnetic field, let ip? be the ratio of the major
axis of the polarization ellipse of the ordinary mode to that of the extraordinary
mode. Then we have

Ey,=E,exp (iwt), E,,=(—i/cos y){1-+}B2sin? x/(L+cos? x)}E, exp (iwt),
Byo=(—ifcos y)}{1+ 3% sin® y /(1 +cos? y)}ipiE, exp (ist), By, =ipE, exp (iwt),}

................ (A5)
where E, is a constant of proportionality.
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Hence

o} sec y{1+3f%sin® y/(1+cos® )} —i
1—pt sec y{1+4B2 sin? /(1 +cos? y)} cos

(146 sine ),
$0 that

p1= 75 B4[sin? y cos? (3 4-cos? y)2/(1+cos? x)*], .... (A6)
and the ratio of the power radiated in the ordinary mode to that in the extra-
ordinary mode at the fundamental gyro frequency of the fast electron is therefore
proportional to B* as in the case, considered in the text, in which the plasma
frequency associated with the background electrons is comparable with the
gyro frequency.

For harmonics higher than the first, it is sufficient to work to zero order
in B2 since, for the magneto-ionic modes at the mth harmonie, m>1,

B /By~ —i{(1m) sin y, tan y, +[1+{(3m) sin y tan x}2]}, .. (A7)

where, as before, the positive and negative choices of sign in equation (A7),
refer to the extraordinary and to the ordinary mode respectively.

For the radiated field, on the other hand, we have from equation (A3)
(E¢/E’X)l‘&d: —i sec X’
if we neglect terms 0({2).
Hence

i —{(sin y tan y)/2m +[1+{(sin y, tan x)/2m}}
T+ ok {(sin , tan y)/2m—[1+{(sin y tan )2m}]H

—8ec ¥,

and

1 —cos y{(sin y tan y)/2m +[14{(sin y tan y)/2m}*]¢} (A8
P ="Gos 5, 1 { (i 3, tan 7)/2m -+ 1 +{(sTn y tan p)2mpyiy’ A

-which is independent of 32





