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Summary 

The electron density distribution in a linear pinch discharge with a transverse 
rotating magnetic field is calculated for partially ionized plasmas. Numerical 
examples are given for distributions in the plasma with and without externally 
applied axial magnetic fields, and with different degrees of ionization. 

1. INTRODUCTION 

It has been shown (Blevin and Thonemann 1961, 1962) that a magnetic field 
rotating about the axis of a cylindrical plasma column can produce large azimuthal 
current densities in the plasma, provided that the angular frequency of the rotating 
field lies between the ion and electron cyclotron frequencies. Blevin and Thonemann 
also calculated the eqUilibrium electron density distribution when an axial magnetic 
field is applied so that the radial Lorentz force confines the plasma away from the 
tube walls. In the present paper we consider the manner in which the equilibrium 
electron density is modified when an axial current flows through the plasma. 

II. ELECTRON DENSITY DISTRIBUTION 

For a plasma column of finite length the experiments described by Blevin and 
Thonemann indicated that end effects caused a distortion of the rotating magnetic 
field and modified the equilibrium plasma distribution. This complication could 
be avoided by using either toroidal discharges of large aspect ratio, or linear dis
charges for which the ratio of length to diameter is very large. 

Consider a cylindrical plasma column, which is sufficiently long so that end effects 
can be neglected, to which an axial electric field Ez and magnetic fields Ba, Bo are 
applied as shown in Figure 1. It is assumed that there is no axial variation of any 
quantity. Provided that the angular frequency w of the rotating field lies between 
the ion and electron cyclotron frequencies and the electron collision frequency is 
less than the electron cyclotron frequency, then the electrons rotate in synchronism 
with the rotating field (Blevin and Thonemann 1961), and it follows that (using 
CGS electromagnetic units) 

jo = -nerw, 

Bz(r) = B a-2New, 

dN/d(r2) = -7Tn, 

(1) 

(2) 

(3) 

where n is the electron density, e is the electronic charge, jo is the azimuthal current 
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density, and N is the number of electrons per unit length of the discharge which 
are outside a cylinder of radius r, that is, 

N = 217 f') nr dr. 

When the plasma is in equilibrium Vp = j X B. Putting p = nkT, where 
T = Ti+Te is the sum of the ion and electron temperatures and is assumed to be 
constant throughout the plasma, this equilibrium condition becomes 
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Fig. I.-Configuration of fields applied to the cylindrical plasma. 

(4) 

Also, neglecting displacement currents, Maxwell's equations give V X B = 47Tj and, 
taking the z component of this equation, 

(5) 

SUbstituting (1), (2), (3), and (5) in (4) 

(6) 

To proceed further, jz is required as a function of radial position. For a highly 
ionized plasma the resistivity is nearly independent of electron density (Spitzer 
1956), and in the first instance we will assume that 

(i) jz is constant throughout the plasma, and 

(ii) the radius of the plasma column is a. 

Thus the total axial current 1z = 7Ta2jz. Putting (rja)2 = x, (6) becomes (for x < 1) 

2 2 2dN2 12 d N + Baa ew dN (aew) z _ 0 
dx2 2kT dx - 2kT dx - kT - , 
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which can be integrated using the boundary conditions N = 0 and dN jdx = 0 
when x = 1, to give 

2 2 2 
dN + Baa ew N- (aew) N 2+ ~ (1- ) = 0 
dx 2kT 2kT kT x , 

which is an integrable form of Riccati's equation (McLachlan 1950). 

Let 

and 

Then (7) reduces to 

with the solution 

where 

z = exp{- ;~; f (aewN-lBaa) dX} 

A. = ~2(Izaew)x3/2. 
'f' 3 kT ' 

(7) 

(8) 

(9) 

Ao, Al are constants of integration; and It(,p) , Lt(,p) are the modified Besselfunctions. 
From (8) and (9), 

where the prime denotes differentiation with respect to,p. Using the boundary 
condition N = 0 when x = 1 and the recurrence relations for Bessel functions, it 
follows that 

Ao/AI = -ko, 
where 

and 
,po = ,p(x = 1) = B~a4ewj48I~kT. 

Put 

then 
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Using (2) and (3), 
Bz = (-23/2ja)IzXiX, 

n = (I~j1Ta2kT)X(I-X2), 
and from (5), 

Bo = (2Izja)xi, for x < 1. 
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Fig. 2.-Electron density and magnetic field distributions for 
different values of ionization (-- 100%, - - - 16%, at the axis) 
with T = 105 OK, Iz = 5000 A, Ba = 0, and No = 4·05 X 1015 

electrons/em. 

(10) 

(11) 

(12) 

Equations (10), (11), and (12) give the magnetic field distributions (apart from 
the rotating field, which does not enter into the pressure balance equation) and the 
electron density distribution in the plasma. The field distributions can be grouped 
into three categories. 

(i) No externally applied axial field, Ba = O. 

(ii) Axial field reversed in the central region of the discharge. Equation (2) 
shows that this occurs when Ba < 2N 0 ew, where No (= N r=o) is the number 
of electrons per unit length of the plasma column. 

(iii) Axial field in the same direction throughout the discharge. This occurs 
for Ba > 2Noew. 

Examples of each of these distributions are shown in Figures 2, 3, and 4 using 
some arbitrarily chosen values of the discharge parameters Ba, I z, T, and No (in fact 
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No has been chosen to make a = 1 cm in each case). Perhaps the most unrealistic 
feature of these results is the assumed discontinuity in the electrical conductivity 
at r = a and, as a consequence of this, the large pressure gradients at the plasma 
boundary. In practice the current density in the outer regions of the discharge where 
n has small values is determined either by electron run-away or, if there is an appreci
able number of neutral molecules present, by electron collisions with gas molecules. 
In the latter case the electron density distribution can be determined from (6) by 
inserting the appropriate expression for the current density jz as a function of radial 
position. 

500 2·0 

iii' 
:l 
IJ 
Ul 
Z 
0 

'" I-
U 

1·0 .. 
-' 
~ 

III 

i g 
>< c: 

HJ 

Fig. 3.-Electron density and magnetic field distributions for different 
values of ionization (-- 100%, - - - 49%, at the axis) with 
T = 105 OK, I. = 2000 A, BOo = 500 G, and No = 2·64x 1015 

electrons/em. 

For a partially ionized gas the resistivity T} is approximately given by (Allis 
1956) T} = (m/ne2)(vi+vn), where Vi, Vn are the appropriate momentum transfer 
collision frequencies for electron-ion and electron-neutral collisions respectively, 
and m is the electron mass. In a hydrogen plasma Vn is approximately constant for 
electron energies above about 3 eV, and the collision frequencies are given by 
(Delcroix 1960)* 

where nn is the neutral gas density and InA is a slowly varying function of nand 

* Although we will use these values in later numerical examples, it should be noted that 
this value of Vn is a rather high approximation. 
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Te (Spitzer 1956). Substituting these values in the expression for 'Yj, then 

where a p:» 7·7 X 1O-8T e 3/2 jln A. 

IflnA is approximated by a constant with it value of 10 for the electron densities 
and temperatures considered in the examples of Figures 2, 3, and 4, then using (3) 

. dN/( 1 dN) 
Jz = -KEzd(r2) ann-;;: d(r2) , (13) 

where K and a are now functions of T e alone. For ann ~ n this reduces to the former 
case jz = constant, while for ann ~ n the current density is proportional to n. 
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Fig. 4.-Electron density and magnetic field distributions for 
different values of ionization (-- 100%, - - - 70%, -- 44%. 
at the axis) with T = 105 OK, I. = 1000 A. Be. = 500 G. and 

No = 1· 00 X 1015 electrons/em. 

Substituting (13) into (6) gives 

which can be solved numerically for given discharge parameters. 

Examples of the resulting magnetic field and electron density distributions 
are shown in Figures 2, 3, and 4 for several values of ann. The percentage ionization 
(at any particular position in the plasma) can only be determined from ann when 
Te is known, and the values indicated on the diagrams were obtained by taking 
Te = Ti = iT. Although the neutral gas density has been assumed to be independent 
of r in these calculations, it is no more difficult to include a dependence of nn on radial 
position. For comparison with the results obtained for jz = constant, the values of 
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T, I z, Ba, and No were held constant in each case. This necessitates a change in the 
value of Ez for different amounts of neutral gas. 

These results show that appreciable neutral particle densities are required to 
affect the magnetic field profiles to any great extent. For example, in the case con
sidered in Figure 4 the ionization at the tube axis must be less than'" 70% for the 
magnetic field components to change by more than 10% from the case where neutral 
gas is not present. In addition, the effect of neutral particles on the field profiles 
depends critically on the nature of the density distribution. This is shown in Figure 2, 
where the fields are only slightly changed for an ionization as low as 10%. In this 
case ann becomes comparable to n only in a small region near the plasma boundary. 
For higher temperature plasmas (high ex) a lower percentage of neutral molecules is 
required to produce a comparable effect on the magnetic field distributions. 

III. CONCLUSIONS 

In a pinch discharge with a transverse rotating magnetic field, a measurement 
of the magnetic fields B(}, Bz as a function of radius would enable the plasma tempera
ture T to be determined, and also the electron density as a function of radius. For 
partially ionized plasmas the neutral gas density could also be estimated when the 
percentage ionization is sufficiently low so that the resistivity of the plasma is 
appreciably modified by the presence of neutral gas molecules. 
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