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Summary 

Methods are described for calculating excitation conditions in a hot gas in 
the absence of local thermodynamic equilibrium, taking self-absorption into 
account, in the approximation that excitation is uniform throughout the medium. 
The equilibrium excited-state populations and the emission, attenuation, and 
scattering properties derived from them are tabulated for a variety of phys
ical conditions appropriate to the -solar chromosphere (7500 < T < 50000oK; 
1010 < N e < 1012 cm-3) for some of the main spectral lines of hydrogen and CalI. 

I. INTRODUCTION 

Because of their importances in relation to the detailed structure of the chromo
sphere, excitation conditions in hydrogen, helium, and ionized calcium for situations 
other than of local thermodynamic equilibrium have been the subject of a number of 
discussions. General details and references are given by Thomas and Athay (1961). 
The most recent account for hydrogen appears to be that of Jefferies and Giovanelli 
(1954), for calcium II that of Athay and Zirker (1962), and for helium that of Athay 
(1963). To render the problems tractable, model atoms have been used, with only 
three bound states and the continuum in the case of hydrogen and Call and a larger 
though still small number of states for helium. Even so, calculations for these 
models are uncertain because of uncertainties in the transition rates and, particularly, 
in the extent and significance of self-absorption in the resonance and subordinate 
lines (Thomas 1960). No satisfactory account has been available for dealing with 
self-absorption in a multilevel atom. 

An approximate method for handling this problem is described below and applied 
to hydrogen and Call. (The helium lines .\ 10830 and D3, according to Athay, would 
seem to be rather insensitive to self-absorption in the resonance lines and are not in 
such urgent need of reinvestigation.) The ultimate aim is the prediction of the 
intensities of the relevant spectral lines, which will be the subject of a later paper 
(see Section III et seq.). This involves calculating the properties of the medium 
required for insertion into the equation of radiative transfer, e.g. the emission, 
attenuation, and scattering coefficients; tables of these properties are given in the 
present paper for a range of temperatures and densities. A necessary prerequisite 
is a calculation of the distributions of atoms among the various excited states from 
which they may be brought by collision or otherwise into an emitting level; these 
are also tabulated here. 

* Division of Physics, CSIRO, University Grounds, Chippendale, N.S.W. 
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II. ApPROXIMATE VALUE OF THE NET RADIATIVE BRAOKET 

In this section we develop an approximate method for dealing .with a uniform 
slab of gas surrounded by a radiation field. 

In the statistically steady state the excitation of a gas is such that the sum 
of the rates of departure ~k P jk N j from a given atomic level j of population density 
N j by all processes equals that of the rates of arrival. Then 

N/5:.Pjk =2.NkPkj. (2.1) 
k k 

Transitions between states will usually be due either to radiative processes at a rate 
Rjk N j or to electron collisions at a rate C jk N e N j , so that 

P jk = Rjk + CjkNe. (2.2) 

For downward transitions the Rjk are in many cases vastly greater than the 
Cjk N e. Yet, if the medium is optically opaque to the emitted radiation, the rate of 
radiative absorption to a level may very nearly balance the rate of emission, so 
that radiative transitions of this type may have a much reduced or even negligible 
influence on the population of the level. To describe this, Thomas (1960) wrote 
an equation equivalent to 

NjRjk -NkRkj = <XjkNjRjk, (2.3) 

where <Xjk might be a very small quantity, particularly for the resonance lines; <Xjk 

is Thomas's net radiative bracket. If the values of the various <Xjk were known, the 
calculation of the population N j under any given conditions would be straightforward, 
coming directly from the solution of the set of simultaneous equations (2.1). However, 
the various <Xjk have been obtained only with great difficulty after the solution of 
various simultaneous differential or integral equations of transfer for the various 
spectral lines, a problem of such complexity that most published calculations (e.g. 
those of Athay and Zirker and of Athay) have been for assumed values of <Xjk, usually 
o or 1 but in a few cases for intermediate values. 

Since the intensity of radiation in a spectral line varies throughout a medium, 
the <Xjk and hence the degree of excitation vary throughout the medium also. How
ever, as mentioned at the end of Section I, our main concern is the radiation emitted 
by the medium, to calculate which the various emission, attenuation, and scattering 
coefficients are needed. In the level of approximation adopted here these coefficients 
are taken as constant throughout the medium, the radiation intensities then being 
found from the equation of radiative transfer. If so desired, improved values of the 
various coefficients could then be obtained, these varying with position, but the 
solution to the equation of transfer in such a higher stage of approximation becomes 
unwieldy. 

It will be noted that the assumed uniformity of the various coefficients implies 
that only the average values of the <Xjk throughout the medium are needed. In such 
a case a minor change in definition, which allows radiation incident on the medium 
to be considered separately, enables approximate values of <Xjk to be calculated very 
simply from the geometry. Consider an isolated self-luminous medium exposed also 
to external radiation, and separate the rate of radiative absorption, Rkj per k-state 
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atom, into R kj due to radiation coming directly from atoms within the medium and 
Rkj-Rkj due to the direct penetration of external radiation into the medium (i.e. 
not involving scattering). The redefinition of O'.jk is 

NjRjk - NkRkj = O'.jkNjRjk. (2.4) 

Since any inequality between N j Rjk and N k Rlej is due only to the escape of radiation 
from the medium, the average value of O'.jk for the medium as a whole is the fraction 
of photons liberated in downward transitions that escapes directly from the medium 
without undergoing any intervening absorption or scattering process. 

To evaluate the rate of upward transition due directly to the penetration of 
incident radiation, consider a constant-temperature enclosure surrounding the 
medium. In the external radiation field then existing the rate of radiative absorption 
per k-state atom is the same as within the medium, namely, Rkj. Since the rate of 
emission within the medium then equals the rate of absorption, but only the fraction 
l-O'.jk of the radiation emitted within the medium is absorbed there, the difference 
O'.jk R kj must be due to the penetration of externally incident radiation into the 
medium. It follows that in the absence of a constant-temperature enclosure the 
average rate of absorption within the medium is also O'.jk fJ£kj per k-state atom, where 
fJ£kj is now the corresponding rate in the external field, subject to the proviso that 
the external field is uniformly diffuse and of uniform distribution across the spectral 
line. 

Thus, in the general case, 

NjRjk -NkRkj = O'.jk(NjRjk -NkfJ£kj)· (2.5) 

The value of O'.jk depends on the geometry. For illustration we consider a 
uniform plane-parallel layer of thickness t. If E is the energy emitted in unit time 
from unit volume into unit solid angle and in a given wavelength or frequency inter
val, and if K is the attenuation coefficient (the sum of the scattering and absorption 
coefficients) so that T = Kt is the optical thickness of the layer, then the flux escaping 
across unit area of one surface is readily found to be 

F = 7TE{l_ (l-T)e-' + T2Ei(-T)}, 
K 

fro -u 

where -Ei( -x) = ~ du is the exponential integral. But the total emission in 
x u 

a column of unit section and thickness t is 47TEt, so that the fraction escaping across 
both surfaces, i.e. the average value of O'.jk for the medium, is 

O'.jk = ;T{l- (l-T) e -, + T2Ei( -T)}. (2.6) 

For large T this becomes 1/2T. 

Expression (2.6) applies to monochromatic radiation and varies with T across 
a spectral line. If, as usual, scattering is noncoherent, it is the weighted average 
value of O'.jk that is required for a spectral line. Thus, it is necessary to do an appro
priate integration, for which, however, no simple exact expression appears to be 
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available. But, for optically thin media in a given line, equation (2.6) gives an adequate 
value if T is taken as the opacity at the line centre. It also applies adequately to 
continua if T is taken at the band head. 

We may note that the value of IXjle is the same for a given K, no matter whether 
the medium scatters or not. But in the latter case the spectral flux density escaping 
per unit area per unit time is rather uniform for opacities exceeding unity, having a 
value TTB (or m,IK), B being the Planckian function, and falling off rapidly for T ~ 1. 
Thus, in the case of a spectral line of high opacity at the line centre, the fiux escaping 
per unit time across the two ends of a column of unit section is approximately 
27TB.2(~A), where ~A corresponds to T = 1. In the common case where line
broadening is Doppler, T = TO exp{ -(~A/~D)2}, where TO is the opacity at the line 
centre and M the Doppler width. Thus, for T = 1, 

~A = (lnTo)!~D. 

Since the corresponding internal emission is 

47T 100 
BT dA = 4-rrBTo 100 

exp{ - (~A/~D)2} d(~A) 

= 4-rr3!2BTO~D, 

the fraction escaping is 

. )T (lnTo 
IXjle = 7TTTO (TO ~ 1). (2.7) 

This is larger than the value given by (2.6) by a factor 2(ln To)i7T-! for large T; this 
factor varies only slowly with TO and, for instance, has a value of about 3·4 for 
TO = 104• 

Relations (2.6) and (2.7) give equal values of ajle for TO = 2. In many cases it 
is a good working rule to use (2.6) for TO < 2 and (2.7) for TO > 2 when calculating 
the net radiative bracket for spectral lines. Relation (2.6) is quite suitable for con
tinua where T is taken at the band head, though a relation similar to (2.7) can be 
derived for high continuous opacities if so desired. 

III. EXCITATION CONDITIONS AND RADIATION PARAMETERS 

With the redefined values of ajle evaluated above, we may now rewrite the 
equation of statistical equilibrium (2.1) as 

where 

NjLQjle = LNleQlej , 
le le 

Qjle = CjleN e + (Y..jleRjle } 

Qlej = ClejNe+lXjlef!lllej 
j > k, Rjle == Ajle, 

(3.1) 

(3.2) 

f!lllej being the rate of excitation per k-state atom to the j state in the field of incident 
radiation outside our medium. 
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If there are n states then there are n equations (3.1), one of which is redundant. 
The population ratios may be found from (3.1) alone. For a four-level atom* (three 
bound levels and the continuum) whose states are j, k, l, m it is found that 

N j Qkj(l - qlmqmll T QkMlJ + qlmqmj) + Qkm(qmj + qmlqu) 
Nk Qjk(l- qlmqmll + QjMZk + qlmqmk) + Qjm(qmk + qmlqlk) ' 

(3.3) 

where qkj = Qkj!'2:.j Qkj. The N j are settled by an auxiliary condition, such as a given 
total density N = '2:.j N j . 

It remains to determine the various opacities Tjk from which the ajk are derived. 
This is by an iterative procedure. The Tjk are obtained from the appropriate line
broadening mechanism, the thickness of the medium, and the values of the N j . We 
commence by allocating arbitrary values to the ajk, from which the approximate 
values of N j are obtained by use of (3.3); these lead to approximate values of Tjk 
and improved ajk. The iterative procedure converges rapidly in many cases; for 
slow convergence the procedure is interrupted after five iterations and a new starting 
point selected on the basis of the trend. With a little experience rapid convergence 
is readily obtainable. 

It might be thought that, with average populations established, the emission 
from the medium could be most easily obtained from a suitable integration of the 
source function, itself derived directly from N j! N k. However, the source function 
so obtained is independent of depth, since the N j are average values, and this pro
cedure is unrealistic. Instead, the emission is to be found from a solution to the 
equation of radiative transfer, for which the necessary parameters are required. 
These are the attenuation coefficient Kjk, the albedo for single scattering 'l1Tjk( = ajk!Kjk, 
where ajk is the scattering coefficient), and the ratio of the emission and absorption 
coefficients (1- 'l1Tjk) ( E!K)jk; Kjk follows immediately from the N jk . 

Using an extension of the technique of Giovanelli and Jefferies (1954) we can 
obtain 'l1Tjk by a simple artifice. As before, take j > k. In place of (3.1) we start 
from equation (2.1) and introduce the modified net radiative bracket relations (2.4) 
only for pairs of transitions other than j, k. Then (3.1) is replaced by 

Nj(Pjk+Qjl+Qjm) = NkPkj+NIQZj+NmQmj, 

Nk(Pkj+QkZ+Qkm) = NjPjk+NIQlk+NmQmk, 

NI2.Qlk =2.NkQkl, 
k k 

Nm2.Qmk = 2.Nk Qkm , 
k k 

and (3.3) is replaced by 

N j P kj(l- qlmqml) + QkMlJ + qlmqmj) + Qkm(qmj + qmlqlJ) 
Nk = P jk(l- qlmqmll + Qjl(qlk + qlmqmk) + Qjm(qmk + qmlqlk)· 

(3.4) 

* A general solution of the equations of statistical equilibrium is given by White (1961). 
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TABLE 3 

HYDROGEN: RADIATION PARAMETERS 

La Lf3 Ha 
~-, c-

Log I E 

Ne 
l-w l-w 1-",. 

K(I-rr) K(I-rr) K(I-rr) 

T = 7 -5 X 103 oK V2 = 0* 

10 7-49(-6)t 2-53(-S) 6-S3(-2) 7-55(-11) 3-04(-3) S-7S(-4) 
11 3-26(-5) 3-07(-S) 2-39(-2) I-56 (-10) 2-97(-3) 3-24(-5) 
12 3-26(-4) 3-06(-S) 6-35 (-3) 1-32( -9) 6-S3(-3) 4-76(-5) 

V2 = 1-2xl012 

10 7-51(-6) 2-55(-S) S-57(-2) 7-45(-11) 3-16(-3) S-S6 (--'::4) 
11 3-26(-5) 3-07(-S) 2-74(-2) 1-46(-10) 2-9S(-3) 3-36(-5) 
12 3-26(-4) 3-06(-S) 6-S5(-3) 1-23( -9) 6-S3(-3) 4-75(-5) 

T=I-0xl04°K V2 = 0 

10 1-24(-5) 4-57(-7) I-50 (-1) 2-14(-10) 3-92(-3) 6-97(-4) 
11 3-60(-5) 1-51(-6) 3-72(-2) 4-51 ( -9) 3-42(-3) 3-64(-5) 
12 3-3S(-4) 1-61(-6) S-02(-3) 9-60( -S) S-13(-3) 7-75(-5) 

V2 = 1-2x1012 

10 1-20(-5) 4-71(-7) 1-66(-1) 1-93(-10) 4-0S (-3) 6-96(-4) 
11 3-59(-5) 1-52(-6) 4-35(-2) 3-97 ( -9) 3-45(-3) 3-64(-5) 
12 3-3S(-4) 1-61(-6) S-67(-3) S-90 ( -S) S-13(-3) 7-75(-5) 

T = 1 -25 X 104 OK V2 = 0 

10 1-79 (-5) 3-30(-6) 2-46(-1) 6-56(-10) 5-75(-3) 4-S1(-4) 
11 4-31 (-5) 1-36(-5) 5-56(-2) 2-02 ( -S) 4-42(-3) 3-79(-5) 
12 3-55(-4) 1-65(-5) 9-91(-3) 1-09( -6) 9-61(-3) 1-02(-4) 

V2 = 1-2x1012 

10 1-77(-5) 3-33(-6) 2-61(-1) 5-SS(-IO) 6-10(-3) 4-70(-4) 
11 4-27(-5) 1-37(-5) 6-46 (-2) 1-76( -S) 4-51(-3) 3-S0(-5) 
12 3-55(-4) 1-65 (-5) 1-07 (-2) 1-00( -6) 9-63(-3) 1-02 (-4) 

T = 1- 5 X 104 OK V2 = 0 

10 2-22(-5) 1-32 (-5) 3-12(-1) 1-49( -9) S-S2(-3) 3-31(-4) 
11 5-05(-5) 5-S2(-5) 6-S9(-2) 5-30( -S) 5-93(-3) 4-03(-5) 
12 3-9S(-4) 7-34(-5) 1-26(-2) 4-35( -6) 1-19(-2) 1-09 (-4) 

V2 = 1 -2 X 1012 

10 2-24(-5) 1-32(-5) 3-23 (-1) 1-36( -9) 9-42(-3) 3-20(-4) 
11 5-02(-5) 5-S6( -5) 7-S7(-2) 4-63( -S) 6-14(-3) 4-05(-5) 
12 3-96(-4) 7-39(-5) 1-36(-2) 3-97 ( -6) 1-20(-2) 1-09 (-4) 

* Units of V2 are cm2/sec 2 _ 

t The number in parentheses is the common logarithm of the multiplier: 7 -49 (-6) means 
7 -49 X 10-6 _ 

But N j is the sum of two terms, Nj proportional to the rate of absorption of j, k 
radiation (one ofthe components ofPlcj ), and nj not involvingj, k radiation_ The former 
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Log 
Ne 

10 
11 
12 

10 
11 
12 

10 
11 
12 

10 
11 
12 

10 
11 
12 

10 
11 
12 

L~ 

~ ~~--------~ 

€ 
l-'IlT 

1«1-.",.) 

T = 2-0 X 104 oK 

2-99(-5) 7-62(-5) 
6-13(-5) 3-70(-4) 
5-00(-4) 4-47(-4) 

3-05(-5) 7-47(-5) 
6-13(-5) 3-71 (-4) 
4-97(-4) 4-50(-4) 

T = 3-0Xl04 oK 

5-56(-5) 3-14(-4) 
8-08(-5) 2-16(-3) 
6-56(-4) 2-59(-3) 

5-73(-5) 3-05(-4) 
8-13 (-5) 2-14(-3) 
6-53(-4) 2-60(-3) 

T = 5 -0 X 104 OK 

I-52 (-4) 6-00(-4) 
1-27(-4) 7-21 (-3) 
8-52(-4) 1-04(-2) 

1-56(-4) 5-81 (-4) 
1-29(-4) 7-12(-3) 
8-50(-4) 1-04(-2) 

TABLE 3 (Continued) 

LfJ H~ 

----------~~--------~ 
€ € 

1-.",. 
1«1-.",.) 

1-.",. 
1«1-.",.) 

V 2 = 0 

3-73(-1) 4-58( -9) 1-91 (-2) 1-92(-4) 
9-09(-2) 1-94( -7) 1-03(-2) 5-38(-5) 
1-78(-2) 2-00( -5) 1-71 (-2) 1-19(-4) 

V2 = 1-2Xl012 

3-79 (-1) 4-29( -9) 2-04(-2) 1-86(-4) 
1-00(-1) 1-74( -7) 1-08(-2) 5-41 (-5) 
1-90(-2) 1-82( -5) 1-74(-2) 1-18(-4) 

V2 = 0 

4-19(-1) 1-71( -8) 6-37(-2) 1-29(-4) 
1-42(-1) 7-24( -7) 2-61 (-2) 8-02(-5) 
2-92(-2) 6-44( -5) 3-08(-2) 1-23(-4) 

V2 = 1-2xl012 

4-21 (-1) 1-67( -8) 6-70(-2) 1-27 (-4) 
1-49 (-1) 6-83( -7) 2-73(-2) 8-05(-5) 
3-08(-2) 5-98( -5) 3-16(-2) 1-22(-4) 

V2 = 0 

4-40(-1) 7-79( -8) 2-42(-1) 1-83(-4) 
2-99(-1) 1-58( -6) 8-85(-2) 1-40(-4) 
5-42(-2) 1-44( -4) 6-61 (-2) 1-38(-4) 

V2 = 1- 2 X 1012 

4-40(-1) 7-77( -8) 2-51 (-1) 1-83(-4) 
3-07(-1) 1-52( -6) 9-16(-2) 1-41(-4) 
5-64(-2) 1-37( -4) 6-76(-2) 1-37(-4) 

results in scattered radiation_ But from the definition of 'UTjk it follows that 

RjkNj = 'UTjkRkjNk-

Since Rjk == A jk , disregarding stimulated emission, 

'UTjk = AjkNj/RkjNk 

= Ajk(l-qzmqmz)/D 

from (3_4), where D is the denominator of (3.4)_ 

(3_5) 

As to (€/Klik' we note first that € is the rate of emission from unit volume into 
unit solid angle per unit frequency interval. In a black body (€/Klik is the Planckian 
function Bv which, disregarding stimulated emission, is given by 

2hv3 Wk nj 
Bv = -2- . Wj • N k ' 

C 
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Wi and Wk being appropriate statistical weights. From (3.4), 

3 
€ 2hv Wk Okj N e(l - qZm qmz) + QkZ(qZj + qZm qmj) + Qkm(qmj + qmZ qZj) 

Kjk = -;[ . Wj • D-

93 

The ratio of emission and absorption coefficients (€!K)jk!(l-'lITjk) follows from (3.5) 
and (3.6). 

IV. THE SPECIAL CASES OF HYDROGEN AND Call 

Above some level which is at least as close as 1500 km to its base, the chromo
sphere appears to consist of a variety of structures that can only be analysed using 
the relatively few spectral lines in which they can be observed. As a first approxi
mation to their geometry we shall subsequently use (with some care) the model 
structure described in Section III, a uniform plane-parallel layer whose thickness is 
taken here as 2 X 108 cm. In practice, chromospheric structures are inclined at 
various angles to the surface, and it seems scarcely warranted as yet to specify too 
closely the angle which our model structure makes with the solar surface. Neverthe
less, I tend to think in terms of a perpendicular structure; a specific model is needed 
because of the centre-limb variation of the intensities of the lines from the chromo
sphere as a whole and, therefore, of the angular variation in intensity of radiation 
incident on the structure. 

Atomic models of four levels (three bound and the ionized continuum) have 
been used both for hydrogen and Call. For hydrogen such a model is known to give 
fairly satisfactory results, substates of a given principal quantum number being 
populated in proportion to their atomic weights because of the high collision rates 
for transitions between them, even in the case 2 2S1/2+±2 2P1/2 for N e ~ Ni ;::: 1011 cm-3 

(Purcell 1952). For Call the bound levels used are the 48, 3d, and 4p. The levels 
4p 2P3/2 and 4p 2P1/2, from which respectively the K and H lines (and also the 
,\ 8498 + ,\ 8542 and ,\ 8662 lines) originate, are relatively widely spaced, and the rate 
of direct collisional transition between them is much lower than the spontaneous 
rate from them. Despite this, the two 4p levels are lumped together for the purposes 
of obtaining excited-state populations (not for deriving source functions, but for 
scattering and emission characteristics), the populations of the substates being 
assumed proportional to their statistical weights. The ranges over which calculations 
have been made are 2 X 109 ::s;; N e ::s;; 4 X 1012 cm-3 and 7·5 X 103 ::s;; T ::s;; 5 X 104 oK. 
The electron concentration is assumed to be equal to that of the hydrogen ions. In 
the tables and in the discussion below all units are in the CGS system unless otherwise 
stated. 

(a) Hydrogen 

The spontaneous transition rates used are theoretical. Two-body recombina
tion rates to these bound states are predominantly spontan~ous and are derivable 
via Gaunt's relation for the atomic absorption coefficient, with g factors that are 
here taken as unity. Collision rates to and from the ground states are derived from 
Hummer's (1963) relations and for transitions between the n = 2 and n = 3 states 
from Seaton's relation (Allen 1963). Classical rates are used for collision ionization 



94 R. G. GIOVANELLI 

TABLE 5 

CALCIUM: EXCITATION PROPERTIES 

K 8542 A 
Log I N1 N2 N3 ..A. 

Ne 
---., 

TK "'13 T23 "'23 

T = 7· 5 X 103 oK V2 = 0* 

10 1·21(+4)t 5·30(+2) 1·83 5·30 1·62 (-1) 6'85(-2) 8·76(-1) 
11 3·60(+5) 6·60(+4) 4·76(+2) 1,57(+2) 1·03 (-2) 8·53 9·68 (-2) 
12 1'53(+7) 5,36(+6) 3·36(+5) 6,70(+3) 3'25(-4) 6,92(+2) 2'08(-3) 

V2 = 1'2xl012 

10 1,24(+4) 5·19(+2) 1·79 8'63(-1) 4·80 (-1) 1·07 (-2) 9·71(-1) 
11 4·16(+5) 5,03(+4) 1·90(+2) 2 ·90 (+ 1) 4·49(-2) 1·03 3·82 (-1) 
12 1'58(+7) 5,02(+6) 2·78(+5) 1,10(+3) 1'76(-3) 1·03 (+2) 1·18(-2) 

T = 1· 0 X 104 OK V2 = 0 

10 8,91(+3) 4·31 (+2) 1·42 3·38 2·12(-1) 4'82(-2) 9'04(-1) 
11 1,11(+5) 2·47(+4) 1,37(+2) 4·22(+1) 3·27 (-2) 2·77 2·06 (-1) 
12 1·26(+6) 6·27 (+5) 5·33 (+4) 4·78(+2) 3'78(-3) 7·02 (+1) 1'66(-2) 

V2 = 1·2xl012 

10 9·03 (+3) 4·18(+2) 1·38 6·44 (-1) 5·48 (-1) 8'55(-3) 9·76(-1) 
11 1,35(+5) 1·90(+4) 6'52(+1) 9·32 1·10(-1) 3·89(-1) 6'13(-1) 
12 1,44(+6) 5·29(+5) 2·51 (+4) 9,98(+1) 1·55 (-2) 1·08 (+1) 8·04(-2) 

T = 1·25 X 104 OK V2 = 0 

10 6,95(+3) 3,36(+2) 1·16 2·36 2·64(-1) 3·63(-2) 9·23 (-1) 
11 8,03(+4) 2·11(+4) 1·20(+2) 2·72 (+1) 4'73(-2) 2·11 2·31 (-1) 
12 7·18(+5) 4·13(+5) 4·17(+4) 2·44(+2) 6·98(-3) 4'13(+1) 2'63(-2) 

V2 = 1'2xl012 

10 7,31(+3) 3·51 (+2) 1·11 5·04(-1) 6·03 (-1) 7·14(-3) 9·79 (-1) 
11 9,79(+4) 1,72(+4) 6·08 (+1) 6·76 1·38(-1) 3·50 (-1) 6·35 (-1) 
12 8,91(+5) 3'86(+5) 2·04(+4) 6·15(+1) 2·36(-2) 7·88 1·03 (-1) 

T = 1· 5 X 104 OK V2 = 0 

10 4,40(+3) 2·39(+2) 7·39(-1) 1·36 3·72(-1) 2'18(-2) 9·48 (-1) 
11 4'08(+4) 1'10(+4) 5·06 (+1) 1,26(+1) 8·75(-2) 1·00 3·90 (-1) 
12 2·83(+5) 1'57(+5) 1·27(+4) 8·74(+1) 1·74(-2) 1'44(+1) 6·40(-2) 

V2 = 1·2 X 1012 

10 4'55(+3) 2·31 (+2) 7·07 (-1) 3·13(-1) 6'98(-1) 4·68(-3) 9· 85 (-1) 
11 4,92(+4) 9·03 (+3) 2·97 (+1) 3·38 2'12(-1) 1'83(-1) 7·54 (-1) 
12 3,57(+5) 1·59 (+5) 6·14(+3) 2·45(+1) 5'16(-2) 3·24 1·89(-1) 

* Units of V2 are cm2/sec 2 . 

tThe number in parentheses is the common logarithm of the multiplier: 1,21(+4) means 

1·21 X 104 • 

from, and three· body recombination to, the excited states. Rates of radiative excita-
tion in the normal chromosphere are obtained for HIX using a mean central intensity 
of 0 ·18 and Allen's value for the mean intensity of the whole disk in the nearby 
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TABLE 5 (Oontinued) 

Log I K 8542 A 

Ne 
Nl N2 Na 

10 
11 
12 

10 
11 
12 

10 
11 
12 

10 
11 
12 

10 
11 
12 

10 
11 
12 

7K "'13 723 "'23 

T = 2 0 0x1040K V 2 = 0 

8 0 59(+2) 4 0 76(+1) 1 0 39 (-1) 2 0 30(-1) 7 0 50(-1) 3 0 77(-3) 9 0 88(-1) 
6 0 66(+3) 1 0 38(+3) 4 0 32 1 0 79 3 0 11(-1) 1 0 09 (-1) 8 0 27(-1) 
4 0 24(+4) 2 0 08(+4) 6 0 66(+2) 1 0 14(+1) 9 0 50(-2) 1 0 64 2 0 76(-1) 

V2 = 1 0 2xl012 

8 0 63(+2) 4 0 70(+1) 1 0 37(-1) 5 0 88(-2) 9 0 04(-1) 9 0 45(-4) 9 0 96 (-1) 
7 0 30(+3) 1 0 18(+3) 2 0 94 4 0 98 (-1) 6 0 05 (-1) 2 0 37(-2) 9 0 44 (-1) 
4 0 70(+4) 2 0 03(+4) 3 0 30(+2) 3 0 21 2 0 20 (-1) 4 0 09 (-1) 6 0 02 (-1) 

T = 3 0 0 X 104 oK V2 = 0 

6 0 78(+1) 4 0 15 1 0 13(-2) 1 0 48(-2) 9 0 67(-1) 2 0 68(-4) 9 0 99 (-1) 
5 0 42(+2) 1 0 06(+2) 2 0 40(-1) 1 0 19(-1) 8 0 40 (-1) 6 0 83 (-3) 9 0 80(-1) 
3 0 81 (+3) 1 0 75(+3) 1 0 97 (+1) 8 0 33 (-1) 4 0 89(-1) 1 0 13(-1) 8 0 22(-1) 

V2 = 1 0 2x1012 

6 0 78(+1) 4 0 14 1 0 13(-2) 4 0 55(-3) 9 0 88 (-1) 8 0 20(-5) 1 0 00 
5 0 47(+2) 1 0 03 (+2) 2 0 25(-1) 3 0 67(-2) 9 0 33 (-1) 2 0 05(-3) 9 0 93(-1) 
4 0 04(+3) 1 0 66(+3) 1 0 44(+1) 2 0 71(-1) 7 0 24(-1) 3 0 30(-2) 9 0 28(-1) 

T=5 0 0xl04 °K V2 = 0 

6 0 84 4 0 80(-1) 1 0 22(-3) 1 0 16(-3) 9 0 96 (-1) 2 0 40(-5) 1 0 00 
5 0 33(+1) 1 0 33(+1) 2 0 77(-2) 9 0 04(-3) 9 0 78(-1) 6 0 64(-4) 9 0 97 (-1) 
3 0 91 (+2) 2 0 10(+2) 1 0 64 6 0 62(-2) 8 0 95(-1) 1 0 05(-2) 9 0 71(-1) 

V2 = 1 0 2xl012 

6 0 84 4 0 79(-1) 1 0 22(-3) 4 0 45 (-4) 9 0 98(-1) 9 0 22(-6) 1 0 00 
5 0 34 (+ 1) 1 0 32(+1) 2 0 75(-2) 3 0 48(-3) 9 0 90 (-1) 2 0 54(-4) 9 0 99 (-1) 
3 0 94(+2) 2 0 09(+2) 1 0 56 2 0 56(-2) 9 0 49 (-1) 4 0 01 (-3) 9 0 87(-1) 

continuum 0 Rates of photoelectric ionization in the Balmer and Paschen continua 
have been derived analogouslyo Estimates have been made of the radiative excitation 
rates in the Lyman lines and continuum using a typical flux of 5 0 1 erg cm-2 sec-1 

over a 1 A range in Lac, an Lrx/Lf3 flux ratio of 85, and an approximate radiation tempera
ture of 66500 K in the Lyman continuum (Tousey 1963)0 The rates used are listed 
in Table 1, the n = 1,2,3 and ionized states being denoted by subscripts 1, 2, 3, and i 
respectively 0 

White's (1962) limb-darkening observations have been used in calculating 
the externally incident flux in HOi:; the ratio of the HOi: flux incident on unit area of 
a vertical surface to that passing through unit area of a horizontal surface turns out 
to be 0·441. 

In all cases line-broadening is taken to be Doppler, arising from a combination 
of thermal and microturbulent velocities. The range of microturbulent velocities 
V used for both hydrogen and calcium, 0 ,s;; V2 ,s;; 1· 2 X 1012 cm2/sec2, probably 
covers all chromospheric situations. In this range the Doppler widths of the hydrogen 
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TABLE 6 

CALCIUM: RADIATION PARAMETERS 

H,K 8542 A 
A --''--

Log € € 
1-1!T 1-1!T 

Ne K(I-1!T) K(I-1!T) 

T = 7 0 5 X 103 oK V2 = 0* 

10 7 051(-4Jt 4 097(-6) 7 012(-2) 1 062(-5) 
11 2 041(-3) 1 036(-5) 7 001 (-2) 1 063(-4) 
12 6 035(-3) 4 090(-5) 1021(-1) 8 088(-4) 

V2 = 1 02xl012 

10 7 054(-4) 4 096( -6) 7 045(-2) 1 055(-5) 
11 4 066(-3) 7 046(-6) 1 086(-1) 5 040(-5) 
12 6 058(-3) 4 073(-5) 1 028(-1) 8 032(-4) 

T = 1 00Xl04 °K V2 = 0 

10 6 097(-4) 1 026(-5) 1 015(-1) 8 020(-6) 
11 2 086(-3) 2 090(-5) 1 036( -1) 6 069(-5) 
12 5 013 (-3) 1 056(-4) 1 016(-1) 8 002(-4) 

V2 = 1 02xl012 

10 6 099(-4) 1 026(-5) 1 023(-1) 7 060(-6) 
11 4 064(-3) 1 083(-5) 2 090(-1) 2 058(-5) 
12 6 023(-3) 1 028(-4) 1 059 (-1) 5 057(-4) 

T = 1 025 X 104 oK V2 = 0 

10 6 054(-4) 2 029(-5) 1 048( -1) 5 041(-6) 
11 2 059(-3) 5 057(-5) 1 058( -1) 5 002(-5) 
12 4047(-3) 3 016(-4) 1 012(-1) 7 041(-4) 

V2 = 1 02 X 1012 

10 6 056(-4) 2 029 (-5) 1 060(-1) 4 095(-6) 
11 4016(-3) 3 051 (-5) 3 012(-1) 2 007 (-5) 
12 5 052(-3) 2 055(-4) 1 063 (-1) 4 082(-4) 

T=1 0 5xl04 °K V2 = 0 

10 6 024(-4) 3 050(-5) 1 081(-1) 3 095(-6) 
11 3 008(-3) 6 090(-5) 2 026 (-1) 2 098(-5) 
12 4 048(-3) 4 065(-4) 1 032( -1) 5 070(-4) 

V2 = 1 02xl012 

10 6 025 (-4) 3 049(-5) 1 093(-1) 3 065(-6) 
11 4 008(-3) 5 024(-5) 3 076(-1) 1044(-5) 
12 5 094(-3) 3 050(-4) 2 015(-1) 3 016(-4) 

* Units of V2 are cm2/sec20 

t The number in parentheses is the common logarithm of the multi-
plier: 7 051 ( -4) means 7 051 X 10-40 

lines are mainly thermal so that microturbulence has no great effect, particularly 
at the higher temperatureso 
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TABLE 6 (Oontinued) 

H,K 8542 A 
J- A 

Log £ £ 
1-", 1-", 

Ne K(I-.",-) K(I-",) 

T=2·0Xl04 °K V 2 = 0 

10 6·07 (-4) 5·69(-5) 2·34(-1) 2·44(-6) 
11 3·94(-3) 8·63(-5) 4·30(-1) 9'81(-6) 
12 6·06(-3) 5·49(-4) 2·66 (-1) 2·04(-4) 

V2 = 1· 2 X 1012 

10 6·07(-4) 5·68(-5) 2·38(-1) 2·38(-6) 
11 4·13(-3) 8·24(-5) 5'50( -1) 6·08 (-6) 
12 9·08(-3) 3·66(-4) 4·23 (-1) 1'01(-4) 

T = 3'Oxl04 OK V2 = 0 

10 5·96(-4) 9·18(-5) 2·88 (-1) 1·52(-6) 
11 4·01(-3) 1·35(-4) 6·04(-1) 4'01(-6) 
12 1·00 (-2) 5·28(-4) 5·68 (-1) 4·63(-5) 

V2 = 1· 2 X 1012 

10 5·96(-4) 9·18(-5) 2·89(-1) 1·51 (-6) 
11 4·03(-3) 1·34(-4) 6·20(-1) 3·74(-6) 
12 1·08(-2) 4·89 (-4) 6·55 (-1) 3·22(-5) 

T = 5'Oxl040K V2 = 0 

10 6·08(-4) 1'31(-4) 3·38 (-1) 9·61 (-7) 
11 4·12(-3) 1·92(-4) 6·35(-1) 2'80(-6) 
12 1·12(-2) 6'94(-4) 6·82 (-1) 2·27(-5) 

V2 = 1· 2 X 1012 

10 6'08(-4) 1·31 (-4) 3·38 (-1) 9·61 (-7) 
11 4'13(-3) 1·92(-4) 6·37(-1) 2·78(-6) 
12 1'13(-2) 6·86(-4) 6·94 (-1) 2'14(-5) 

Table 2 lists a selection of populations, opacities at line centres, and values 
of ajk for a layer of thickness 2 X 108 cm and microturbulences V2 = 0 and 1 ·2 X 1012 

cm2/sec2• Table 3 lists corresponding scattering parameters in the form 1-1lTjk and 
ratios of emission and absorption coefficients (€/K)jk/(l-1lTjk) for Lx, L~, and Ha. 

(b) Calcium II 

Over the temperature range considered (7·5 X 103 to 5 X 104 OK), calcium is 
predominantly singly or doubly ionized, and the sum of the concentrations of Call 
and CallI is taken equal to the total calcium concentration, assumed to be 2 X 10-6 

of that of hydrogen. 

The mean spontaneous transition rates between bound states are listed by 
Athay and Zirker (1962), and I have used their values for the photoelectric ionization 
rates from the 48 and 4p states in the normal chromospheric radiation field. For 



98. R. G. GIOVANELLI 

radiative excitation from the 48 and 3d states to the 4p state, rates have been derived 
from data on absolute intensities at the centre of the disk in Hand K and their 
centre-limb variations given by Goldberg, Mohler, and Muller (1959) and from data 
on the intensity in A. 8542 shown in the Utrecht Atlas (Minnaert, Mulders, and 
Houtgast 1940). Two-body recombination rates to the 48 and 4p states have been 
derived from Burgess and Seaton (1960). For two-body recombination to the 3d 
state, Allen's (1963) rate has been adopted together with an assumed temperature 
variation as T-O.5; the corresponding rate of photoelectric ionization from 3d in the 
normal chromospheric radiation field has been modified from Athay and Zirker's 
value to render it compatible with the recombination rate. Collision rates between 
bound states have been derived from Seaton's general relations for permitted and for 
forbidden transitions (Allen 1963), normalized to van Regemorter's (1960, 1961) 
cross sections. Seaton's general relations for collisional ionization (Allen 1963) have 
been used for deriving these rates and those of three-body recombination from and 
to the excited states. The rates used are listed in Table 4, the 48, 3d, 4p, and ionized 
states being denoted by subscripts 1, 2, 3, and i respectively. 

Because the Hand K lines do not overlap, separate account has been taken 
of them in calculating the modified net radiative brackets associated with the 48-4p 
transitions. We note that TK = 2TH. The individual aH and aK are found from 
(2.6) or (2.7) depending on whether TH or TK are less than or greater than 2, and they 
are then combined by the approximate relation 

a13 = !aH+iaK, 
which is certainly valid if the source functions are nearly the same for Hand K 
(since one-third of the emission is then in the H line and two-thirds in the K). Line
broadening is taken to be Doppler (thermal and microturbulent). 

Because the Doppler widths are more strongly influenced by microturbulence 
in calcium than in hydrogen, the calcium populations are rather more sensitive than 
the hydrogen to microturbulent velocities, to illustrate which a selection of popula
tions, opacities, and ajk values for a layer of thickness 2 X 108 cm and microturbu
lences V2 = 0 and 1· 2 X 1012 cm2jsec2 is given in Table 5. In general, microturbulence 
increases the ground-state population (i.e. reduces the degree of double ionization) 
by a factor of up to 1·25 and reduces N4p by a factor of down to 0·5. In all cases 
N4s > N3d > N 4P' with N 4sjN3d R:! 2 for the higher N e. Calcium is 50% doubly 
ionized at about 104 OK. The various opacities are approximately inversely propor
tional to AD; for TO> 2 the a are approximately proportional to AD. Scattering 
parameters in the form 1-7IFjk and ratios of emission and absorption coefficients 
(EjKhk!(l-7IFjk) are given in Table 6 for the Hand K lines (for which the values are 
identical in the present approximation) and for 8542 A. 

The four-level model for Call (three bound levels and the continuum) is likely 
to be deficient mostly in respect of the recombination rate from CallI. Between 
the 4p level (excitation potential 3 ·14 V) and the continuum (ionization potential 
11 ·87 V) there is a large array of levels in the real Call atom, the transition pro
babilities down to the 4p level from 581/ 2 and 4D5/2 being quite high (1 ·3 X 108 and 
3·6 X 108 sec-1 respectively). Since recombination can occur to all these excited 
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levels, with a subsequent downward cascade, the total recombination rate may be 
increased by a significant factor which I assess possibly as high as 3. 

The effect of this is to raise the Call population in those cases where calcium 
is predominantly doubly ionized, e.g. at temperatures T ;:::; 1·5 X 104 oK for all 
electron densities considered (N e ;S 4 X 1012 cm-3), and for N e ;S 1010 cm-3 for 
lower temperatures. For the higher temperatures the Call population increase is in 
proportion to the total recombination rate. No great increase occurs in excitation 
(Le. N j IN1) due to the cascade itself, since C12/Rn :;::,; lOL 105 , whereas the ratio 
N camlN Call is much less than this. 
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