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Abstract

A quantum-mechanical wave equation for two particles of spin O is presented in Hamiltonian
formalism and is then simplified and discussed. Solutions are found for square-well and Coulomb
interactions, and energy levels are determined. It is shown that, for the Coulomb interaction, the
energy levels to the lowest order agree with those given by the hydrogen atom formula.

Introduction

A quantum-mechanical wave equation for two particles of any spin with an
arbitrary instantaneous interaction was recently derived by the author (Tam 1973).
This equation contains the sum of the Hamiltonians of the two particles, and it
can be explicitly written for any specific particles once the Hamiltonians and the
interaction of the particles are known. In this paper, solutions to the equation for
spin-0 particles with some common interactions such as square-well and Coulomb
are presented and discussed. The two-particle wave equation originally in matrix
form is first reduced to four simultaneous equations with four unknown components
of the wavefunction, and the four equations are then combined to yield a single
equation for one component. This equation holds for any arbitrary instantaneous
interaction. For square-well and Coulomb interactions, solutions are found and
energy levels are determined.

Throughout this paper, quantities are expressed in natural units with i = ¢ = 1,
that is, with #, Planck’s constant divided by 2=, and ¢, the speed of light, taken as
unity. The imaginary fourth component convention is also used, in which the
space-time four-vectors are x, = (x,, z,it) and the invariant is

X, %, = x> +y*+z2—12.

Two Spin-0 Particles
For a spin-0 particle, the Hamiltonian is (see Tam 1973)

H = V%¢/2m —mp, 6))
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where
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Squaring the operator (1) gives
H?* = (=V24+m?I,

where / is a 2 x 2 unit matrix, so that the spin-0 Hamiltonian equation Hy = i0y/ot
reduces to the Klein—-Gordon equation

(=V2+m) = —o%y/or?.
The time-independent wave equation for two particles of any spin is (see Tam 1973)
(Hi+H,+ VW = EY,
which, for two spin-0 particles, becomes symbolically

(V% 0y + V% [P

2m; © 2m, —(mypy +mypy)+ V)l//(xl,xz) = Ey(xy, x,), [#)

where the two-particle wavefunction is

'//11 ‘plzjl
l//21 l//22 .

The first index in the components of the wavefunction is associated with the first
particle and the second index with the second particle. Equation (2) has the following
matrix form

Yi[o 0}['//11 Wu}_‘_z['ﬁn ‘/’12}[0 2]
2mi2 0 Va1 Y2 2my, Va1 Y2210 Of

[0 IWH n/zu] [wu n/zuHO 1] [wu n//u] [wu wu]
— | m, +m, +V =F .
L O |¥ar i, Va1 VYaofll O Vo VY2 Va1 Va2

ll/(xlax2) = [

- 3
After equating each component of the matrix equation (3), we obtain
E-V m, my 0 Vi1
—V%/mz +m, E-V o my V12 ~0. @
_v%/ml +m1 0 E—V m2 'I/ZIJ
0 =Viimy +my —V3jmy +my E—V | [y,

Free Particles

Consider first the case of two free particles, in which we put ¥ = 0. Going to
momentum space, we replace Vi by —p? and V2 by —p2. In order that the solution
be nontrivial, the determinant of the matrix must be zero, that is, we must have

E m, my 0
det p3lmy +m, E 0 m, o
Pi/ml +m1 0 E m,

0 pilmy +my p3m,+m, E
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Expanding the determinant and solving for E gives
E = +{(p} +m)} £ (p3 +m3)*}.

Arbitrary Interaction

Next consider equation (4) in the c.m. frame in which V% = V3 = V2, where
x = x,—x, is the relative coordinate; we suppress the subscript x in VZ in the
following discussion. Then, in the c.m. frame with V2 and V3 replaced by V2 in
equation (4), the resulting expression can be simplified to obtain an equation in-
volving only V,,, namely

(my+my)*(my—m,)* + VXE—-V)
2E-V)? E-V

(V- Cnt+md+1E-vy+ P =0, ®

where Y, corresponds to the usual Klein-Gordon wavefunction for -two particles.

Square-well Interaction

For a sqilare-well potential
V)= -V, for r<a,
=0 r>a,

equation (5) becomes, for r < a,

(v2 4 +4"(’g)jf';‘); M) _ym -+ m) +H(E+ Vo)’)wu =0. (©)
0. . .

With the substitution Y,; = f;:(r) Y0, ¢) in equation (6), the radial equation
becomes

(d2 2d o 041D

o Trdr =

)fu(") -0, ™

where

K? = 3(my+mp)(my—m))*[(E+Vo)® —3(mi+md)+HE+ Vo).

The solution of equation (7) is
Su(r) = Aj(Kr).

The other components of the wavefunction can be obtained from equation (4), with
V2 = V% = V2. They are: ‘

A 2(m- —m)2\ .

sz = i (B Vo= Tt R G )ik 0,90,
2_ .2

bz = = {38+ Vo - ) (k) Va6, ),

(m}—m?)

bar = = (44 Vo - ) K Y0, ).
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For r > a, equation (5) reduces to

(V24 Catml O =y 4y 482y, =0,

With the substitution y;; = g,,(r) Y;.(0, @), the radial equation becomes

a2 2d  , II+1) _
(8-;54';54‘“— 2 )911(")—0, ®

where
o = Hmy+my)2(my—my)*|E* —H(mi+m})+1E>.

The solution of equation (8) is
g11(r) = Bh{V(ar).

Again, the other components of the wavefunction can be obtained from equation (4):

_ 2
oz = 5 mz(*Ez‘(mﬁmz‘):éT‘ ! )h5"<ar)Y,m<o, $),

2_ .2
b = = (18- TR V0. ),

B m3—m}
o = - (35— () V)b Yin(0, ).
v()
0 a r
:
1
I
]
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]
]
:
Fig. 1. A more realistic
modified square-well potential.
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To determine the energy levels, the solutions inside and outside the well are
matched at r = a. If y,; and the first derivative of y;; correspond at r = a, we have

Aj(Ka) = Bb{P(xa) and  KAj(Ka) = aBh(0a),

and thus their ratio
j(Ka)/Kjy(Ka) = h{V(aa)/oh{"(aa)

will give the energy levels. If other components of the wavefunction are matched at
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r = a then, for r < a, the wavefunction will contain in the coefficient of the spherical
Bessel function a term involving E+ V,, whereas, for r > g, a term involving only E
This is due to the discontinuous change of the potential at r = a. For a more realistic
potential of the form shown in Fig. 1, the function is continuous at » = a and, since
the value of the limit of the potential from both sides is the same, a matching of any
component of the wavefunction will give the same result.

Coulomb Interaction

The wave equation for two spin-0 particles is now used to describe a pionic atom
which consists of a negatively charged pion circulating around a positively charged
pion. For this system, m, = m, = m and the potential between the two pions is
Coulombic and is given by V' (r) = —é*/r.

Equation (5) becomes in this case

92 2702 EV? Vz(e Y11/
(Vz 2m +%(E+e /r) +E+e2/r)|//11 -E—-{—ezl/lT. (9)

The last term in this equation can be simplified. We consider the region r # 0
because the potential is singular at the origin. For this region,

Vr ~Yyy) = r Vg —2r "2 0y for

and therefore equation (9) becomes

(‘72—m2+%(E+e2/7')2 E+/r2/ aar)'//u =

Putting V;; = f11(r) Y;.(0, ), we have for the radial equation

2 2 2 2
O TR

But, since
—_— ez —_ — 1 + _l___
r(Er+e?) r r+eéE’
equation (10) becomes

d? 1 1 f—11+1
(&4 (b g +aE-m e 2 D = 0.

Now consider the ratio ¢?/E. In SI units, e? is of the order of 1073% C? while
E is of the order of the mass of a pion and is 10> MeV or 107!! J. Therefore, the
ratio €/E is of the order of 107'” m, where a constant 9 x 10° NmC~2 has been
inserted for the SI system. Thus we have

E/E~107""m <107 m =r,,

r. being the radius of an electron. Equation (11) has no exact solution because of
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the presence of the term (r+¢?/E)~!. However, since ¢?/E is very much less than the
radius of an electron, it can be neglected and we can approximate the former term

by r~!. With this approximation, equation 11 takes the form
‘ dz ﬁZ ‘ .
{d—;—j+;a;+( +T+ )}f“(r) 0, ‘ - (12)
where

k*=m?—1E%,  B%=le*—II+1).

Equation (12) can be solved by the usual method (see e.g. Schiff 1968) The energy
eigenvalue is given as

et e (3 1 ' ;

to terms of order ¢®, where the principal quantum number z can take positive integral
values. In terms of the reduced mass of the system u = im, equation (13) becomes

_ _,ue ue®( 3 1
E =2m Zl— +4n (8n *2l+1)+ wee

The first term on the right-hand side is the rest mass of the system and the second
term is identical with the one for nonrelativistic particles. The third term is the
fine-structure energy which differs from usual Klein-Gordon and Dirac one-particle
levels.

The radial wavefunction is

Ji1 = exp(—«r)r*'Li(2«r),
where
s = —3+HQI+1)>—e*)},  p=2s+1, q= Ee*dx +s.

The other components of the wavefunction can be found from equation (4). The
complete wavefunction is

y=C S11 Y6, 8) —3m N E+e*Ir) fi1 Y im0, §)
—3m™ N E+er) f11 Y10, )  dm™HE+r) f11 Y 1n(0, §)

f11 being defined as above.

Conclusions

We have seen that the wavefunction for two spin-0 particles in the Hamiltonian
formalism has four components and that the corresponding wave equation can be
simplified to give four equations for these four components which can then be
combined to yield a single equation for one component. The resulting equation
holds for two particles of unequal mass and an arbitrary potential which is a function
of the magnitude of the relative position of the two particles. The solutions found
for a square-well interaction are the product of spherical harmonics and spherical
Bessel functions. An approximate solution has also been found for a Coloumb
interaction and the corresponding energy levels have been determined. In the
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expression for these energy levels, the first two terms are identical with the corre-
sponding terms for nonrelativistic particles, while the third term gives a fine-structure
energy which is of the order of e®. This result thus shows why the energy level
formula for the nonrelativistic hydrogen atom can be used for a system of two pions
to obtain a result which agrees with experiment. In fact, when dealing with any
two-body system, a two-body equation should be used rather than a single-body
one like the Klein—-Gordon or Dirac equation as has often been used.

In subsequent papers, the present two-body equation will be applied to two-body
systems with spins of 1 and 1.
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