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Abstract

For a free Dirac electron, the Heisenberg equations define an internal dynamical system in the rest
frame, isomorphic to a finite three-dimensional oscillator with a compact SO(5) phase space, such
that the spin of the electron is the orbital angular momentum of the internal dynamics (Barut and
Bracken 1980, 19814). In the present work, the change in this internal dynamics due to an external
magnetic field is studied. In order that the internal motion can be distinguished from the centre of
mass motion, the solutions of the corresponding Hamilton and Heisenberg equations for the relativis-
tic classical motion and the relativistic quantum mechanical spinless motion are also presented.
The solutions for the electron exhibit the effect of the spin terms both in the internal motion and
external motion, and we are able to identify the properties of the Zitterbewegung in the external field.

1. Introduction: External and Internal Dynamical Variables

In earlier work, we have presented an interpretation of Dirac’s equation for the
free electron (Barut and Bracken 1980, 1981a). It is the relativistic wave equation
describing a quantum system with the internal dynamics of a compact three-dimen-
sional quantum oscillator—the Zitterbewegung (Schrodinger 1930; for other work
and references on the Zitterbewegung see Barut and Bracken 1981a and Guth 1962).
The energy and the orbital angular momentum of this oscillator define the rest mass
energy and spin of the electron, that is, of the system as a whole, in the rest frame
of its centre of mass (c.m.).

There are two coordinate variables x, @ and two momentum variables p, P
involved in the description. All four are Hermitian operators on a Hilbert space.
The operator x is interpreted as the coordinate of the charge, and p as the momentum
of the c.m. While the existence of the second set of variables (Q, P) reflects the fact
that there are internal dynamics as well as c.m. dynamics, the interpretation of
Q and P has been made clear only for the c.m. frame (Barut and Bracken 1981a),
defined by p = 0. There Q and P represent the position and momentum of the charge
relative to the c.m.

One of our objectives here is to identify the appropriate c.m. (or external) and
relative (or internal) dynamical variables in an arbitrary frame, that is, with no
constraint on p. But our main aim is to learn something of the behaviour of the
system—in particular of the change in the Zitterbewegung, or internal dynamics—
when placed in an external electromagnetic field. Because it is the coordinate x of
the charge that performs the Zitterbewegung, radiation by the electron is intimately
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associated with this motion in general, and we would like to understand its radiative
and non-radiative modes. We consider what is perhaps the simplest case mathe-
matically, that of a constant and uniform magnetic field.

The dynamical behaviour is most clearly exhibited in the Heisenberg picture, as
Schrodinger’s (1930) analysis showed in the case of the free electron. Therefore we
need to integrate the Heisenberg equations of motion in the presence of the magnetic
field. While it is well known that Dirac’s equation is exactly soluble in this case
(Rabi.1928; Plesset 1930; Huff 1931; Johnson and Lippmann 1949, 1950; Sokolov
and Ternov 1953; Jannussis 1966), it appears that the integration of the Heisenberg
equations has not been given explicitly before, although Schwinger (1951) solved
related equations, expressed in terms of a proper-time variable, and derived from a
second-order ‘Hamiltonian’ (see also Tsai 1978).

Johnson and Lippmann (1949, 1950) discussed the Heisenberg equations of motion
for this problem, and obtained a set of constants of the motion. But they did not
complete the integration of the equations for the basic non-constant variables. Even
when the energy eigenvectors and eigenvalues and a complete set of constants of
the motion are known for a system, it is not trivial to obtain in closed form, as func-
tions of the time, the expressions for non-constant variables (supposing such closed
forms exist). This is already clear in the case of the free electron (Schrédinger 1930).

Apart from determining the behaviour of the internal dynamics of the electron
in the presence of the magnetic field, the integration of the Heisenberg equations in
this case is also of interest if one is concerned only with the behaviour of the external
(or c.m.) dynamics. The differences between this behaviour and that of a classical
(relativistic) point charge in the same field are better illuminated if one works in the
Heisenberg rather than the Schrodinger picture in the case of the quantum system
(although some care must be exercised not to interpret too literally, in classical terms,
formal expressions in the Heisenberg picture involving non-commuting operators).
It is also of interest to compare the quantum mechanical behaviour of the electron
with that of a spinless particle in the same field, to identify any spin effects on the
motion of the c.m. We could not find in the literature the solution of the Heisenberg
equations for a spinless charged particle in a constant and homogeneous magnetic
field, and so we also present such a solution below.

Many authors have discussed the Heisenberg equations for the electron in the
case of a general external electromagnetic field, without presenting solutions. Bunge
(1955) and Corben (1961) in particular have attempted to interpret the equations in
terms of external and internal dynamics, as we wish to do. Both these authors
took x— @ (in our notation) to represent the mean position (or c.m.) of the electron,
but according to our ideas, this is only tenable for the free electron, and then only
with p = 0, since ¥ — @ is otherwise not free from the highly oscillatory time depen-
dence associated with the Zitterbewegung.

Feynman (1962) has remarked of some of the Heisenberg equations for motion
in a general field that ‘their meaning is not yet completely understood, if at all’. It
seems to us that this statement remains true today. But if all variables in the descrip-
tion of the electron, including the rather mysterious ‘matrices’ of Dirac, can be given
a dynamical interpretation in terms of a c.m. motion and an internal motion, then
the possibility arises of understanding the meaning of the Heisenberg equations, and
perhaps the structure of the electron.
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The operator algebras associated with the pairs (x, p) and (Q, P) are best compared
if one considers side by side the Lie algebras spanned by the sets

(stsL’I) and (Q7P5S3—ﬂ) (laab)

Here I is the unit operator, and — g is its analogue for the compact SO(5) algebra
generated by Q and P, while L and S are the respective angular momentum operators.
In the Heisenberg picture, at any one time ¢, any variable from the first set (la)
- commutes with any one from the second set (1b), and

[xip)] = ihaijl,
[xpx]1=0, [pup]=0,
[Li, x;] = ihe;jx;, [Li,p;] = ihepy, 2
[Li, L;] = ihe;; Ly,
(Lx]=0, [Lpl=0, [LL]=0,
while
[Qi Pj] = ihd;(—f),
[0 Q)] = (2% /W) Si, [Py Pl = (ih/A%)e Sy,
[S:, Q)] = ihe;, Oy, [Si, Pj] = ihe; Py, 3)
[Si, S] = ihe;3 Sy,
(8,01 = =22 /W)P;, [B,P]=(4i#/A)Q;, [B,S]=0.
In addition, certain constitutive and representation relations hold, in particular
L=xA\p, S=1ipOoAP, B =1,
0B = —BQ = H(A*/WP, PP = —BP = -2i(h/2*)Q, “
{0, 0;} = $4%6,;1, {P,P;} = (2n*[A%é;1.

In equations (3) and (4), A is a constant with dimensions of length, being the
Compton wavelength of the free electron, whose rest mass is accordingly

m = hfic. %)

But the primary significance of A from our point of view is that it is the constant
which characterizes the curvature of the phase space associated with the variables
(P, @), through equations (3) in particular. Its value subsequently determines, in
the rest frame of the c.m. of the free electron, the frequency wz (=2¢/A) and energy
eigenvalues +1hw, of the internal compact oscillator, and those energy values are
then the rest energies of the electron, in accordance with equation (5) (Barut and
Bracken 1981a). ;



356 A. O. Barut and A. J. Bracken

Dirac’s Hamiltonian for the electron in a time-independent magnetic field
B(x) (=curl A(x)) is, in these terms,

H = (Ac/h)P.7t +(hc/A)B, 6)
where
m=p—eA. M

Noting the relations (4), we can also write

_ 2he(Q AL\ (O AL\ ke
H—(lc/h)P.n+3A(l 2hP)°(l+2hP) AI’ ®)

which shows suggestively the internal harmonic oscillator dynamics in a factorized
form.

Using this Hamiltonian to determine the time derivatives of variables, we find
in particular

i = (Ac/h)P, # = (eAc/h)P \ B,
0 = (Ac/h)(P—pm), P = (4c/ha®)(2*n N\ S —h*Q), ©)
B = (4c/A)Q.m, S = (Ac/h)r \ P,

indicating a complicated dynamical coupling of the two sets of variables (1). We
can also see with the help of the anticommutation relations in (4) that

ihQ = —2HQ+(Ac/h)pn A S, (10a)
ihP = —2HP+ (2hc/M)n, (10b)
ihf = —2HB+Qhc/MDI. (10c)

The last of these (10c) can be integrated at once, since H is a constant here, to give
B(t) = (he/)H ~* +exp(2i H/h){B(0)—(fic/)H 7'}, an

whatever the spatial variation of the stationary magnetic field.
It is of course possible to introduce the dimensionless variables

o = (AP = Q2i/HQ, (12)

so that H of equation (6) assumes the familiar form in terms of the well-known
variables (o, ) first introduced by Dirac. Using equations (4), we can write all of
Q, P and S'in terms of & and f, which have representations in terms of 4 x 4 matrices.
From our point of view, the introduction of & in this way obscures the dynamical
significance of the set of variables (1b). However, for manipulative purposes, the
variables (o, ) are more familiar and convenient, and in Section 5 we shall work
with them and also the other familiar derived quantities

Vs = —id 0,05, ¢ = (2/h)S, (13a,b)

translating results into terms of the variables (1) only in Section 6.
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2. Centre of Mass and Relative Variables for Free Moving Electron
When 4 = 0, we can follow Schradinger (1930) to obtain

x(t) = x4(1)+8&(), (14
where

x(t) = x,(0)+c*H ~pt, (15a)

&(1) = exp(2i Hi/h)§(0) = &(0) exp(—2i Ht/h)
= (he/)Q) B) H ™ —ihc’pH 72 ; (15b)
p =pQ0), (16a)
x,4(0) = x(0)—§(0), (16b)
8(0) = (fic/A)Q(0) BO) H ™! —%ihc’pH =2, (16¢)

We interpret x as the position of the charge and x 4 as the position of the ¢c.m., which
has momentum p (Barut and Bracken 1981a). Then the position of the charge relative
to the c.m. is given by

Q"l(t) = &(1). a7

It describes the Zitterbewegung, and has the associated highly oscillatory time
dependence. From equations (4) and (6) one can see that when p =0, 0 does
indeed reduce to Q.

Turning to the momentum P™' of the charge relative to the c.m., we recall that
we have identified it as P when p = 0 (Barut and Bracken 1981a), and then

P! = (hfAc)Q™' = (h/Ac)k. 18)

The simplest possibility consistent with that choice and proportional to the relative
velocity of the charge is

P! = (h/Ac)Q' = (=2i/A)Q™'H = P(t)—(he/)H ~'p, (19

taking into account equations (15) and (4).
Then we have from equation (10b)

prel — —Qi/h)P™'H, (20)

and we see that
0+ (4P + mPc )@ = 0, (21a)
Pl {4(c*p* +mPcH) W2 )P = 0, (21b)

so that the relative motion is harmonic with angular frequency w determined by
o = 4c2p*+mPeh)h2. (22)

(We can treat p as a c-number here as it commutes with Q"', P*' and H.)



358 A. O. Barut and A. J. Bracken

The commutation relations satisfied by the variables (x,, p) and (Q', P™") are
not simple, apart from

[xAiapj] = ih(sijl’ [Q::elspj] = 0’ [P;el9pj] =0. (23a’b7 C)
For example, we have
(x4 X45] = —ihczH—zsijk S = "[Qgel, Q;'eI], (24)

where S, is the constant part of the spin operator S (Schrodinger 1930; Barut and
Bracken 1981a):

S, = (A)2hc)Q@™' A\ P™'H, (25)
Furthermore, we have
[Q;el,P;‘eI] = ih(éijl—czpiij_2){—(hc/l)H—1}. (26)

In particular, it is only in the rest frame of the c.m. that we see explicitly the compact
SO(5) structure underlying the internal dynamics. Before treating the electron in a
constant and uniform magnetic field, we consider the corresponding problems for
a classical particle and a scalar quantum particle, in order that we can properly
identify the relative motion in the case of the electron.

3. Classical Relativistic Motion in a Constant Uniform Magnetic Field

We take the field and vector potential at x to be
B = (0,0,B), Bconst., (27a)
A =1B A\ x = $B(—X;,%,,0). (27v)
The classical relativistic Hamiltonian for a particle of rest mass m and charge e is
H = c{(p—ed)* +m*c*}* (28a)
= c{(p+0x,)2 +(py—0x,) +p3 +m*c*}?, | (28b)

where 0 = LeB and p is the canonical momentum conjugate to x. The first set of
Hamilton’s equations gives

%y = cXps FiOx)H ™', %y =cipy, HY, (29a,b)
where x, = x; +ix, and p,. = p; +ip,, while the second set gives
pie = Fic*0(py FiOx)H ', p3 = 0. (30a, b)
Since H is constant, equations (29) and (30) are readily solved to give
x4(t) = 3{x+(0) Fi0™'p.(0)}

+3exp(F2i0c2H 1) {x.(0) £i07'p+(0)}, (31a)
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p:(t) = 3{p+(0) £i0x,(0)}
+1exp(£2i0c’H ~'1){p.(0) Fi0x.(0)}, (31b)
x3(t) = CzPaH—lt +x3(0), p3(t) = p;(0). (3lc,d)

For the components of the gauge-independent kinetic momentum operator © of
equation (7), we then have

n.(t) = pi(2) Filx (1) = exp(F2i0c*H ~'1)n,(0), (32a)
m3(t) = p;(t) = 73(0). (32b)

We note that ‘
p+(t) £i0x.(t) = p.(0) +i0x,(0), (33)

so that p, +i0x., like p; and H, are also constants of the motion. Another constant
is the third component of the canonical angular momentum vector in this gauge:

Ly = x1p; —x,p; = %i(x, p_ —x_p,). , (34

(In other gauges L, as defined would not be constant; see Tassie and Buchdahl 1964
for a general discussion.) However, only four of these five constants are functionally
independent, because - oo

H?—c*(py +i0x,)(p- —i0x_)—c*p2—m*c* +40c*L, = 0. (35)

It is convenient (cf. Landau 1930) to introduce, in place of (xl,'pl) and (x,,p,),
the canonically conjugate pairs (x,, pu) and (X, P;), where

xp = 3(x; —07"py), P =py+0x;, (36a)
XL =3x,+07"p)), Py =p,—0x. (36b)

Then we get
H = c(P}+40°X 2 +p2 + m2c?)t. 37

The variables x; and p, can at once be seen to be constants and, with p; and H,
form a convenient set of functionally independent constants. The constants of equa-
tions (33) can be expressed in terms of (x,pp) as

Py +ilx, = —20x, +ip,,  po—i0x_ = —20x, —ip,, (38a,b)

and then L; can be expressed in terms of X1, Pr, P3 and H via (35).
The motion described by equations (31) is helical about the fixed field line which

has x; and x, coordinates equal to P/20 and —x; respectively. The radius r of the
helix is constant and given by

r=(H*-c*p3—m*c**/2¢10). (39)

The pitch of the helix (i.e. the distance between successive windings) is constant and
equal to 7| p;/6|. The particle moves with constant speed v given by

v = c(l —m?c*/H?)?, (40)
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and the speed parallel to the field v, and the speed perpendicular to the field v,
are also constant, given by

vy = c¢’ps H 'sign(B), v, = cH Y(H?*=c*pi—m?c*)?r. (41a,b)
The angular frequency w is constant:
w=20|cCH™" =v/r, 42)

which is smaller in general than the nonrelativistic angular frequency |eB|/m
(=2|60|/m), since equations (28) imply H > mc?. The motion is clockwise (anti-
clockwise) about the direction of the field if e is negative (positive).

4. Motion of Scalar Quantum Particle in Same Field

The Hamiltonian operator H is taken to be given by equations (28), where x
and p are now Hermitian operators satisfying the canonical commutation relations
at any one time. (We work in the Heisenberg picture.) Then H is Hermitian and
H > mc?.

For a general vector potential A(x), it is not clear how one could evaluate the
commutators of x and p with H as in equation (28a), in order to determine the
Heisenberg equations of motion. In the case at hand, one can proceed by making
the change of canonical variables as in equations (36), leading to H as in (37).

Then it is clear that x,, p., p; and H are constants, just as in the classical case.
Equations (38) and hence (33) remain valid, and L in (34) is also constant, but (35)
is now replaced by

H2—c2(p?+40>x2 +pi+m?c?)+40c¢*Ly = 0. (43)
Now H in equation (37) can be written in the form
H = c{4|0|h(a'a+1)+pi+m’c?}, 44

where a' and a are the usual (boson) raising and lowering operators for the ‘number
operator’ N (=a'a):

a=3hno|"¥ P, -2i|01X), 4 = 1|h0| (P, +2i]0] X)), (452)
Na = a(N-1), Na' = a'(N+1). (45b)
Then it follows that
aH = c{4]0|h(N+3)+p3+m?c?}ia = Ka; (462)
K = (H? +4|0|hc?)*. (46b)
From the definition (45a) of a we have then
(P, —2i|0| X)H = K(P, —2i|0]| X,), @7
so that ‘
in(P,—2i10| Xp) = [(P,—2i|0]Xy), H]
= (K—H)(P,—2i|0]XL). (48)
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Since K is a function of H and hence, like H itself, is a constant, we have at once
Py(r) =2i[0] X,(¢) = exp{iti ™ (H—K)t}{P,(0) —2i| 0| X,(0)} . 49)
Similarly (or by Hermitian conjugation) we have
P(t) +2i] 0] X (1) = {PL(0) +2i|0]| X.(0)} exp{—ih "(H—K)t}. (50)
If 0 is positive, equations (33), (36), (49) and (50) imply

x4(0) = ${x,(0) —i671p, (0)}

+hexp{ih ™ (H—K)t} {x,(0) +i07'p, (0)}, (sla)
p+() = H{p+(0) +i0x,(0)}

+dexp{ih T (H-K)t}{p.(0) —i0x,(0)}, (51b)
x_(1) = Hx_(0) +i07'p_(0)}

+3{x_(0) —i07'p_(0)} exp{—ih " "(H—K)t}, (51¢)
p-®) = 3{p_(0) —i6x_(0)}

+3{p-(0) +i0x_(0)} exp{—ih "(H—K)t}. (51d)

We also have
ihxy = [x3, H] = ihc’p; H™1, (52)

where p; is constant, so that
xX3(t) = ’ps H ™'t +x5(0),  ps(r) = p3(0). (53a,b)

Equations (51) and (53) are to be compared with the classical results (31). Note
that the operator appearing in the exponent in (51) is

h"U(K—H) = h™ {(H2+4|0| hc®)r — H )
= hTUH {(1+4] 0| hc2H =2 — 1)
= 20| c*H ' =200%c*H 3+ ..., (54)

which is to be compared with the classical angular frequency 2|0|c2H ~! in (31a)
and (31b). The expansion in (54) is only valid if

4O|h2H? < 1, (55)
and, since H > mc?, a sufficient condition is
40\h/m*c* < 1, ie. h|eB|/m < imc?. (56)

For the spin 0 pion, this condition is satisfied for | B| < 1-6x 10'® G, which
is certainly true for fields produced in the laboratory where | B| < 10° G (Garstang
1977). Then the second term in the series (54) is extremely small compared with
the leading term, while higher order terms are completely negligible.
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It would appear from a comparison of equations (31) and (51) that the principal
quantum effect is to change the angular frequency of the helical motion at a given
energy from 2|0|c2H ™' to ™' (K—H) (x2|0|c*H ' =2h0*c*H > for weak
fields). However, such reasoning is misleading. In the first place, when the energy
is definite the system is in a stationary state and the expectation values of all the
variables x,,x_ etc. are constant. We need to consider a superposition of states
corresponding to different energy values if we are to see any non-stationary effects
at all, and in such a superposition the interpretation of equations (51) is not so clear.
In the second place, we can easily obtain, in addition to (47), the result

H(P, —2i|0|Xy) = (P, —2i|0|X)G ; (57a)
G = (H*>—4]0|hc?)?, (57b)

and thence for 0 > 0 that, in place of equation (51a) for example,

x4 (1) = 3{x4(0) —i07"p,(0)}
+3{x4(0) +i07'p,(0)} exp{ih~{(G— H)t} . (58)
Now for weak fields in particular we have
ChTYH-G) = 2|0|c*H ' +2h0%c*H "3+ ...

#h Y(K—H). : (59)

Thus a naive interpretation of the results (51) is that the frequency of the motion is
decreased, while the same reasoning applied to the results in a form like (58) would
suggest that the frequency is increased. This highlights the dangers of trying to
interpret results like (51) too literally in classical terms.

We prefer to write the solutions of the Heisenberg equations in the form (51)
rather than (58), because K is always a well-defined Hermitian operator, whereas G
is not when the condition (56) is violated (that is, for very strong fields). However,
for reasons of notational and manipulative convenience, it is advantageous to work '
formally with (in place of G and K)

H, = (H*+40hc*)?*, (60)
whatever the sign of 6. Then equations (51) can be replaced by (for either sign of 0)
x4(1) = 3{x+(0) Fi07'p.(0)}

+iexp{in T (H—H)t}{x+(0) £i07'p.(0)}, (61a)
p+(t) = 3{p+(0) £i0x:(0)}
+iexp{ih '(H-H)t}{p+(0) Fi0x.(0)}. (61b)

For the kinetic momentum we then have from equations (61) and (53)
n. (1) = exp{ih (H—H:)t}n.(0),  m3(0) = 73(0), (62a,b)

to be compared with (32).
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The basic dynamical variables in this problem are most conveniently taken to be
XL, Pr» X3, P3, a and a'. Eigenvectors of N (=a'a) can be constructed by introducing
a normalized vacuum vector | 0}, which is annihilated by a(0):

Imy = () 7*{a'(0)}"10), n=0,1,2,.... (63)

These vectors | n) must be labelled also by eigenvalues of some other operators (such
as p; and p;) which together with N form a complete set of commuting operators.

Thus we can define vectors |n, k,, k3>, where n =0,1,2,..., —c0 < ki, ky < o0,
with
puinkp, k) = ky|nkp ks>, (64a)
p3lnkp,k3y = ky|n ki k), (64b)
NI n, kLs k3> =n ' n, kLﬁ k3> 1) (640)

and hence from equation (44)
Hn ki, k) = c{4]01h(n+3)+k3+m>c* ¥ n,ky, ks). (65)

5. Motion of Dirac Electron in Same Field
The Dirac Hamiltonian H of equation (6) satisfies

H? = cX(a. 1)+ m3c?, (66)

so that H? > m?c*. 1In this case however, H is not positive definite: positive and
negative energies appear symmetrically on either side of the gap of width 2mc?2.

If we again make the change of variables as in (36), having chosen the potential
as in (27), we find

H = ¢(200y X +0a, P +a3p3) +mc?B, (67)
and it is at once evident that x; and p, (and so by equations 38, p+ ti0x,) are again
constants of the motion, together with H and p,.

Also constant is J3, the third component of the total (canonical) angular momentum
vector in this gauge:

Jy = Ly+8y = 3i(xy p_ —x_p,) + (s a_ —2), (68)

where oy = a; +ia,. There are further constants associated with the spin degrees
of freedom (Johnson and Lippmann 1949, 1950), in particular (i) the zeroth and
third components of the polarization four-vector

lo=0.m, € = ysm +mcfo, (69a, b)
which satisfy
A= H—m*c*, (% =piemic?; (70a, b)

(i) the third component of the vector 7,

T=prAo, 71
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which satisfies
2T% = H?>—pi—m*c*; (72)
and (iii) the third component of the vector G,
G = mco +iysfn N\ o, 73)

which satisfies
2G2 = H*—p3. (74)

(In the notation of Johnson and Lippmann (1949, 1950) {, = I/c, {3 = L/c and
T = T/c; they did not discuss the constant G;. Note that in the free particle case,
when & = p, then {, and all components of J, §, T and G are constants. )

These constants are not all functionally independent, and in particular (cf.
equation 43) :

—40c2], = H?>—m*c* —cX(pi+40°x}+p3), (75a)
im02T3 = CC3 CO —'p3 H. (75b)

We turn now to the solution of the Heisenberg equations of motion for the non-
constant operators. Using H as in (67) we get

[X., H] = ihca,, [P, H] = —2i0hcay, (76a)
[y, H] = —2Hoy +40cX,, [, H] = —2Ho, +2cP;. (76b)

We now introduce (cf. equations 60)
H, = H(1+40hc*H ~?)*. an

Just as in the scalar case, one or the other of these operators—depending on the sign
of 6—is not a well-defined Hermitian operator if the field is so strong that the
inequality (56) is violated. (For an electron, the critical field strength is 2-2 x 10'* G.)
However, the introduction of these operators is very convenient for formal manip-
ulation. Any of the results we obtain which involve H; can be re-expressed, if
necessary, in terms of the operator

H(1+4|0|hc*H ™), (78)
which is always well-defined. Next we define
Uy = {(—e(P, F200X,) FH(H—-Hoax }H ™
= {fcx; ticpy FLHH-Hy)a }JH ™Y, (79a)
V. = {—c(P, T20X,) FH(H+Hy)ay }H !

= {ch:t iicpi :F%i(H'i'Hi)“i}H_l. (79b)
Noting that
H*—H2 = F46hc?, (80)
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we get from equations (76)

Ui, H]l = —(H-H)U,, (81
or, equivalently,
UiH=H;Uy; (82)
and
Vi, H] = —(H+H )V, (83)
or
ViH= —H,V,. 84)

It follows from (82) and the definition (77) of H, that U, is an operator which
shifts one eigenvector of H into another without changing the sign of the energy.
On the other hand, equation (84) shows that ¥, not only shifts the energy, but also
changes its sign. In the language used by Schrédinger (1930) and others since, U,
is an even operator and V. an odd operator.

Now equation (82) says Uy H = H(1+40hc*H ~%)*U, , and hence

Uy H1F46hc*H ~%)*
= H(1+46hc*H ~%)*{1F40hc*H (1 +46hc*H "2~ 12U, = HU,,
that is
HU; =U;H. 85)
Similarly, we get
HV: = -V.H;. (86)

From the definitions (79), and using (82) and (84)—(86), we see that
tiay = (Hy) (U —V)H = U+ Vy, (87

20cxy ticpy) = (Hy) " {(H+H)Uy—(H—H.)V }H

=H+H)U+(H-H.)V
=U.(H+H)+V(H-H;). (88)
It then follows that we can also write

Uy = H {fcxy ticpy Fia (H—Hy)}, (89a)
Vi =H '{fcx; ticp, Flia (H+H,)}, (89b)

so that U, and ¥V, are the Hermitian conjugates of U, and V. respectively.
Now from (81) and (83) we have

ihUy = —(H-Hy)Uy, ihV,= —(H+H,)V,, (90a, b)

and so
Us(t) = exp{ih™'(H—Hy)t} Us(0) = U, (0)exp{—ih '(H—H)t}, (9la)
V(@) = exp{ih™"(H+Hy)t} V(0) = V(O exp{—ih (H+Hg)t}. (91b)
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Noting equations (87), (88) and (33) we can then deduce the time dependence of
X4, py and oy

x2(t) = ${x:(0) Fi0™'p (0} +(1/AONH+H.) UL () +(1/4cO)(H— H) V4 (1)
= 3{x.(0) Fi0p.(0))
+H{1+H(H) Y explih™ (H— H)t)
x {x4(0) +i07'p . (0) F (/260)(H — H.)a.(0)}
+3{1—H(H.) 'Yexp{ih " (H+H)t}

x {x£(0) £107'p1(0) F (i/2cO)(H + H1)a:(0)} » ©2)

1{p+(0) £i0x+(0)} F (i/4c)(H+ H) U ()F (/4c)H—Hy) V(1)
Hp+(0) £i0x.(0)}
+4{1+H(H.) ™ fexp{ih™ (H—Hy)t}

x {p+(0) Fibx4(0) —(1/2¢)(H— H)o+(0)}

+H{1—H(H) " Yexp(ih™ (H+Hy)t}

p:(t)

x {p+(0) FiOx.(0) —(1/2¢)(H+ H1)a+(0)} , 93)
Fi{U:()+V: ()}

= (H.) 'exp{ih™'(H— H )t} {3(Hy — H)o+(0) Fifex 1 (0) +¢p+(0)}

a4 (?)

() texplih™ (H+ Ho)t} (J(Ho + H)ao (0)£i0cx:(0) —cp:(0)} . (94)
We also have, using equation (67),
%y = —ih7xy, H] = couy,  ps = —ih '[p3, H] =0, (95a,b)
ihdy = [0, H] = —2Has+2cps, (95¢)
from which we get by successive integrations

x3(1) = xs(O) +3ihe{H"™ Lo3(0)— CP3(O)H 2}+CP3(0)H 't

—LihcH ! exp(2ih"Ht){a3(Q)—cp3(O)H'1} , (962)
p3(t) = p3(0), ‘ (96b)
as(t) = cp5(0)H ™! +exp(2ih ™ Ht){a3(0)—cp3(0)H ~'}. (96¢)

In comparing solutions (92), (93), (96a) and (96b) with those for the scalar particle
(equations 31), we see in particular that the last of the three contributions to x.(?),
and to p.(7), and the last of the four contributions to x5(t) have no counterpart in
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the earlier cases. These are ‘Zitterbewegung’ terms, and are characterized by angular
frequencies of the order of magnitude 2mc?/h. The other contributions are either
non-periodic, or are characterized by angular frequencies of the order of magnitude
|eB|/m. For very strong fields, these frequencies become comparable (cf. the in-
equality 56), but the Zitterbewegung terms are further distinguished by the fact that,
Just as for the free particle, they are all odd operators, anticommuting with the sign
of the energy H(H?)~*. Thus the operator o3(0)—cp;(0)H ~! anticommutes with
H, while the Zitterbewegung terms in x.. and p are those involving the odd operators
Vy. These terms would therefore make no contribution to the expectation values
of x4, p+, x3 and p; in positive energy states. However, they do have observable
effects, and will contribute to the expectation value of, for example, x, p_ in such
states.

The even parts of x, and x; show a time dependence similar to the variables
X and x; for the scalar particle, so the appearance of the exponent i~ (H—H )t
in place of the classical exponent F2i0c2H 't can be called a quantum effect, which -
is not influenced by the presence or absence of spin.

Since all dynamical variables for the electron can be constructed from x, p, o
and B (see equation 11), we can now determine the time dependence of any variable
we choose. In particular, we could consider the motion of the spin and magnetic
moment operators in the field, but that is an interesting story in its own right which
we have considered in part elsewhere (Barut and Bracken 19815).

From a dynamical point of view, the variables x;, p;, x5, p3, U,, U_, V,, V_,
a3 and B are more fundamental than x, p, & and f in this problem. In particular,
Uy, U_, V, and V_ replace the a and a' appearing in the corresponding problem for
a scalar particle. One could define energy eigenvectors by applying these shift operators
to suitably defined ‘vacuum’ states with energy +mc?, but we shall not pursue this
matter here.

6. Centre of Mass and Relative Variables for an Electron in the Magnetic Field

From the form of the solutions (92) and (96a) for x(¢), it is clear how to distinguish
a c.m. or mean position x,(¢) and a relative position @™'(¢) for the electron in the
field. We take '

X45(t) = 3{x:(0) Fi07'p(0)} +(1/4cO)H+ H)U (1), (97a)

X43(t) = x3(0) +3ihc{H "'a3(0) — cp3(0)H ~2} +cp3(0)H ~'t, (97b)

1) = (14O H—H)V (1), (98a)
$U(t) = —YiticH ~Y{as(t) — cps(0)H 1. (98b)

Then, as for the free particle, the position of the charge is given by
x =x,+0°, (99)

and x, behaves similarly to the position operator of a scalar particle (cf. equations
53a and 61a), while Q™' is highly oscillatory, even for vanishingly weak fields. It
can be shown that as | B| — 0, these operators reduce to those of (15) and an.
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Since the canonical momentum p is not defined in a gauge-invariant way, we do
not attempt to identify a corresponding c¢.m. canonical momentum. Instead, we look
at the kinetic momentum, which according to (92), (93) and (96b) has the form

n.(t) = p(t) Filx (1)
= F({2e)H+H)U(O)F (200 H-H)V +, (1002)
m3(t) = p3(t) = n3(0). (100b)

We see that, in contrast to the case of the free electron where n(¢) = p(t) = (0),
the components 7, contain Zitterbewegung terms involving V', as well as terms
involving the even operators U.. These Zitterbewegung terms vanish as |B| = 0.
For the kinetic momentum =, of the c.m., we take the even part of =, giving

nae(t) = FA2)H+H)UL(),  mas(t) = p3(t) = my3(0).  (101a,b)

Turning to the relative momentum, we see that the simplest identification consistent
with our choice for the free particle is, as in (18),

P! = (h/ic) Q™. (102)
Then from (90b) and (98) we get
PY = FARAVL(),  P5 = (D) {es(t)—cpzs(OH '}, (103a,b)

Summarizing these identifications, in terms of x, p, @, P and B, we have the c.m.
variables

x0:(t) = BHH@HL) xo(0) +i07 {3 —H@H:) " }p: ()
—(he/Y(H )T BB)Q £ (1)
= x4+ (0)—H{1+H(H) '}l —exp{ih ™ (H-Hy)t}]

x {x:(0) £107'p+(0) £(1/cOA)(H— H:)B(0)Q+(0)}, (104a)
X43() = X3(0) — {(he/ DQ(BWH ~* —ihe’p3(OH ~*}
= x,43(0)+cp3 () H 11, (104b)
742(6) = Y(H+H){po(t) FiOx (1) —(A2ch)H~H )P (O}H ™
= exp{ih {(H—Hy)t} 1,500, (105a)
n43(t) = p3(0), (105b)

and the relative variables
0%\(t) = (he/A)(H) ™ B0)Q (O +3H{1— H(H )™ }{x:(t) £107'p.(1)}
= exp(ifi ! (H+H.)t} 0540), (1062)



Heisenberg Equations and Electron Zitterbewegung 369

05(t) = (he/HQ(PWH ~* —3ihe’ps(OH 2
= exp(2ih~'Ht) 05'0), (106b)
P() = {1+ H(H2) ™ }P1(0) = (he/ AY(H )™ {P=(0) Fiox. (1)}
— exp{ih "(H+H.)t} PE0), (107a)
PE'(t) = Pa(t) —(ic/DH ~'p3(0)
= exp(2ih " H) P5'(0). (107b)

The c.m. variables describe a motion of the same general form as that for a scalar
particle in the same field. In comparing the relative motion with that for a free
electron, we see that the major effect is to replace the exponent 2i #~LHt in the time
dependence of the components Q%' and P! for the free particle by the exponent

ih\(H+H)t = ik (2Ht+(Hy —H)t}
~ 2ih~'Ht +2i0c*H 7't (108)

for weak fields (cf. equation 54). At low energies where H 2 ~ m?c*, the effect is,
roughly speaking, to modify the Zitterbewegung frequency wz (=2mc?[h) by plus
or minus the cyclotron frequency 20/m (=eB/m). However, the precise interpretation
of operator expressions like (106) and (107) can properly be determined only by
consideration of the time dependence of expectation values.

7. Further Remarks and Applications

The method we used here can in principle be applied to other types of external
fields. The Heisenberg equations define the quantum or operator analogue of a
classical dynamical system. For most external fields, for example an external Coulomb
or constant electric field, the system will be nonlinear. It would be very interesting
to see if the remarkable properties of nonlinear dynamical systems, such as limit
cycles, the onset of stochasticity, strange attractors etc. also occur in the quantum
case for the electron. From the point of view of quantum electrodynamics, it would
be important to study the Zitterbewegung in the presence of the self-field of the electron
in order to calculate the radiative effects. .

As for applications, our solutions for x(t) can be used together with a radiation
formula to calculate transition probabilities in external magnetic fields, in analogy
with the calculation of the Einstein 4 coefficients by this method (Barut 1979).
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