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Abstract

Modifications to polar-gap models for pulsars are discussed for the case where the surface
magnetic field, Bs, of the neutron star is strong. For B ~ 4 X 108 T, the curvature ,-quanta
emitted tangentially to the curved force lines of the magnetic field are captured near the
threshold of bound pair creation and are channelled along the magnetic field as bound
electron-positron pairs (positronium). The stability of such bound pairs against ionization
by the parallel electric field,. Ell' in the polar cap, and against photoionization is discussed.
Unlike free pairs, bound pairs do not screen Ell near the neutron star. As a consequence, the
energy flux in highly relativistic particles and high-frequency (X-ray and/or ,-ray) radiation
from the polar gaps can be much greater than in the absence of positronium formation. We
discuss this enhancement for (a) Arons-type models, in which particles flow freely from the
surface, and find any enhancement to be modest, and (b) Ruderman-Sutherland-type models,
in which particles are tightly bound to the surface, and find that the enhancement can be
substantial. In the latter case we argue for a self-consistent model in which partial screening
of Ell maintains it close to the threshold value for field ionization of the bound pairs, and in
which a reverse flux of accelerated particles maintains the polar cap at a temperature such
that thermionic emission supplies the particles needed for this screening. This model applies
only in a restricted range of periods, P2 < P < PI, and it implies an energy flux in high-energy
particles that can correspond to a substantial fraction of the spin-down power of the pulsar.

Nonthermal, high-frequency radiation has been observed from six radio pulsars and Geminga
is usually included as a seventh case. The nonthermal luminosity can be higher than can
be explained in terms of conventional polar-gap and outer-gap models. The self-consistent
polar-gap model proposed here alleviates this difficulty, provided the magnetic field satisfies
B ;G 4 X 108 T (which is so for five of these pulsars, and plausibly for the other two if a
modest nondipolar component is assumed), and the surface temperature (in the absence of
heating by the reverse flux) satisfies T; ;S 0·5 X 106 K, so that thermionic emission from the
surface is unimportant. It is argued that sufficient power is available to explain the observed
high-frequency radiation of most of these pulsars. However, the Crab and PSR 0540-69 have
periods P < P2, and we suggest that an outer-gap model is more appropriate for these. Our
model implies a death line at P = PI "-J 0·5 s for B ;G 4 X 108 T, and we speculate on why,
nevertheless, radio pulsars with strong fields are found at P > Pl.

1. Introduction
The creation of electron-positron pairs by decay of 'Y rays as they propagate

across magnetic field lines is an essential ingredient in the population of a pulsar
magnetosphere with plasma. In the absence of plasma, a strong electric field E
results from the rotation of the magnetized neutron star (Goldreich and Julian
1969). The vacuum field has a nonzero parallel component Ell == (E· B)/IBI
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along the magnetic field B, and this Ell can accelerate primary particles to
ultrarelativistic energies (e.g., the review by Michel 1991). The source of the
primary particles is different in different models. In the absence of free ejection
from the stellar surface, the primary particles come from a pair cascade initiated,
for example, by decay of stray 1 rays into pairs (Ruderman and Sutherland 1975).
In such models the vacuum Ell is present immediately above the surface and is
said to form a vacuum gap. In models with free ejection of particles from the
stellar surface, these particles screen Ell immediately above the surface, and set up
the corotation electric field E rot = -(0 x r) x B, where 0 is the angular velocity
of rotation. The divergence of E rot requires a charge density, enGJ, where nGJ

is the Goldreich-Julian (1969) density. In such models an Ell develops, forming
a vacuum-gap-like region above the surface, due to the actual charge density
deviating increasingly with increasing height from the Goldreich-Julian value,
n f:. nGJ. In either model, the primary particles emit 1 rays, due to curvature
emission and other processes. Some of these 1 rays are absorbed in the magnetic
field by creating free electron-positron pairs (1 + B ~ e+ + e: + B). Provided
these secondary particles are created in the gap, the Ell field can accelerate the
electron and the positron in opposite directions, allowing a net charge density to
build up, and it is this charge density of the secondary particles that screens Ell'
Regions where Ell is unscreened are called gaps, and a gap that forms near the
magnetic poles of the pulsar is called a polar gap. The height, H, of a polar gap
is defined by the height above the stellar surface where the charge density due
to the charge-separated pairs is sufficient to screen Ell' Besides polar-gap models
there are also outer-gap models (e.g., Cheng, Ho and Ruderman 1986a,b), where
the region with Ell f:. 0 occurs far from the stellar surface, where the magnetic
field is much weaker than in the polar-cap regions. In comparing the slot-gap
with polar-gap and outer-gap models, we note that the slot gaps form on the
boundary of the closed B-field region (Arons 1983). Primary particles which are
ejected from the neutron star surface and are accelerated in the slot gap gain
the main part of their energy far from the neutron star. In this respect, slot
gaps differ significantly from the polar gaps and may be regarded as intermediate
between polar gaps and outer gaps.

Polar gaps are thought to be a source of the energy for nonthermal radiation
of pulsars (Sturrock 1971; Ruderman and Sutherland 1975; Michel 1975; Arons
1979, 1981; Arons and Scharlemann 1979; Cheng and Ruderman 1980; Mestel
1981, 1993; Mestel et al. 1985; Fitzpatrick and Meste11988a, b; Shibata 1991). In
particular, in most models the radio emission is attributed to processes in polar
gaps. However, the radio luminosities of the pulsars are small compared with the
total power loss estimated from the observed spin down and associated rotational
energy loss ( ~ 10-5 ) . Most of the power loss is attributed to relativistic particles
created as secondary pairs in the polar gaps and escaping in a relativistic wind
(Ruderman and Sutherland 1975; Arons 1979; Michel 1991). In most pulsars the
only nonthermal radiation observed is in the radio range and, apart from the
slowing down, the large inferred power loss has no direct observational signature.
However, there are a few radio pulsars that do have high-frequency emission (in
X rays and/or 1 rays, we do not distinguish between them in this paper) with
a nonthermal luminosity that is a substantial fraction of the inferred rotational
power loss. Nonthermal high-frequency radiation requires high energy particles,
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and it is widely assumed that the high-frequency luminosity correlates with the
power in primary particles (e.g., Harding and Daugherty 1993). The power in
the primary particles, Nprime~cp, is limited by the rate of injection of such
particles, Nprim, which is less than nGJc times the area of the polar cap, and the
potential energy, e~cp rv eEIIH, that particles gain in crossing the polar gap. The
maximum potential difference across the polar gap is when there is no screening
at all:

~ = n2B~R3 ~ (6.6 x l014V)( B~ ) (~)-2
CPmax 2c2 108 TO. 1 s ' (1·1)

where B~ is the dipole component of the magnetic field at the magnetic pole
on the neutron star surface, n == 21r/ P is the angular speed of rotation of the
neutron star and R ~ 104 m is the radius of the neutron star. For ~cP == ~CPmax

the implied maximum value for power of primary particles is equal (within a
factor of order unity) to the rotational energy loss. For existing polar-gap models
the value of ~cP is considerably less than L).CPmax. In Arons-type models, in
which particles flow freely from the surface, this is due both (a) to Ell being
much less than the vacuum value due to screening by the primary particles that
flow freely from the surface, and (b) to the height being less than the maximum
value, H rv L).Rp where L).Rp is the radius of the polar cap, due to screening
by secondary pairs. In Ruderman-Sutherland-type models, in which particles
are tightly bound to the surface, L).cP == L).CPmax results from H « ~Rp due to
screening by secondary pairs.

Strong high-frequency radiation is observed from the galactic pulsars PSR
0531+21, PSR 0833-45, PSR 1055-52, PSR 1509-58 and PSR 1706-44, and
PSR 0540-69 in the Large Magellanic Cloud (e.g., the review by Ulmer 1994).
The observed radiated power for all these pulsars is concentrated in the X-ray
or ,-ray ranges. The ,-ray pulsar Geminga is probably also a radio pulsar
(Halpern and Holt 1992) which is 'radio quiet' because its radio beam does not
intersect the Earth (Ozernoy and Usov 1977). The high ,-ray luminosities are
inferred assuming emission into a large solid angle, rv 21rsterad (Ulmer 1994). For
some of the the pulsars, notably for PSR 1055-52, among the present polar-gap
models the only one that appears capable of explaining the inferred very high
luminosities is that of Sturrock (1971). In the Sturrock model the potential drop
has the maximum possible value, and the nonthermal power is of the order of the
rotational power loss. However, the Sturrock model is not self-consistent because
it neglects the finite limit on the height of the polar gap due to screening. In the
Sturrock model the free electron-positron pairs created by the curvature J!-quanta
inside the polar gap are assumed not to feel the electric field Ell and not to
screen this field so that the full potential drop L).CPmax is implicitly available.
This internal inconsistency implies that the Sturrock model should not be used
for detailed estimates of the pulsar luminosities.

Ruderman and Sutherland (1975) were the first to develop a self-consistent
polar-gap model in which the screening of the electric field Ell by the electron
positron pairs created in it is taken into account. Consideration of this screening
led Ruderman and Sutherland (1975) to conclude that the potential across the
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polar gap cannot exceed ~<PRS ~ a few x 1012 V. This upper limit on the
potential across the polar gap is valid for any polar-gap model in which free
pairs are created by l'-quanta absorption in the magnetic field. For young,
rapidly-rotating pulsars with typical parameters, P ;:s 0·1 s and B~ ~ 108 T, one
has ~<PRS ;:s 10-3 ~<Plnax. The total power in primary particles is proportional
to ~<P, and the maximum luminosity expected in all existing polar-gap models
(Ruderman and Sutherland 1975; Arons 1979, 1981; Arons and Scharlemann
1979; Cheng and Ruderman 1980; Mestel et al. 1985) is smaller than the inferred
nonthermal luminosity in X-rays and l' rays (Section 5).

In all existing polar-gap models, the formation of pairs in the pulsar
magnetospheres is due to the single-photon mechanism, l' + B ~ e+ + e" + B,
and the resulting pairs are free. However, this assumption that the pairs are free
is not valid if the magnetic field is strong enough, specifically for B > 0·1 Bcr ,

where Bcr == m 2c2 / en == 4·4 X 109 T is known as the critical field. In such a strong
magnetic field, the curvature -y-quanta emitted tangentially to the curved force
lines of the magnetic field are captured near the threshold of bound pair creation
and are then channelled along the magnetic field as positronium, that is, as bound
pairs (Shabad and Usov 1982, 1985, 1986; Herold, Ruder and Wunner 1985; Usov
and Shabad 1985; Meszaros 1992; Shabad 1992 and references therein). This
positronium may be stable in the polar gaps against both the ionizing action of
the electric field and against photo-ionization (Shabad and Usov 1985; Bhatia,
Chopra and Panchapakesan 1988, 1992). Unlike free pairs, such bound pairs do
not screen the electric field Ell near the pulsar. Screening requires a net charge
density, which can build up due to free pairs being separated by Ell, but cannot
build up if the pairs remain bound. As a result the height of the gap, which
is determined by the height at which screening becomes important, is greater
than it would be in the absence of formation of positronium. The assumption
that the power in primary particles is proportional to H in polar-gap models
implies that this total luminosity increases when positronium formation becomes
important (Usov and Shabad 1985). We argue in Section 5 that the nonthermal
luminosity may even become comparable with the maximum possible, as in the
model of Sturrock (1971).

Our primary objective in this paper is to discuss how models of pulsar
electrodynamics need to be modified when the magnetic field is strong enough
for creation of bound pairs to dominate over the formation of free pairs. First,
however, we review several important preliminary aspects of the problem. The
rate of injection of the primary particles depends on the properties of the
matter at the surface of a magnetic neutron star. The particle outflow from
the neutron star surface is discussed in Section 2. Particle acceleration and
generation of curvature l' rays in the pulsarmagnetospheres are described in
Section 3. Propagation of l' rays, including photon splitting, and creation of
electron-positron pairs in a strong magnetic field are discussed in Section 4. In
Section 5, the polar-gap model is developed for pulsars with strong magnetic
fields at their surface, B; > O·1 Bcr , and the maximum value of the nonthermal
luminosity is estimated for such a pulsar. The interpretation of the observational
data and some theoretical predictions on the nonthermal radiation of pulsars
with B; > O·1 Bcr are also given in Section 5. A discussion and summary are
presented in Section 6.
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2. Neutron Star Surface and Particle Ejection

The electric field distribution and particle acceleration in the polar gaps of
pulsars depend on the character of particle outflow from the pulsar surface.' In
some models the binding to the surface is assumed sufficiently strong that no
particles are ejected from the surface, and in other models the binding is assumed
sufficiently weak that particles (either electrons or ions) flow freely from the
stellar surface. Particle ejection from the surface depends on the composition of
the neutron star surface, the structure of the surface with a strong magnetic field
and the surface temperature Ts • In this section, after a brief review of polar-gap
models we discuss the properties of the stellar surface and their effect on the
binding or ejection of ions. We then discuss models involving free ejection of
electrons and free ejection of ions.

2.1 Polar-gap Models

There are several kinds of polar-gap model. These may be classified in two
ways: whether ions or electrons tend to be ejected from the surface, and whether
Ell is zero or nonzero at the stellar surface.

The sign of the charge of the particles that tend to be ejected from the
neutron star surface depends on the sign of n .B. Electrons tend to be ejected
for n· B > 0 and ions for n· B < o. The argument for this (Goldreich and
Julian 1969; Ruderman and Sutherland 1975; Arons 1979, 1981) is that plasma
tends to corotate with the star, and the divergence of the corotation electric field
implies a charge density, enGJ, where

2€oln.BI 17 3 ( B ) ( P )-1n = ~ (7 x 10 m-) -- -- cos ()
GJ e lOsT Ov l s ' (2 ·1)

is the Goldreich-Julian density, and () is the angle between the angular velocity
n and the magnetic field B. Thus the tendency to corotate requires positive
charges above the polar caps for n .B < 0 and negative charges over the polar
caps for n .B > o. The required charge density may be produced in two ways:
ejection of particles with the appropriate sign of the charge from the stellar
surface, or acceleration (by Ell) from the magnetosphere back to the stellar
surface of charges of the opposite sign.

The most familiar model in which there is no ejection of particles from the
stellar surface is that of Ruderman and Sutherland (1975). This model applies
only to neutron stars with n .B < 0 (neutron stars with n· B > 0 are assumed
not to be pulsars). The absence of ion flow from the surface is attributed to
an assumed strong binding of iron nuclei. In the Ruderman-Sutherland model,
the field Ell is maximum at the surface and decreases with distance. All the
particles in the pulsar magnetosphere are created from pair production through
"'I-ray absorption in the polar gap. The magnetosphere is populated by a pair
plasma created in the polar gap, and the (positive) Goldreich-Julian charge
density is created by electrons being accelerated back to the stellar surface,
leaving a net excess (and outward flux) of positrons. A model with somewhat
similar properties is that of Beskin, Gurevich and Istomin (1986) in which the
pair plasma is assumed to be created in a postulated double layer immediately
above the surface on the star.
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In contrast, in the model of Arons (1979, 1981) it is assumed that charged
particles (electrons or ions depending on the sign of n .B) flow freely from the
neutron star surface. In this model the electric field Ell is equal to zero at
the surface, and increases with distance above the surface. In the absence of
any additional source of charge, conservation of the current implies a current
density J ex: B. For so-called favourably curved field lines, the ratio of the charge
density (n == J lee ex: B) to the Goldreich-Julian charge density (nGJ ex: n .Bin)
decreases with distance above the stellar surface. This implies that the screening
of Ell is incomplete, and Ell increases toward the vacuum value. The resulting
Ell, which is smaller than that in the Ruderman-Sutherland model, causes the
ejected electrons or ions to become highly relativistic and causes a net flux
of pair-produced electrons or positrons back to the stellar surface to allow the
charge density to be maintained at the Goldreich-Julian value. Mestel et ale
(1985) pointed out that for the unfavourably curved field lines, along which
nlnGJ increases, an Ell of opposite sign to the vacuum field develops and plays
essentially the same role as the Ell in the Arons model. A third kind of polar-gap
model (Cheng and Ruderman 1980) is an intermediate case where the particles
flow from the pulsar surface but not freely. In such a model the field Ell is
nonzero at the pulsar surface but it is smaller than in the model of Ruderman
and Sutherland (1975).

In the discussion below, we use the Ruderman-Sutherland and Arons models
for illustrative purposes.

2· 2 Composition of the Neutron Star Surface

The strength of the binding of ions to the stellar surface is an important
ingredient in pulsar models with n· B < 0, and this binding depends on the
ionic composition. We note the following three arguments for and against the
composition being primarily 56Fe.

(1) Rosen and Cameron (1972) showed that the outermost layers of the neutron
star atmosphere, in which no mass is being ejected, are composed almost entirely
of 4He with trace amounts of 56Fe. The 4He is produced by photodissociation
of the iron-peak nuclei (assumed to be the major initial constituent) at the high
temperatures encountered during collapse to the neutron star state. The total
mass of the 4He at the neutron star surface is D,.MHe ~ 1· 3 X 1018 kg rv 10-12 M0 .

However, the luminosity of a very young neutron star is highly super-Eddington,
and so radiation pressure drives matter away from the neutron star surface. After
the loss of about 10-12M 0 , only 56Fe remains at the surface (Rosen and Cameron
1972). For young neutron stars the mass-loss rate is as high as rv 0·005 M0 s-l,
and the mass ejected from the neutron star surface is of order 10-3-10-2M 0
(Woosley and Baron 1992; Levinson and Eichler 1993). Thus the ejected mass
is »D,.MHe , suggesting that the neutron star surface consists almost entirely of
56Fe.

(2) The composition of the polar caps of pulsars may differ substantially
from the composition of the main part of the neutron star surface due to the
bombardment by energetic particles from the magnetosphere. Pair particles
created near the top edge of the polar gap and accelerated by the Ell field back to
the stellar surface form showers as they cross the surface (Cheng and Ruderman
1977; Jones 1978, 1979). Protons and spallation nuclei are produced at the polar
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caps of pulsars by hadronic photoabsorption of shower photons. The flux of
reversed electrons (or positrons) through a unit surface area of the polar cap is

Fr = enGJc, (2·2)

where e is a dimensionless parameter, with erv 1 for the model of Ruderman
and Sutherland (1975) and erv (OR/c) ~ 2 x 10-3(P/0.1 s)-1 « 1 for the model
of Arons (1979, 1981). The energy of reversed particles is rrmc2 with rr rv 107 •

Shower 'Y rays penetrate into the neutron star surface layers to rv30 radiation
lengths (Jones 1978; Bogovalov and Kotov 1989) and break up atomic nuclei. In
the case of 56Fe, for which the radiation length is l; ~ 140 kg m-2 , 30 radiation
lengths corresponds to a column density a = 30l r ~ 4·2 x 103 kg m- 2 • The
mean number of photoabsorption events per one reversed particle with energy
rv107mc2 is rv103 (Hayward 1965; Jones 1978). Hence, from equations (2·1) and
(2·2), the characteristic time for spallation of all the 56Fe in the surface layer,
T = (a/Amp )/ 103Pr with A = 56, reduces to

(
B, )-1(P)T«2s)e- 1 --;- - (cos ())-1,

10 TIs
(2·3)

which is very much shorter than the age of any pulsar. This suggests that all
the 56Fe should be destroyed in the surface layers of the polar caps.

(3) There are several contrary arguments to the foregoing: (a) The most important
photoabsorption reaction is the formation of the giant dipole resonance (e.g.,
Hayward 1965; Jones 1978), which, for iron-group nuclei, decays predominantly
through neutron emission. Most of the photons with energies of rv15-30 MeV
mainly responsible for spallation of 56Fe are generated in the deep layer, ~ 10 l-,
(e.g., Jones 1978; Bogovalov and Kotov 1989). This suggests that the surface
layer itself is relatively unaffected by the bombardment. (b) The resulting
neutrons are distributed more or less uniformly inside the surface layer due to
diffusion (Jones 1978), and are recaptured by the other nuclei. Neutron capture
can reform 56Fe, so that it is not permanently destroyed. (c) If the magnetic
field is strong enough, Bs > 5 X 108 T, so that solid magnetic metal is formed
at the pulsar surface (see below), both the generation of photons with energies
of rv15-30 MeV and spallation of 56Fe may be suppressed over a few l; due to
the Landau-Pomeranchuk effect (Rozental and Usov 1985), that is, due to the
suppression of the formation of softer photons and pairs in the strong magnetic
field. (d) For pulsars with n· B < 0 at the polar caps, so that ions are the
particles ejected from the stellar surface, ejection of ions can dominate over
spallation. If so, the spallation products are removed as fast as they are produced,
and the surfaces of the polar caps consist mainly of 56Fe.

In summary, the composition of the surface of the neutron star at its polar
caps is uncertain. Below we let the mass number A of the surface ions be a free
parameter, and for numerical estimates we assume it corresponds to 56Fe.

2· 3 Surface Structure of Neutron Stars with Strong Magnetic Fields

Whether an Arons-type or Ruderman-Sutherland-type model is relevant for
the polar-cap region of the pulsar magnetosphere depends on whether or not
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charged particles can escape freely from the surface of the neutron star due to
thermionic emission. This in turn depends on (a) the binding energy, referred
to here as the cohesive energy for ions and as the work function for electrons,
and (b) the surface temperature. The cohesive energy, ~cc, was overestimated
in earlier literature.

The structure of matter in the surface layers of neutron stars with B; »
a 2Bcr ~ 2·35 x 105T, where a = e2/41rconc = 1/137 is the fine structure constant,
is largely determined by the magnetic field (Ruderman 1971; cf. also Fushiki,
Gudmundsson and Pethick 1989 and references therein). It has been suggested
that the surfaces of magnetic neutron stars with 'o, rv 108 T consist of a phase of
matter where atoms form chains aligned along the field lines (Cheng, Ruderman
and Sutherland 1974; Flowers et ale 1977). The density of the magnetic metal
phase is

( B)i(A)(Z)-iPs ~ (4 x 10
6

kg m-
3

) 108 T 56 26 · (2·4)

The cohesive energy of the condensed 56Fe matter was estimated by Flowers et
ale (1977), using a variational method, to be

0·7

~ec~(2'6keV)(1O~T) · (2.5)

The properties of both bulk matter and isolated atoms in strong magnetic fields
have been reconsidered using various approaches, including variational methods
(Muller 1984; Skjervold and Ostgaard 1984b), the Thomas-Fermi and related
methods (Skjervold and Ostgaard 1984a), density functional methods (Jones
1985, 1986), the Hartree-Fock method (Neuhauser, Langanke and Koonin 1986;
Neuhauser, Koonin and Langanke 1987), and the Thomas-Fermi-Dirac method
with the Weizsacker gradient correction (Abrahams and Shapiro 1991). These
investigations imply that Flowers et ale (1977) overestimated the cohesive energy by
a factor of at least a few. The most recent Thomas-Fermi-Dirac calculations with
the Weizsacker coefficient>. = ! (the TFD-jW method) gives the cohesive energy
for 56Fe to be ~€c ~ 0·91 keY for B = 10 T, ~€c ~ 2·9keV for B = 5 x 108T,

and ~€c ~ 4·9keV for B = 109T (Abrahams and Shapiro 1991). The results of
these calculations may be approximated by

o- 73

~ec ~ (O'9keV)(1O~T) · (2·6)

The errors introduced by the TFD-~W method are near one per cent of the
binding energy of isolated atoms, which is (Abrahams and Shapiro 1991)

Z)!( B)!eb~ -(55keV) (26 108 T · (2·7)

From (2·6) and (2.7), it follows that at B rv 108 T the errors of the calculations,
rv 10-2€ b, are of the same order as the cohesive energy. Thus, the qualitative
result of Flowers et ale (1977) that chains are energetically favoured over individual
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atoms is questionable. It is worth noting that the value of ,\ = ~ is the standard
gradient expansion result for the nonmagnetic case (Lieb 1981 and references
therein). If the value of ,\ for strong magnetic fields is smaller than ~, the cohesive
energy is smaller than that implied by (2·6). Moreover, if ,\ is small enough, free
atoms are preferred over chains for Z = 26 at B;S a few x 108 T (Neuhauser et
ale 1986, 1987). Hence, at Bs;S a few x 108 T there are two possibilities: either
56Fe does not form a magnetic metal at the neutron star surface, or the surface
is solid with a small cohesive energy per Fe atom, ~cc < 2-3keV (Neuhauser et
ale 1986). The existence of a magnetic metal is then unimportant for ejection of
particles from the surface, as discussed below.

For B > (0·5-1) x 109 T the surface of a neutron star is probably a magnetic
metal, provided that the surface temperature is smaller than the melting
temperature, Tm . An estimate of Tm is (Slattery, Doolen and DeWitt 1980;
Shapiro and Teukolsky 1983; Ogata and Ichimaru 1990)

1 ).1.Z 2 A -3" P 3

t.; ~ (5 x 1Q6 K)(26) (56) C07kgm-3 ' (2·8)

where p, the density of the magnetic metal, may differ from Ps, as given by
(2.4), by a factor two or so (Abrahams and Shapiro 1991). The cohesive energy
in such a strong magnetic field may be more than 3-5 keV.

2· 4 Electron Ejection (f!. B > 0)

The flow of electrons away from the surface of a pulsar with f!. B > 0,
assuming the neutron star surface to be a magnetic metal, is determined either
by thermionic emission or by field emission.

The important condition is that the current density, Jt h , from thermionic
emission provides the Goldreich-Julian charge density. The particles are quickly
accelerated to relativistic energies above the surface, and hence this condition
becomes

Jt h > nGJec. (2 ·9)

Screening due to this charge density then implies Ell = 0 on the stellar surface.
For electrons, the current density due to thermionic emission is determined by

the Richardson-Dushman equation (e.g., Gopal 1974):

em 2 ( W )Jt h =.~(kT) exp - - ,
211" n kT

(2 ·10)

(2 ·11)

where m is the electron mass, k is the Boltzmann constant and w is the work
function of electrons. Typically, the value of w is near the Fermi energy, which
is given for a magnetic metal by (Ruderman 1971; Flowers et ale 1977)

211"4 n4Z2p2
CF = e2m2mA2B2 .

p

From (2·4) and (2·11), we have
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(Z)!( B)!
cF ~ (0·8keV) 6" 108T · (2 ·12)

Taking w ~ cF and using (2·2), (2 ·10) and (2 ·12), we can rewrite the condition
(2·9) in terms of the characteristic temperature, Ts, identified as

W r:: ( Z ) ~ ( o, ) iT; = 0·04- ~ (3·7 x lOOK) - -8- .
k 26 10 T

(2 ·13)

Then setting T = Ts as the surface temperature, (2·9) requires T; > T; for
thermionic emission of electrons to be adequate to provide the Goldreich-Julian
density.

Field emission is relevant only if thermionic emission is inadequate, that is, for
T; < Ts, Then Ell is nonzero on the surface at the polar caps and the ejection of
electrons results from quantum mechanical tunneling through the barrier provided
by the work function and Ell. The current density due to this tunneling is
(Beskin 1982) J = MEII exp(-N/EII), M = 3 x 1016(B/108T)(w/1keV)-1/2 s-1,
N = 2 x 1014(w/1keV)~ Vm-1. Equating this to the current implied by an
electron density nGJ outflowing at the speed of light allows one to define a
characteristic electric field:

a

E; ~ (6 x 1012Vm-l)(1~V) 2 , (2 ·14)

such that one requires Ell > E; for field emission to be effective. For Ell « E e ,

the density of electrons ejected due to field emission is negligible. For Ell ~ E;
the electrons escape freely until their density builds up to rv nGJ, and they then
screen the electric field, restricting it to Ell rv Ee •

2· 5 Ion Ejection (0· B < 0)

The flow of ions away from the solid surface of a pulsar with O· B < 0 is
limited by the rate of thermionic emission of ions. The density of outflowing
ions is (Cheng and Ruderman 1980)

with

ni ~ nGJ min(l, o , (2 ·15)

( )1( )( B )-1(Z)(A)-3( ) ( )kTs "2 P s _ "2 Ps 30~cc

(= lkeV 1; 108T 26 56 107kgm-3 exp - kTs •

(2·16)

The value of ti, is very sensitive to the surface temperature for Ts -rv Ti , where
T; is the characteristic temperature

0·73
~~ 5 (Bs)T· ~ - ~ (3·5 x 10 K) --

~ 30 k 108 T '
(2 ·17)
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and where the cohesive energy of the condensed 56Fe matter in a strong magnetic
field is estimated from (2·6). A small change in T; around T; rv T; can have
a large effect on tu, with a change by a factor of two causing ni/nGJ to vary
from exponentially small to approximately unity. For T; > T; the existence of a
magnetic metal at the neutron star surface does not affect the ejection of ions,
and one has Ell = 0 on the stellar surface.

Field emission of 56Fe ions from a cold magnetic metal at the surface of pulsars
with Bs > 108 T is unimportant for all known pulsars (Ginzburg and Usov 1972).
Therefore, in the case T; < T, there is no ejection of ions from the neutron star
surface, and the electric field component Ell near the polar caps is nonzero and
is determined by the polar-gap structure (e.g., Ruderman and Sutherland 1975
and below).

3. Particle Acceleration and Curvature Radiation
The acceleration of primary particles is due to the parallel electric field in

the polar gaps. Curvature radiation is an important ingredient in the generation
of the secondary pair plasma, and it can also limit the energy of the primary
particles.

3·1 Particle Acceleration and Curvature Radiation
If the energy losses of a particle are neglected, then a primary particle ejected

at the stellar surface reaches a maximum energy

€ = rmc2 = eb.<p (3·1)

at the top edge of the polar gap. Here r is the Lorentz factor and b.<p is the
potential across the polar gap.

In. a strong magnetic field near the pulsar, electrons lose the momentum
component transverse to the magnetic field very rapidly (timescale« Ric) and
move away from the pulsar along the field lines. For such electrons in the
ground-state Landau level, any energy loss is negligible up to the Lorentz factors
of rv10. For 10 ;s r ;s 102 , the energy loss due to cyclotron resonant scattering of
thermal X-rays from the neutron star surface increases sharply and may be very
important for both motion of electrons and their radiation (Dermer 1990 and
references therein). At very high energies, r» 103-104 , the main energy loss
for ultrarelativistic electrons in the pulsar magnetospheres is due to curvature
radiation. The rate of energy loss is (e.g., Ochelkov and Usov 1980)

(3·2)

where Rc is the radius of curvature of the magnetic field lines. Equation (3 ·1) is
valid only if the rate of energy loss, Itl, is smaller than the rate of energy gain,
eEl!, due to acceleration by the parallel electric field. The maximum energy of
electrons cannot exceed the value implied by balancing these energy gains and
losses, that is, the maximum is determined by ItI~ eEllc. The Lorentz factor of
particles when this quasi-stationary state is achieved is
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r rv r _ (61rEOEIIR2) i_ st _ c
e . (3·3)

Electrons in a strong magnetic field quickly radiate away their perpendicular
momentum and are then in their lowest Landau level. Such electrons move along
curved magnetic field lines and emit curvature radiation. The mean energy, €"Y'

of curvature photons generated by ultrarelativistic electrons, r » 1, is

- _ ~ fier3.
cr - 2 R; (3.4)

For ~<p = ~<PRS, r = e~<PRs/me2 c::= 3 x 106 (Ruderman and Sutherland 1975)
and R; c::= lOR c::= 105m, from (3·4) we have €"'( c::= 102 MeV. Thus the curvature
radiation of electrons accelerated in the polar gaps falls in the "(-ray range. Note
also that the mean energy satisfies €"'( » 2me2 c::= 1 MeV.

3· 2 Curvature "( rays and Pair Creation Threshold

A photon propagating in a strong magnetic field may decay into two photons
or into pairs (Toll 1952; Klepikov 1954; Erber 1966; Adler 1971 and Section 4
below). Pair creation occurs only when the energy of the photons exceeds the
threshold rv2me2 in the frame in which the photon is propagating perpendicular
to the field lines (Section 4· 2 below).

Although a particle in its lowest Landau level has no perpendicular motion in
a uniform magnetic field, it does have a small perpendicular motion if the field
lines are curved. The perpendicular motion is at the curvature drift velocity,
v c, which is such that the Lorentz force, ex VeX B, causes the particle to follow
the curved field line (e.g., Zheleznyakov and Shaposhnikov 1979). The curvature
drift implies a perpendicular momentum

(3·5)
2

PI!
Pcd = mwBR

c
'

where WB = eB / me is the gyration frequency. The angle, 'l/J, between the
momentum vector p and the tangent to the magnetic field line, defined by
Pcd = P sin ib, P\I = P cos 'l/J, P = Ipl = fmv, is given by

er 8( B ) -1 ( r ) ( u; )-1'l/Jc::=--c::=1·7x10- -- ----
wBRc 108 T 108 105m '

(3· 6)

where (3·5) is used for 'l/J « 1.
A highly relativistic particle emits nearly all its radiation in a cone with half

angle rv r-1 « 1 about the momentum vector p. Hence, the curvature photons
are emitted in a cone nearly parallel to the field lines, but centred on an angle
'l/J away from the field lines. The question arises as to whether the condition for
decay into pairs can be satisfied at the point of emission. The curvature photons
have a perpendicular energy ;S€"'(('l/J+f- 1) . Using (3·4) and (3·6), this energy
is below the threshold (2me2 ) for pair creation for
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(3·7)

This condition corresponds to the Lorentz factor of ultrarelativistic particles being
smaller than

r*={Rc:B[(~+~::~)!_~]}!.

In the limits of a weak and strong magnetic field one gets

(3·8)

(4R~~WB) t for B ~ n.;
(3·9)r, ~ < 1

(4~~C) 2 for B » s.;

which gives numerical values

(
Rc )!

I', ~ 105 m

l.

2·8 x 108(lOfT) 4

5·8 X 108

for B « e.;

for B » B cr •

(3 ·10)

Inside the polar gap, the value of r is restricted by r ;s r st , where r st depends
on Ell, cf. (3·3). The upper limit on Ell when charged particles flow freely from
the neutron star surface is (Arons 1981)

E~ ~ _1_ (OR) ~8V3 c cBs, (3 ·11)

and when there is no particle flow from the surface the upper limit is (Ruderman
and Sutherland 1975)

E~S ~ (OR)!c sn;

For all known pulsars one has E~s rv (102-104 ) E~, implying E~s » E~.

Substituting E~s into (3·3) and using (3·9) we have

(3 ·12)

( )

_ 3r r st P 8"
- < - <0·2 --
r* r* O·ls

1

(lb.)!
o:

for u, « s.;

for u, » B cr •

(3 ·13)

From (3 ·13) it follows that r is smaller than r * for all known pulsars except
the millisecond pulsars. However, the magnetic field at the surface of millisecond
pulsars, B; rv 105 T, is not strong enough to determine the structure of matter,
and the magnetic metal phase does not form in the surface layers of the neutron
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(3·14)

stars (Section 2). Therefore, particles flow freely from the surface of such a
pulsar. In this case, E~ is an upper limit on Ell in the pulsar magnetospheres.
Substituting E~ into (3·3) for Ell we get

r r st 2 10-2 ( P ) - i-<-< x -- .
r* r* O·ls

Then the condition P > 10-3 s, valid for all pulsars, in (3 ·14) implies r < O·3r*
for the millisecond pulsars.

It follows that for all known pulsars the curvature photons generated near the
neutron star surface are produced in a state below the pair creation threshold. In
order to reach the threshold for decay into pairs (or the formation of positronium)
the curvature photons must travel some distance, so that the angle between their
wave vector and the magnetic field has increased sufficiently.

4. Propagation of 1 Rays and Pair Creation

The propagation of "( rays in a strong magnetic field can lead both to splitting
of one photon into two or more photons and to decay of a photon into a free or
bound electron-positron pair. These processes can depend on which wave mode
the photon is in.

4·1. Modes of Propagation for "( Rays

The conventional expression for the refractive index of a plasma, with the
vacuum polarization by the magnetic field taken into account, differs from unity
by the order of [O.la(B/ Bcr )2+ (wp/w)2] sirr' {), with wp = (e2n

p/com)!, where
np is the plasma density, w = c--y/n is the photon frequency and {) is the angle
between the photon wave vector K and the magnetic field B (Erber 1966; Adler
1971; Shabad 1975). For w » 3a- 1/ 2(B

cr / B)wp , the vacuum polarization gives
the main contribution to the difference between the refractive index and unity.
Near the pulsar surface, where B::G 108 T and np ~ 1026 m-3 (Sturrock 1971;
Ruderman and Sutherland 1975; Arons 1979, 1981, 1983), this condition becomes
w » 1018 s-l, which is well satisfied for -y-quanta. Hence, to understand the
process of -y-quantum propagation in the vicinity of a pulsar with B; > 108 T, it
suffices to consider propagation in the vacuum polarized by a strong magnetic field.

The principal modes of propagation for a photon in the magnetized vacuum are
linearly polarized with electric vectors either perpendicular (1. mode) or parallel
(II mode) to the plane formed by the photon wave vector K and the vector B.
The labeling convention adopted here is standard, although other labelings of
the the modes are used (e.g., Adler 1971; Usov and Shabad 1983). Both modes
are generated in the process of the curvature radiation (Jackson 1975).

Photons in either mode can decay into a free electron-positron pair provided
that a relevant threshold is exceeded (Toll 1952). For the II mode both the electron
and the positron can be in their ground states, and the relevant threshold is

c--y sin {) = 2mc2
. (4·1)

For the 1. mode the lowest allowed state requires that either the electron or the
positron is in the first excited state, with the other in its ground state. The
relevant threshold is then
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£~ sin {) = me2{1+ [1 + (2B/Bcr )]! } .
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(4· 2)

4·2 Curvature Photon Splitting in a Strong Magnetic Field

While the photon is below the pair creation threshold, its main (inelastic)
interaction with the magnetic field is a splitting into two photons "Y+ B ~ "Y' +"Y"+B
(e.g., Adler et ale 1970; Bialynicka-Birula and Bialynicki-Birula 1970; Adler 1971;
Stoneham 1979; Melrose 1983; Usov and Shabad 1983; Baring 1991 and references
therein). For B ;:S Bcr , when radiative corrections are negligible, Bialynicka-Birula
and Bialynicki-Birula (1970) showed that the splitting of a photon into more
than two photons is unimportant. Adler (1971) showed that splitting involving
an odd number of II-polarized photons (II~II + II, II~-i + .L, -i~11 + .L) is
forbidden (by CP invariance), and that below the pair creation threshold, of the
remaining transitions the only one that is kinematically allowed is -i~11 + II.
The probability for .Lpolarized photon splitting in the weak-field limit, B ;:S Bcr ,

is greatest when the energy of the initial photons is divided equally between the
two final photons.

The optical depth 'Td for the splitting of .Lpolarized photons with €~ » me2

as they propagate from {) ~ 0 up to the pair creation threshold (4·2) is (Usov
and Shabad 1983)

( B)6[ ( 2B)!]7( R )( 2)2'Td ~ 1· 7 X 105 - 1 + 1 + - -T- me .
Bcr B cr 10 m £~

(4·3)

It follows from (4·3) that, if the strength of the magnetic field at the pulsar poles
is high enough, n, ;(; 109T, most of the .Lpolarized photons with £~ ;:S 102MeV
produced by curvature mechanism near the pulsar surface are split and transformed
into the II-polarized photons before the pair creation threshold is reached. However,
the II-polarized photons cannot be split below the pair creation threshold.

4·3 Bound Pair Production in a Strong Magnetic Field

If the photon energy is above the pair creation threshold, the main process
by which a photon interacts with the magnetic field is single-photon absorption,
accompanied by pair creation: "Y + B ~ e+ + e: + B (Klepikov 1954; Erber 1966;
Tsai and Erber 1974; Melrose and Parle 1983; Shabad and Usov 1984). In the
application to pulsars it is usually assumed that the curvature "Y-quanta produced
below the pair creation threshold propagate as polarized photons through the
pulsar magnetosphere until they are absorbed by creating free pairs. However,
before a curvature photon reaches the threshold for free pair creation it must
cross the threshold for bound pair creation (Usov and Shabad 1985; Shabad
and Usov 1985, 1986, cf. also Pavlov and Meszaros 1993 and references therein).
Hence, when considering the creation of free pairs by curvature photons in the
strong magnetic fields of pulsars, the process of conversion into bound pairs, that
is, into positronium atoms, needs to be considered.

4·3·1 Kinematic condition for positronium production. To specify the
positronium state created by a photon with a given momentum 1iK, we
choose a set of quantum numbers suggested by the special choice of gauge with



586 v. V. Usov and D. B. Melrose

scalar potential zero and vector potential with components Ax = -By, Ay = Az = 0
for the constant and homogeneous magnetic field B = Bz , Bx = By = O. Since
A does not depend on x, z or t, the x- and z-components of momentum and
the energy are constants of the motion. Without loss of generality we choose the
x-axis along liK..L. Conservation of the z-component of momentum implies that
the parallel momentum of the centre of mass of the positronium is equal to the
parallel component of the photon momentum: liKII = Pz = P; + p;;, where p;
are the parallel momentum components of the electron and positron.

For present purposes it' suffices to consider the case B » a 2Bcr ~ 2·35 X 105 T,
in which the orbital radius of the electron, rB == (iiieB) t, is much less than
the Bohr radius, a = 41rcoli 2 [me", In this case the dependence of the electron
and positron wave functions on the perpendicular motion is of the same form as
when they do not form positronium (Schiff and Snyder 1939). The perpendicular
motions of the electron and positron are then each described by a continuous
and a discrete quantum number. The continuous quantum numbers, p;, are
interpreted as the y-coordinates of the gyrocentres y± through

y± = =FP±[el), (4·4)

Conservation of the x-component of momentum then implies liK..L = Px = P; +p;.
Thus, a photon with perpendicular momentum component fiK..L produces an
electron and a positron whose gyrocentres are separated along the y-axis by
fiK..L/eB. The Coulomb interaction between the electron and the positron affects
only the wave functions of the relative motion along the magnetic field, and
reduces to the problem of the one-dimensional hydrogen atom (Loudon 1959).

Thus, in a strong magnetic field the energy states of positronium in its rest
frame may be labeled by five quantum numbers: n ~ 0 and n' ~. 0 for the Landau
levels of the electron and positron, ti; ~ 0 for the principal quantum number
of the one-dimensional hydrogen-like atom, the parity of the hydrogen-like atom
state, and P; ~ 0 for the separation of gyrocentres of the electron and positron.
The energy of positronium does not depend on P~ = P; - P;, reflecting the fact
that the energy cannot depend on the location of the centre of mass of the
positronium in a uniform magnetic field.

The corrections to the dispersion relation for the two modes due to the
polarization of the vacuum are not important in the present context. Hence we
may approximate the dispersion relations, expressed as the energy of a photon,
by the vacuum relation

e; = fic(K~ + Kl)! .

The energy of positronium may be written

cp = [P;c2 + c~n' (nc , P;fi-2) ] ! ,

(4· 5)

(4·6)
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(4·8)

(4·9)

[( ) 1 ( ') 1]2 -2 2 2nB 2 2n B 2 2 -2
enn,(ne,Pxn )=mc 1+ B

er
+ 1+ B

er
-..6.enn,(ne,Pxn)

(4·7)

is the rest energy of the positronium, with ~€nn'(nc, P;n-2) its binding energy.
Using both momentum conservation, nKl- = Px and nK" = Pz , and energy

conservation, €"( = €p, we obtain the kinematic condition for positronium production
by a photon in the form of an equation for Kl-:

1 2
Kl- = -€nn,(n c , Kl-).en

In order to establish whether this equation admits any solutions, one should
know the positronium dispersion law, that is, the energy dependence on Px .

Unlike the case of free pair production by a photon in a magnetic field, to find
the kinematic condition for bound pair production a dynamic problem has to be
solved. This problem was considered by Shabad and Usov (1986) in detail, and
the energy of a positronium atom was calculated for a state when all quantum
numbers, n, n', nc , Pz , P; and P~ = p; - p;, are arbitrary. Here the quantum
number P~ = -eB(y+ + y-) describes the location of the centre of mass of the
positronium in the y-direction, cf. (4·4).

4·3· 2 Energy of positronium and mixed photon-positronium states. When
the two photon dispersion curves (identical curves for each mode) and the energy
relations for positronium for each of the discrete states are plotted in momentum
space, the intersection points between the curves define parameters where the
photon and positronium states interact. The interaction may be described in
terms of the dispersion curves for the photons and the energy curves for the
positronium states. reconnecting to form a set of mixed states. Each of these
mixed states is photon-like in one limit and positronium-like in another limit. A
kinematic restriction implies that photons in the two different modes can interact
only with a positronium state of the appropriate parity. Hence, there are actually
two distinct sets of mixed states, each applying only to one photon mode and one
parity state of the positronium. An adiabatic change, corresponding to evolution
along the dispersion curve, then allows a photon in one mode to evolve into
positronium in the appropriate parity state.

Consider the simplest example, which is the ground state of the positronium,
whose parity is positive and which interacts. only with the II mode. For the
ground state, n = n' = n; = 0, the binding energy is (Shabad and Usov 1986)

~€oo(O, P;n-2
) = Q2me2[In : 2 -2 .1] 2 .

rB(l+rBPx n )2

Note that (4· 9) applies only for Px « ha/ r~, that is, for Px such that the
logarithm in (4·9) is positive. (This corresponds to the mean separation of the
electron along the y axis being smaller than the Bohr radius.) The binding
energy is small and positive for larger vaues of Px, and it tends asymptotically
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to zero as P; tends to infinity. Hence, if the magnetic field is strong enough,
B » a 2Bcr , the positronium energy coo varies in a narrow range from

coo(O, 0) = mc2{2 - a 2[ln(aj rB)]2} , (4·10)

K5 - Ki

1-

0+

1+
co1 (1,0)= clo (1,0)

co; (0,0) = cl~ (0,0)

[m + (m 2+2eB)l/~ 2 11--~---------"-----=;7;L'::~::aa.-r--_----

1+
1-

0+

4 m 2

1

- - - - - - .-..- ·
e~ (1,0), m~ • • •

e~ (0,0) >

4m 2

Fig. 1. Dispersion curves for photons, (4· 5), and positronium, (4·6), are shown in the
absence of interaction between them. The interactions occur near the relevant intersection
points (circles). The positronium states, defined by (4·7) with Px = 1iK..L' are labelled with
the quantum number n c , and the parity under reflection along the z-axis (superscript). The
only states shown are for nc = 0 and 1 for the electron and positron in their lowest Landau
orbital with antiparallel spins (lower set) and parallel spins (upper set). The modifications
to the photon dispersion (oblique line) due to resonances in the vacuum polarization tensor
are shown for II-polarized (dotted curves) and l..-polarized (dashed curves) photons. [After
Shabad and Usov 1986.]

K 2
.l

to 2mc2 when P; varies from zero to infinity. Therefore, (4·8) must have a
solution. It follows that positronium production by a photon in the II mode
becomes kinematically allowed before the threshold of free pair production (4· 1)
is reached. A similar situation applies to a photon in the ..L mode near the
second threshold of pair creation (Shabad and Usov 1986). Fig. 1 solves (4·8)
graphically for both II-polarized and ..L-polarized photons.

When the photon and positronium dispersion curves are treated as independent,
they are given by the following equations (Fig. 1):

(~:)2 -Kff=Kl, (4·11)
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for the photon, and

2 2{[ ]2}2cp K 2 _ me 2 2 1 a(liJ - II - (h) -a n ra(l + r~KI)!
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(4·12)

for the positronium with n = n' = nc = o. In (4 ·12) the parallel and perpendicular
wave vectors, KII = pzfi-l and Kl.. = Pxfi- 1

, are used instead of Pz and Px
to describe the positronium state. Mutual transformations of the photon and
positronium are kinematically allowed at the point satisfying Kl.. = (Kl..)o,

(K-l)o ~ ~c {4 - a
2 (In ratl + (4~cr/B)]!) 2} t , (4·13)

where, in the absence of any interference, the photon and positronium dispersion
curves would intersect.

K 2
- K 2

o 1

4m 2 I c:==: b..

e<i> (1,0)

e&> (0,0)

4m 2 Kl
Fig. 2. As in Fig. 1, with the solid lines denoting the mixed (II-polarization/positive-parity)
photon-positronium states. The dots denote higher order (in n c ) states that merge into a
continuum near e = mc2

• [After Shabad and Usov 1986.]

The dispersion curves of the photon and the positronium interfere strongly near
Kl = (Kl..)5. The dispersion curves repulse each other and reconnect to form
mixed states (Fig. 2). This effect is quite general (Von Neumann and Wigner
1964) and is sometimes called the theorem on nonintersection of spectral terms.
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For n = n' = n c = 0, the split dispersion curves of the mixed states are (Shabad
and Usov 1985, 1986)

(~) 2 _ K 2 = 1([coo(O, Ki)] 2 + Kl
tic II 2 tic

2 2]2 }1)± {[ ('soo(~cK-L)) _ Kl + 4A(Kl) 2 , (4 ·14)

with

A(Kl) = 4aeBcoo(O, Kl) In [ a 1] exp (- tiKi). (4.15)
ti2e2a rB(l + r~Ki)2" 2eB

The lower of the two dispersion curves (the minus sign in (4·14)) is photon-like
for Ki « (KJ.J6, and positronium-like for Ki » (K-L)6 (Fig. 2). The upper
branch in Fig. 2 is positronium-like for Ki «(K-L)6. This upper branch crosses
the dispersion curve of the odd state of the positronium with ti; = 1 without
interfering with it (Shabad and Usov 1986). As Ki grows further, the upper
branch approaches the even positronium state with ti; = 1. There is an infinite
set of bound positronium states at higher quantum numbers, and hence an
infinite number of branches of the mixed-state dispersion curves below the limit,
(c/tie)2 - KIT = (2me/ti)2, that separates the bound states from the continuum
of unbound electron-positron states.

4·3· 3 Channelling along the magnetic field lines. A curvature photon is
emitted almost parallel to the magnetic field below the pair creation threshold,
Kl « (2me/ti)2 (Section 3·3). Provided that the geometrical optics or adiabatic
approximation applies, the curvature of the magnetic field lines causes the photon
to shift along the lower branch of the dispersion curves in Fig. 2. As a result
it passes through the mixed photon-positronium state and gradually turns into
positronium when the condition

is satisfied, where

Ki > (2me2/ti)2 + ~Ki (4 ·16)

1 )
2 2B a 2" Bcr1 me ex __~Kl = 2 [A(2mc/ti) 2] 2 = 4a(T) {B

cr
In TBll + (4B

cr/B)]!
} P ( B

(4·17)

is a measure of the gap between the lower and upper branches.
In order for -y-quantum absorption to lead to the formation of bound pairs

rather than free pairs, the adiabatic approximation must apply. This requires
that the time (Shabad and Usov 1986)

c'Y ~Kl u;
Tc ~ ----- (4·18)

4me2 K 2 eII

needed to convert from the photon-dominated into positronium-dominated state
should be much longer than the inverse frequency of the photon, w-1 = ti/c'Y. For
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photon energies c--y ~ 2mc2 which are of interest here, we have K~ ~ (c--y/nc)2.
Taking this into account and using (4 · 15)-(4 · 17), the condition for the adiabatic ap
proximation to apply, Tc » w-1, can be written as a restriction on the magnetic field:

[
2B I a ] ! (Bcr ) a-n ~ exp -- »-.e; TB[1+(4Bcr/B)]2 B n;

(4·19)

For n; rv 10R~ 105m, (4·19) yields B > 0·03Bcr.
Another restriction is imposed by a widening of the dispersion curves that occurs

because of the finite lifetimes of all excited states. In the case of the II-polarized
photons, for kinematic reasons the state described by the lower dispersion curve
of equation (4 ·14) cannot decay into two photons (cf. Section 4·2 and references
therein). However, the positronium-dominated state which is described by the
left part of the upper dispersion curve of equation (4·14), may decay into two
photons. The probability of a two-photon positronium annihilation in a strong
magnetic field (B rv 108-109 T) is (Wunner and Herold 1979)

W2-y ~ (8 X 1012
8-

1) (1O~T) , (4·20)

for the case K.l = 0 in the positronium rest frame. The value of W2--y decreases
as K.l increases, so that (4·20) gives the maximum value of W21' .

The widening of the dispersion curves can be neglected if the energy gap
between the ± branches is much larger than this widening. From (4· 14), in the
rest frame of the photon-positronium state, KII = 0, the energy gap is (Shabad
and Usov 1986)

~cg ~ fi2~KI/4m. (4·21)

The widening may be neglected in evaluating fiW21'. The field which gives
~Cg/fiW21' = 1 may be found from (4 ·17), (4·20) and (4.21) to be about 0·08 Bcr.
The ratio ~cg/fiW2--Y is sensitive to the strength of the magnetic field: it is rv10- 4

for B = 0·05 Bcr and rv10 for B = 0·1 Bcr. Hence, for B ~ 0·1 Bcr the conditions
for applicability of the dispersion curve (4· 14) are fulfilled, and effectively all
curvature ,-quanta in the II mode are captured near the first threshold of bound
pair creation by gradually converting into positronium. Positronium atoms with
n = n' = n.; = 0 and KI > (K.l)5 are stable against spontaneous decay into
photons, which is forbidden by momentum and energy conservation (Herold et ale
1985; cf. also Adler 1971; Usov and Shabad 1983). Thus the positronium atoms
formed by capture of the II-polarized photons in a strong magnetic field are stable,
in the absence of such external factors as electric fields and ionizing radiation.

The J..-polarized photons cross the first threshold (4·1) without any pair
creation, and pair creation is allowed only when the threshold (4· 2) is reached.
Positronium created by J..-polarized photons at this threshold have n + n' 2: 1,
so that either the electron or the positron is in an excited state with the
spin quantum number, s = 1, opposite to that in the ground state. In this
case the main reason for the widening of the dispersion curve is a spin-flip
transition, s = 1 -+ s = -1. The probability of such a transition, Ws , has been
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(4·22)

calculated for both the non-relativistic (Daugherty and Ventura 1978; Melrose
and Zheleznyakov 1981) and the relativistic (Herold, Ruder and Wunner 1982)
cases. The energy gap between the dispersion curves for a .i-polarized photon
mixed with the positronium state of the second series, n == ri; == 0, n' == 1 or
n' == n c == 0, n == 1, differs little from (4·21). The condition for bound pairs
to dominate the absorption of .i-polarized photons in a strong magnetic field is
ti.€g > 1iWs . Using the relativistic calculation of W s (cf. Fig. 2 in Herold et ale
1982) and (4·21), we can write this condition as a restriction on the strength of
the magnetic field: B > 0 ·15 e.;

Summarizing, the main results of this section are as follows.

(1) For B < 0·04 Bcr ~ 2 X 108 T, the creation of free electron-positron pairs
dominates.

(2) For 0·04 ti; ;S B < 0·1 n.; the probabilities of creation of both
positronium atoms and free pairs are more or less comparable and
a numerical treatment is needed to determine the details.

(3) For B ~ 0 ·1-0 ·15 e; the curvature photons of both modes are captured
near the pair creation thresholds.

Note that when the condition B > 0 ·15 Bcr is satisfied bound pair creation
necessarily occurs. Bound pair creation occurs for lower values of B, and
dominates over free pair creation for B ~ 0·1 Bcr .

4·4 Role of Strong Electric Fields

So far in our discussion of bound pair creation we have neglected the electric
field in the pulsar magnetosphere. In general, both parallel, Ell, and perpendicular,
EJ.., components are nonzero near the pulsar surface (Ruderman and Sutherland
1975; Arons 1979, 1981, 1983; Michel 1991). The field EJ.. causes a drift of
particles across the magnetic field with velocity

EJ..xB
vn==~,

provided one has EJ.. < B, a condition satisfied in the cases of interest here.
In the pulsar magnetosphere at a point with radius vector r, we may eliminate
EJ.. by making a Lorentz transformation, with v == vn(r), to the drift frame.
Quantities in the drift frame are denoted by a tilde, so that we have EJ.. == o.

The characteristic time, Tn, for a test particle to be dragged into motion
across B with the mean velocity Vn is of the order of the time of one gyration:

B ) -1 ( r )
Tn ~ WHir ~ (10-

12
s) (0.1 B

cr
108 ' (4·23)

For particles which are either ejected from the pulsar surface or created in the
pulsar magnetosphere, the initial value of the Lorentz factor satisfies I' < rst ;S
a few x 108 , cf. (3·3). As a consequence, the distance relativistic particles travel
during the time Tn is much smaller than the characteristic scale of the electric
field variation, of order the neutron star radius. Hence, particles acquire the
drift motion very rapidly.
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If the drift velocity vn is nonuniform its effect cannot be removed entirely by
a Lorentz transformation. Suppose the drift velocity varies along the field lines,
so that the electric field EJ.. changes with distance, z. Then, in addition to the
curvature drift (3·6), the polarization drift contributes to the angle {; between
the particle velocity v and the magnetic field B (Appendix A):

;j;<m'YEJ..~3'8X10-8EJ..(~)-1( B )-1(~) (4.24)
- eB2 ~l cB 104 m o.i a, 108 '

which applies to a particle in its lowest Landau level, and where ~l is a
characteristic scale length of the electric field variation. Emission of curvature
photons is centred on the direction of the velocity of the particle, which is at
angle {;. For these curvature photons to be produced below the pair creation
threshold requires

S, sin {; < 2mc2
• (4·25)

(4·26)

Assuming r ~ r, €r ~ cr, B ~ B, r < r st , Ell ;S (E~S)max and EJ../B ;S OR,
and using (3·3), (3·4), (3·12) and (4·24), condition (4·25) gives

91rcocn (OR) ~ n,-- - -<1
2e2 c ~l

or

P> (1·6 X 1O-3S)(~~) '. (4·27)

For ~l rv R; near the neutron star surface, (4· 27) is fulfilled for most pulsars
with the only exceptions being a few millisecond pulsars. However, as mentioned
above, the strength of the magnetic field at the surface of known millisecond
pulsars is rv 105 T, that is, much smaller than 0·1 Ber . For all known pulsars
with strong magnetic fields, B; ~ 0·1 Ber , we have P » 10-3 s, and hence the
curvature photons generated near their surface are produced in a state below
the pair creation threshold irrespective of existence of the field EJ.. in the
pulsar magnetosphere. Provided that the energy of the curvature photon is high
enough, c, ~ 2mc2 , as the photon propagates it approaches the threshold for
pair creation. With the characteristic scale of variation of the field EJ.. many
orders of magnitude larger than the size of positronium atoms, at any instant
we can introduce the frame with EJ.. = O. In this frame our consideration of
bound pair creation is applicable, implying that bound pairs must be created by
the curvature photons for B > 0·1 Ber .

The parallel electric field can lead to field ionization of the positronium.
The Coulomb field and Ell combine to form a potential barrier, and quantum
mechanical tunneling through this barrier leads to a nonzero probability for the
decay of the bound state into a free electron and a free positron (Herold et ale
1985; Shabad and Usov 1985; Bhatia et ale 1988). The probability of the field
ionization in the rest frame of the positronium is (Shabad and Usov 1985)
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TXT eEII [-4Jffi (~COO)!]
YYE = .1 exp

2Jffi (~cOO) 2 3enEII·
(4·28)

The value of WE is very sensitive to the field Ell. Provided that the strength of
the field Ell near the pulsar is less than

Eion ~ 2Jffi(D.eoo)~ (In R~cOO)-l
II 3 en cnf'

(4. 29)

the ionization probability of the positronium before it escapes from the pulsar
environment is negligible. For Ell ~ 2Etlon, the mean free path of positronium
atoms is much smaller than the neutron star radius, and positronium atoms are
ionized almost immediately after their formation. Moreover, if the field Ell is so
strong that the characteristic time of the positronium ionization, (WE)-1, is of
the order of or smaller than the characteristic time of the photon conversion, T c ,

into a bound pair, cf. (4·18) and (4·28), then free electron-positron pairs rather
than bound pairs are created by the curvature photons.

Numerically, Etlon varies slowly with the magnetic field and with the Lorentz
factor of the positronium. For B; ~ (O·l-l)Bcr and T rv 10-106 , (4·29) gives
E\!n ~ 1012 V m-1 to within a factor of 2 or so.

4·5 Photoionization of Positronium Atoms

Positronium atoms can be destroyed through ionization by photons. The main
source of such photons is thermal radiation from the neutron star surface. The
surface temperature of neutron stars, with ages rv 103-106 yr, is usually estimated
to be rv 105-106K (e.g., Van Riper 1991; Page and Applegate 1992 and references
therein) These estimates are more or less in agreement with recent observations
of X-rays from a few pulsars. The mean free path for relativistic positronium,
f » 1, against photoionization is

lph ~ cf(Wph )- l , (4·30)

where Wph is the probability of the positronium photoionization in the rest frame.
The value of Wph was calculated numerically by Bhatia et ale (1992) for

B = 4·7 x 108T and K.l.. = (K.l..)o ~ 2mc/n. The results of their calculations
may be approximated by the analytic expression

)-2( t: )2
Wph ~ (6 X 10

7 S-1)C~2 106sK' (4·31)

which is valid for 102 ~ r ~ 104 and 105 ~ t; ~ 106 K with the accuracy rv20%.
Equations (4·30) and (4·31) yield

lph ~ (0.5 x 103m)C~2) 3C~SK) -2. (4·32)
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Note that only photons with energy c"( ~ (1-3)Llcoo in the rest frame contribute
to the decay of the positronium (Bhatia et ale 1992). Hence, the dependence of
Wph on Band K.l is through the Band K.l dependence of the binding energy,
which may be written in the form, cf. (4·9),

2 ) -1] 2Q B us; K.l
2 I"'o.J 2 -- 1+-- 2 .Acoo(O, K J..' B) - 4"mc [In a 2»; ( B (2mcj'h) (4·33)

From (4·33) we infer that the Band Ks. dependence of Wph is only logarithmic,
and hence (4· 32) may be used to estimate the order of lph for o· 1 Bcr ;S; B ;S; Bcr

and «; ~ 2mc/fi.

5. Polar Gaps and Nonthermal Luminosities of Pulsars

As discussed in Section 4, adiabatic conversion of the curvature -y-quanta into
mutually bound pairs in a strong magnetic field may result in these pairs not
screening the electric field near the pulsar. The potential Ll<p across the polar
gaps may then exceed Ll<PRS, leading to an increase in the theoretical estimate
of the total energy flux carried by relativistic particles from the polar gaps into
the pulsar magnetosphere. In this section we explore how polar-gap models need
to be modified to apply to pulsars with strong magnetic fields to take account
of the role played by bound pairs. Assuming free ejections from the stellar
surface, we find that the modification gives at most a modest enhancement in
the energy flux in primary particles, and this is inadequate to account for the
observed nonthermal emission from some pulsars. Alternatively, assuming limited
ejection from the stellar surface, we argue that there is a feedback mechanism
that favours a self-consistent model. The energy flux in primary particles in this
model appears capable of accounting for the observed nonthermal emission from
most of the observed high-frequency pulsars.

5· 1 Free Ejection of Electrons from the Polar Cap

First consider the case where electrons flow freely from the surface of the
neutron star, which occurs when the temperature of the polar caps satisfies
T; > Ts; cf. (2 ·13). The model of Arons is then assumed to apply, with Ell = 0
at the stellar surface. In the outflowing plasma at distance r from the centre of
the neutron star, Ell may be as high as (Arons and Scharlemann 1979)

Ell ~ E~ sin i x { s/ sn,
(R/r)!

at

at

o :S s < LlRp ,

s > se;
(5·1)

where i is the angle between the stellar magnetic moment and the spin axis,
s = r - R is the distance from the surface of the star, LlRp ~ (nR / c) ! R is
the radius of the polar cap, LlRp « R, and E~ is given by (3 ·11). Here and
below we consider a pulsar with a dipole magnetic field. The potential which
corresponds to the electric field Ell is
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S2

2ilRp

r-...J _1 (OR) ~ cBssini X ~ [( r)! -1] _~<p(r) - 8V3 c 2R R 2

at s ~ sn;

at s > ilRp •

(5·2)

The total power carried away by both relativistic particles and radiation from
the polar gap into the pulsar magnetosphere is

t; ~ Nprimeil<p, (5 03)

where N prim is the fiux of primary electrons from the polar cap, il<p = <p(R+H)-<p(R)
is the potential across the polar gap and H is the thickness of the polar gap.
Equation (5·3) is valid irrespective of whether the pairs created near the pulsar
are free or bound. The version of pair creation determines only the thickness of
the polar gap, H, and thereby affects the value of Lpo

Assuming that the pairs created by the curvature photons are free, the thickness
of the polar gap, H = H], is (Arons 1981, 1983)

Hf~

where

(7 X 102 m)(~) -i (---E.-) M(sin i)-ib
10 T 33 ms

(1 x 104 m)(l~T) -1 (o~ s) ¥ (sini)-i

8

Pd~(0.03S)( ~s )2T(Sini)~
10 T

at P < Pd ,

at P > P d ,

(5·4)

(5·5)

is the value of the pulsar period at which H is equal to ~Rp.

The formation of bound rather than free pairs is important for B; > 0·1 Bcr .

Near the polar cap of the pulsar the condition B > o· 1 Bcr is satisfied up to a
height

Hb=R[( .B
s )1 -1]o 1 Bcr

(5·6)

above the pulsar surface. Thus, for Hi, > H], bound pairs rather than free
pairs are created in the polar gaps. In this case, provided that the probability
of ionization of the bound pairs near the polar caps is sufficiently small, the
thickness of the polar gaps could satisfy H rv Hi; It follows that for Hi, > Hf
one needs to consider the ionization of bound pairs near the polar caps inside
the layer 0 ~ s ~ H, when estimating the values of both H and L~hx.

For positronium atoms the probability of field ionization is negligible for
E~ < Etlon ~ 1012 Vm- 1 (Section 4·4). Using (3·11) this condition may be
written in the form
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P> (0.8 X 1O-2S)(0'~BcJ 5 ,
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(5·7)

which is satisfied for all known pulsars.
The mean free path for photoionization increases rapidly with increasing Lorentz

factor of the bound pair, lph <X r-, cf. (4·32). It follows that the photoionization
of bound pairs with energy near the low-energy edge of their spectrum makes
the main contribution to the density of free particles inside the polar gaps. This
differs qualitatively from the case of B < 0·1 Bcr for which the high-energy tail
of curvature photons is responsible for both the creation of free pairs in the polar
gaps and the screening of the electric field Ell (Ruderman and Sutherland 1975;
Arons 1981).

Let us estimate the height, Hi, above the stellar surface at which photoionization
of bound pairs is efficient enough to determine the structure of the polar gaps.
The lower limit on the Lorentz factor of pairs created at the distance s from the
pulsar surface is (Appendix B)

( C)!R4 _ _.
r m in = '3 OR s (5 ·8)

The energy of the curvature photons responsible for the creation of pairs with the
Lorentz factor r min, lu» = 2rminmc2 , is less than the mean energy of the curvature
photons radiated by the primary particles in the polar gaps, fiw « (3fic/2Rc )r 3 ,

where I' is the Lorentz factor of primary particles accelerated in the polar gaps
(Section 3· 1). In this case the spectral power of curvature radiation does not
depend on r and is given by (e.g., Ochelkov and Usov 1980)

e
2 (C) i 1p(w) ~ -- - W 3' •

47r€oc n; (5 ·9)

At distance s from the pulsar surface the density of the curvature photons with
energy 1iw = 2rminmc2 is

n"( ~ nCJP(W) ~
n c

(5 ·10)

Taking into account the motion of the pair, the probability of photoionization
of bound pairs in the frame of the pulsar is wph/r. From (4·31) and (5·8)-(5.10)
we have the following estimate of the density of free pairs, n±, created near the
polar caps:

or

n± ~ n"( Wph ~
rmin c '

( )

-! 14 2
n± ,....., 1. 6 x 106 P s 3" T;
nGJ - ~ (R) (106K)'

(5 ·11)

(5 ·12)
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where we assume R; = 105 m in (5·9). If at distance s the density of free pairs,
n±, exceeds about nGJ(ORjc) (Arons 1981, 1983), the field Ell is screened at
distances beyond s. This condition together with (5 ·12) gives a lower limit on
the height, H = Hiin, for photoionization of bound pairs near the pulsar surface
to be important:

(
p )-h( i: )-~

Hfin~(1.3x102m) O.ls 106K · (5 ·13)

In our estimate of the density of free pairs, n±, cf. (5·12), the energy 2"Yminmc2
is adopted for both the curvature photons and the created pairs. However, this
energy is only the threshold for pair creation, and the actual mean energy may
be a factor two or so higher. Alternative assumptions that give an estimate
of the maximum value, H = Hiax , of Hi are that all curvature photons are
generated by primary particles at s = 0, and all are emitted at threshold. If we
assume that the mean energy of each pair is 4fminmc2 , from (5· 8) and (5· 11)
we have s ~ Hiax ~ 3Hiin. We assume Hi = 2Hiin.

Our estimate of the thickness of the polar gaps is (for Hi, > Hf )

H = min {Hb, max [Hf , Hi]}' (5 ·14)

In summary, for free electron ejection from the polar cap, any increase in
L~hx is rather small for all known pulsars, and it cannot be accounted for with
the strong nonthermal X-rays and -y-rays observed from a few pulsars. The
main reason for this is that Ell in the outflowing plasma is rather weak, and
the thickness, Hf , of the polar gaps is large even before taking into account its
increase due to the creation of bound pairs. Hence, the potential Dt.<p rv EllHf is
modest and, with at best a modest increase in H, it is not possible to increase
Dt.<p substantially.

5·2 Limited Ejection of Electrons

Now consider the opposite case where electrons do not flow freely from the
stellar surface. This requires that two conditions be satisfied simultaneously:
thermionic emission of electrons must be ineffective, and ejection of electrons due
to field emission must be ineffective. The former of these conditions requires
i; < r; cf. (2 ·13), and the latter requires Ell < e., cf. (2 ·14). Provided these
conditions are satisfied, Ell near the pulsar surface is of order the vacuum value
E~s ~ (ORjc)!cBs , which is about 8y'3(cjOR) rv 102-10 4 times the maximum
value of Ell in the Arons model, cf. (3·11).

Assuming that B is strong enough for the formation of bound pairs to occur,
the pairs can play a significant role in modifying the model only if they remain
bound within the polar gap. This requires Etlon < E~s within the polar gap. The
conditions Etlon < E~s and E~s < e, can be satisfied only for E1lon < Ee • For
B ~ (0 'l-l)Bcr , comparison of (2 ·14) and (4· 29) with (4·33) shows E1lon rv 0·1 is;
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(5·15)

(5·16)

implying that there can be a range, E1lon < E~s < s; where escape from the
surface is restricted and where field ionization of bound pairs is unimportant.

Assuming that there is no free ejection from the stellar surface and that bound
pairs are not ionized, vacuum conditions apply, and hence the field Ell near the
polar caps should be (Ruderman and Sutherland 1975):

(t>.Rp)2 - p2 ( 28) RS
EII(S,P) ~ (t::..R

p
) 2 exp - t::..R

p
Ell '

where p is the distance to the magnetic axis. Granted that Ell is unscreened,
and so is given by (3·12), the condition E~s = E1lo

n defines a minimum period
P = PI longer than which field ionization is unimportant:

~ ~

p = 27rR (CI!s) 3 ~ (O.5S)(~) ( Bs ) 3 •

1 C Eilon 104
ill 0·1 e;

In the following discussion we assume P < PI, so that field ionization is important.
There is an inconsistency if one assumes either that Ell is much smaller or

much larger than E1lon. On the one hand, suppose that ejection of electrons from
the stellar surface is severely limited, implying Ell ~ E1fs » E1lon. For P < PI
bound pairs created in the region 0 ::; 8 < ~t>.Rp are ionized before they escape
from this region. The resulting free positrons are accelerated toward the surface
of the star, producing an intense flux that heats the polar cap. In the absence
of ejection of electrons from the pulsar surface the temperature at the polar cap
would be (Ruderman and Sutherland 1975)

TRS ~ (107K)( Bs )-h(pP)-rt. (5.17)
0·1 e; I

It follows from (2·13) and (5·17) that, for both Bs=(O·1-1)Bcr and P<PI ,

TRS is about an order of magnitude more than Ts, as given by (2 ·13). This
implies that thermionic emission (due to the heating by positron bombardment)
would produce an intense flux of electrons from the polar cap for temperatures
well below TRS. This invalidates the original assumption that electron flow from
the surface is severely limited. On the other hand, if one assumes Ell « Erion for
P < PI, then field ionization of bound pairs is negligible, and both the heating
of the polar caps by reversed particles and the screening of the field Ell are
ineffective. As a result, one should have the vacuum field Ell = E~s, which
invalidates the assumption Ell « Eion.

This inconsistency is avoided only if there is partial but not total screening
of Ell inside the polar gap. Specifically, this field needs to be restricted to
Ell f'.J (1-2)E11on. This is possible through a feedback mechanism. To see that
there is a feedback, suppose Ell decreases. This causes the rate of ionization of
the bound pairs to decrease, so that the number of returning positrons heating
the polar cap decreases, the temperature of the polar cap decreases and the rate
of thermionic emission decreases. This leaves fewer (primary) electrons to screen
Ell, which increases toward E~s, providing the feedback. An analogous argument
leads to the conclusion that a postulated increase in Ell implies a sequence of
processes causing Ell to decrease.
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There is a self-consistent solution for the polar gap with a strong magnetic
field, B(s=~Rp) > 0·1 Bcr or n, > sn; (cf. Cheng and Ruderman 1980). The
surface is heated to Ts rv Te , required for marginally effective thermionic emission.
The number density of primary electrons, nprim, which is equal to nGJ in the
limit E~s » E1lo

n of complete ionization, is such that the difference nGJ - nprim
is proportional to E~s - Etlon. The potential difference is just Ei10n times the
height of the polar gap, which is identified as the Ruderman-Sutherland value
~ ~Rp. Thus this self-consistent model has

t; ~ Te , nprim ~ nGJ(l - Eion/ERS)II II'

Ell ~ 8[8]8[~~Rp - 8]E11o
n,

A rv 1 Eion ARu<.p -"2 II up,

(5 ·18)

where 8[x] is the step function equal to unity for x > 0 and zero for x < o.
To obtain (5·18) we assume that none of the parameters of the polar gap

depend on time. Alternatively it may be possible to find a time-dependent gap
solution, analogous to the sparking model of Ruderman and Sutherland (1975).
We have not explored this possibility in detail. Our preliminarily considerations
suggest that such a time-dependent model may imply a somewhat higher (than our
time-independent model) total power carried away by both relativistic particles
and radiation from the polar gap into the pulsar magnetosphere.

Although photoionization of bound pairs occurs for P < PI it has little effect on
the model (5·18) provided the number density of ionized pairs, n±, at 8 ~ ~~Rp

is smaller than nGJ - nprim ~ nGJ(E11on / E~S). From (5 ·12) and (5 ·18), the
equality n± = nGJ - nprim defines a lower limit, P = P2 , to the period:

4 )frT; IT Bs •
P2 = (Oo07S)C06K) ( Ool Ber (5·19)

For P < P2 the number density of free pairs is sufficient to cause an additional
screening, reducing Ell to « E1lon. Thus the model (5 ·18) applies only for
P2 < P < Pl.

For P2 < P < PI, (5·3) and (5·18) imply that the total power carried away
by both relativistic particles and radiation from the polar gap into the pulsar
magnetosphere is

E
ion

( E
iOn)

i; ~ 1r(~Rp)2nprimCe~<p~ ~ E'hs 1- E'hs e.:
II II

where (e.g., Ostriker and Gunn 1969)

e; ~ 21r0.
4R:B;

~ (1 08 x 1029W)(~)-4( Bs )2
3J1oC 0 .1sO·1 Bcr

(5·20)

(5·21)

is the rate of rotation energy loss of the neutron star. The maximum conceivable
value of the energy flux in nonthermal particles is Erot . This maximum
is achieved (to within a factor of order unity) in the Sturrock model with
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Lp ~ 7T(~Rp)2nprimCe~<p in (5·20) interpreted in terms of nprim = nGJ, cf. (2·1),
and ~<p = ~<Pmax, cf. (1·1). However, as already remarked, the Sturrock model
is not internally consistent. We now argue that the modified model (5 ·18) can
produce Lp close to this maximum.

It is convenient to define the ratio 'fJ~ = Lp / Erot of the spin-down power going
into primary particles. In our modified model this fraction is given by

at P2 < P < Pl.E
ion

( E
iOn

)'Y)b = Lp rv .2._1_1 1- _1_1
'I"'{ • - 2 RS RSe.; Ell Ell

Equations (5 ·16) and (5·22) yield

1J~ ~ ~ (~)![1 - (~)!] at P2 < P < PI ·

(5·22)

(5·23)

The value of "7~ has a maximum, TJ~ = ~' at P = 2-i P, ~ 0·6 Pl.
For comparison with (5·22) or (5·23), suppose that both ejection of particles

from the pulsar surface is limited and pairs are created free. Then the fraction
of the spin-down power radiated by pulsars is (Ruderman and Sutherland 1975;
Cheng and Ruderman 1980)

"7; ~ 1·5 x 10-3 ( s, )-~(~)¥
0·1 B 0 1 .cr . S

(5·24)

From (5·22) and (5·24) we can see that for B; ~ (O·l-l)Bcr the ratio 'fJ~/TJ~ is
rv20 at P = 0·6Pl and ",102 at P = P2 . Hence, at P2 < P < P, the nonthermal
luminosity of pulsars with strong magnetic fields is considerably enhanced as
a result of the creation of bound pairs instead of free pairs. The nonthermal
luminosity of such a pulsar with P ~ 0·6 P, may be comparable with the
spin-down power, as in the model of Sturrock (1971).

The model (5 ·18) breaks down for P < P2 and for P > Pl. Consider the
lower limit, P = P2 • According to (5 . 12) with (2· 1), the density of free pairs
resulting from field ionization increases with decreasing pulsar period, n± ex: p-5 ,

and for P < P2 the number density of ionized pairs dominates in the screening
of Ell, thereby reducing ~<p in (5 ·18) and hence Lp according to (5 ·19). The
fraction of the spin-down power radiated by pulsars drops sharply from '" "7~ for
P > P2 to '" TJ~ for P «P2 . For P > P: and Ts < Te , there is neither particle
ejection from the pulsar surface nor a cascade of pair production in the polar
gaps. In this case the nonthermal luminosity of pulsars is negligible. Hence, for
pulsars with strong magnetic fields, the death line should be P = P; (cf. Chen
and Ruderman 1993). However, this predicted death line is not supported by
observation, as discussed further in Section 5·5 below.

5· 3 The Case n .B < 0 at the Polar Caps

Ions tend to be extracted from the stellar surface in the polar caps of pulsars
by any parallel electric field in the case n .B < o. As for models with n .B > 0,
it is convenient to distinguish between the case where particles can flow freely
from the surface due to thermionic emission, and the case where flow from the
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surface is limited. The discussion of these two cases closely parallels those in
Sections 5· 1 and 5·2, respectively.

Ions flow freely from the pulsar surface with density f'..JnGJ if the temperature
of the polar cap satisfies T; > Ti, cf. (2 ·17). The potential, ~cp, near the pulsar
surface then cannot be much greater than ~cpRS. The point is that for both
~cp > ~CPRS and H > Hi, cf. (5 ·13), the polar gap is unstable, in the sense
that a cascade of pair production develops. The cascade is stopped only when
either the potential becomes of order ~CPRS or the thickness of the polar gap
becomes <H, when the photoionization of bound pairs is small. It follows from
the discussion in Section 5· 1 that for H < Hf, the potential across the polar
gap is not much greater than ~CPRS for any known pulsar. Any increase (due
to the reduced screening resulting from the pairs being bound rather than free)
in the energy flux in particles is at most modest. Hence, for free ejection of
ions from the polar cap, the creation of bound pairs in a strong magnetic field
cannot be responsible for the high-frequency radiation of pulsars.

Provided that the temperature of the polar cap, Ts, without heating by reversed
electrons is smaller than Ti, thermionic emission of ions is negligible. The Ell
field distribution near the polar cap is then given by (5 ·15). As for the case
described in Section 5·2, for P < P1 , one has Ell > E1lon and the potential ~cp

across the polar gap is substantially greater than the Ruderman-Sutherland limit,
~CPRS ~ a few x 1012 V. Such a gap is unstable to pair production inside it.
Indeed, if a pair is created inside the gap, the field Ell accelerates the positron
out of the gap and accelerates the electron toward the stellar surface. Since
~cp > ~CPRS, one (or both) of these particles is accelerated in the gap until
it generates the curvature radiation which is absorbed inside the gap to create
secondary pairs. The total number of such secondary pairs per primary particle
is much greater than unity. With Ell> E1lon these pairs are necessarily free. In
turn, the secondary pairs are accelerated and generate curvature photons which
are absorbed to create tertiary pairs and so on. This cascade ceases if the
temperature of the polar cap is heated by reversed electrons so that the surface
temperature increases up to f'..J Ti. (One has T; < TRS, cf. (5 ·17), and the heating
can increase the surface temperature to TRS.) Then outflowing ions screen Ell,
restricting it to Ell f'..J (1-2)E

11
on. Our modified polar gap, summarized in (5·18),

then applies, with T; replaced by T, and with nprim the sum of the density of
outflowing ions and of the positrons created in the polar gap. Thus, (5·20) may
be used to estimate the total power carried away by both relativistic particles
and radiation from the polar gap into the pulsar magnetosphere.

5·4 Interpretation of Observational Data

Strong nonthermal radiation in X-rays and l'-rayshas been observed from a
few radio pulsars (Gunji et al. 1994; Ulmer 1994). Some observational data and
theoretical predictions on these pulsars are presented in Table 1.

The strength of the magnetic field given in Table 1 is estimated from the slow
down of the pulsar rotation iB; ex (Pp)!). This actually estimates the value of
the magnetic field near the light cylinder (the inner boundary of the radiation
zone). The strength of the magnetic field at the stellar surface depends on the
assumption about the structure of the magnetic field, which is assumed dipolar.
Thus, in Table 1, for each pulsar it is the dipole component of the magnetic field
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Table 1. Properties of high-frequency pulsars with data taken from Ulmer (1994)

The distances to PSR 1706-44, from Taylor, Manchester and Lyne (1993), and to PSR
1055-52, from Koribalski (1995), are indicated in parentheses

Name P B s D Lx+')' Bro t
obs

17~ 17~17')'
(ms) (108 T) (kpc) (1029W) (1029 W) (10- 2 ) 10-2 10-2

PSR 0531+21 33 6·6 2 2·2 450 0·5 0·01 1·7
PSR 0540-69 50 9 55 0·9 150 0·6 0·02 2·3
PSR 0833-45 89 6·8 0·5 0-084 7 1-2 0-08 4·6
PSR 1706-44 102 6-3 2-8 0-084 3·4 9 0·1 6
PSR 1509-58 150 31 4-2 0-39 20 2 0-04 3·6
PSR 1055-52 197 2 1·8 0-006 0-03 80 1

(6) 22
Geminga 237 3-3 (0 -15) 0-003 0-035 9

(6) 27

at the magnetic pole that is given. These values of B s are twice as strong as
the estimates of Michel (1991), whose B-values apply to the magnetic equator,
rather than to the magnetic poles which are more relevant for the polar gaps
(cf. Shapiro and Teukolsky 1983).

The values of B; given in Table 1 are lower limits on the actual surface fields.
The estimated fields also depend on the angle, i, between the dipole axis and the
rotaion axis, and the quoted values for i = tt/2 correspond to the minimum value
of the dipole moment. More importantly, the actual field may be much more
complicated than a pure dipole. For example, suppose the magnetic field of a
pulsar were purely quadrupolar rather than purely dipolar; then to explain the
same rate of deceleration of the pulsar rotation, the surface magnetic field would
need to be (c/OR) rv 102-104 times stronger. For PSR1055-52 and Geminga, the
dipolar components give fields smaller than 0·1 B cr . If this were the actual field
then pairs would be created free. In suggesting that bound pairs might cause
an increase in the pulsar luminosity, we need to assume a surface field stronger
than the dipolar value. The value B; rv 6 X 108 T is indicated in parentheses for
these pulsars in Table 1.

From Table 1 we can see that the following inequalities hold for all pulsars:
TJ~ «TJ~ and TJ~bs < TJ~ • . We conclude that the effect of adiabatic conversion of
the curvature l'-quanta into mutually bound pairs in a strong magnetic field,
B > O·1 B cr , is able to increase the nonthermal luminosities of pulsars sufficiently
to account for the observations. However, the condition P > P2 , cf. (5 ·19),
is not satisfied for two of the pulsars listed, specifically for the Crab and the
Crab-like PSR 0540-69. Apart from these two, we conclude that photoionization
of bound pairs is unimportant in determining the polar-gap structure, so that
(5·23) applies. Thus the nonthermal high-frequency radiation of these pulsars
may be explained in terms of the modified polar-gap model which takes account
of the creation of bound pairs.

The Crab-like pulsars (PSR 0531+21 and PSR 0540-69) have periods shorter
than P2 • These are also young pulsars, which may not have had time to cool
sufficiently (to T; < T; or T; < Ti ) for our model to apply. The high-frequency
radiation from these pulsars cannot be explained in terms of our modified model.
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However, for these two Crab-like pulsars, the outer-gap model of Cheng et ale
(1986a) seems satisfactory (e.g., Ulmer et ale 1994). Moreover, the "'I-ray emission
from the Crab-like pulsars may also be explained in terms of the slot-gap model
of Arons (1983). However, the slot gap is an effective source of the energy for
nonthermal radiation only for dipole-like magnetic fields. Otherwise, the total
power carried away by both relativistic particles and radiation from the slot gap
into the pulsar magnetosphere is suppressed by a factor of ~(Rc/R)(nR/c)!

(Arons 1983). It is reasonable that the radius of curvature of the magnetic field
lines near the surface is of order the stellar radius, Rc ~ R, in which case for
the Crab pulsar the total power from the slot gap is even smaller than the
total power from the polar gap in the standard non-modified polar-gap models
(Ruderman and Sutherland 1975; Arons 1979, 1981; Cheng and Ruderman 1980;
Mestel et ale 1985). Therefore, the outer-gap model of Cheng et ale (1986a)
which is not so sensitive to the structure of the magnetic field near the pulsar
is preferable as a model of the high-frequency radiation from Crab-like pulsars.

In Table 1, to estimate the fraction, 1]~, of the spin-down power, Brat, radiated
by pulsars in the modified polar-gap model it is assumed that only one polar gap is
a source of both high-energy particles and radiation in the pulsar magnetospheres.
This assumption is reasonable for PSR 1706-44, PSR 1509-58 and PSR 1055-52
which have only one -y-ray pulse in their "'I-ray light curves (e.g., Ulmer 1994).
The other pulsars have two pulses in their -y-ray light curves. This indicates that
in their magnetospheres both polar gaps operate as particle accelerators. In this
case the actual values of 1]~ are twice the values given in Table 1. This change
strengthens the conclusion that the modified polar-gap model is able to explain
the observed high-frequency luminosities of pulsars.

The distance to Geminga is particularly uncertain and the value adopted
(150 pc) is also indicated in parentheses in Table 1. If the distance is less than
~50 pc, we have, 1]~bs ~ 1];, and the standard polar-gap models could describe
Geminga's -y-ray and X-ray emission adequately (Harding, Ozernoy and Usov
1993). The high-frequency luminosity of Geminga may be explained in the
modified polar-gap model if the distance to Geminga is up to ~250 pc.

Recently, Sturner and Dermer (1994) and Daugherty and Harding (1994) have
shown that double pulses with large interpulse separations seen in the Crab,
Vela, and Geminga can be produced by hollow cone emission from a single pole
if the rotation and magnetic axes are nearly aligned. In these models the solid
angle of -y-ray emission is very small, and the standard polar gap models have
no problem supplying the power necessary to give the observed fluxes of "'I-rays.
However, in this case the chance of observing any given pulsar from the Earth
is not more than ~10-2. As noted by Daugherty and Harding (1994), in spite
of the poor statistics, it seems hard to reconcile such a low probability of pulsar
detection with either the fraction of -y-ray pulsars observed among the known
supernova remnants, or the fraction which have a double-pulse structure.

5· 5 Death Line at P == PI
The prediction that P == PI should be the death line (no free pairs for P > PI)

for pulsars with B ;G O·1 Bcr is not supported by the data. The distribution of
radio pulsars essentially ignores our death line. The radio emission is attributed
to free pairs and hence it appears that there is some source of free pairs even for
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pulsars with B > O·1 Bcr and P > Pl. There are several possibilities within the
framework of our model. One suggestion concerns the decay of positronium from
the excited state formed from .i-polarized photons (Section 4·3). This decay
should produce some free pairs, due for example to two-photon decay (cf. Melrose
and Kirk 1986) to the densely-packed states (n c ~ 00) around zero binding energy
for the ground state (n = n' = 0). Even a small branching ratio for generation
of free pairs may suffice to account for the apparent lack of suppression of the
radio emission. Two other possibilities for the formation of some free pairs
are suggested by a critical examination of the assumption that the curvature
photons emitted by the primary particles cannot decay directly into free pairs
(Section 3·2). In our discussion in Section 3·2 we assume that all curvature
photons are confined to a forward cone with half angle f"V1/f. However, a small
fraction, f"V1/f, of the power is emitted outside this cone. Some of these photons
should satisfy the condition for decay into free pairs at the point of emission,
and these photons should be a source of some free pairs. Another possibility
follows from the fact that for any radiation process that produces photons with
energy above the threshold for pair creation, the analogous process in which
the photon is replaced by a pair is allowed. Thus direct curvature emission of
pairs is another possible source of free pairs. Another possibility follows from
the fact that for any radiation process that produces photons with energy above
the threshold for pair creation, the analogous process in which the photon is
replaced by a pair is allowed. Thus direct curvature emission of pairs is another
possible source of free pairs. Photon-photon production of pairs is yet a further
possibility. The efficacy of these processes needs to be explored, but is subject
to the major uncertainty that the number of free pairs required to account for
the radio emission is poorly constrained.

We conclude that P = P, should be regarded as a death line for high-frequency
emission, but not necessarily for radio emission, for which the luminosity is many
orders smaller than the spin-down power. However, our arguments on this point
are speculative, and a quantitative analysis is desirable.

6. Conclusions and Discussion
In this paper we consider pulsars with strong magnetic fields, B; ~ 0·1 Bcr , at

their surfaces such that bound rather than free pairs should form due to decay
of -y-rays in polar gaps. In discussing various relevant aspects of the underlying
physical processes, we make the following points:

(1) The surface structure of magnetic neutron stars determines whether particles
flow freely from the surface, leading to a model of the type discussed by Arons
(1981, 1983), or whether particles are strongly bound to the surface, leading to a
model of the type discussed by Ruderman and Sutherland (1975) and Cheng and
Ruderman (1980). For pulsars with n· B > 0, the requirement on the surface
temperature, Ts , for electrons to remain strongly bound is T; < Ti, with T;
given by (2·13). For pulsars with n .B < 0, the requirement for ions to remain
strongly bound is Ts < Ti , with T; given by (2·7).

(2) In polar-gap models the primary particles emit curvature photons which
are initially at too small an angle to B to decay into pairs, even when the
curvature drift and the polarization drift are included.
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(3) For such photons emitted near the stellar surface, s = 0, the curvature of
dipolar field lines allows decay into pairs with a minimum Lorentz factor rmin

that decreases ex1/s with increasing height, cf. (5·8).
(4) The photons can be either II-polarized or .Lpolarized. If the magnetic field

is strong enough, B .:G 8 X 108 T, photon splitting tends to cause the .Lpolarized
photons to decay into II-polarized photons. The formation of positronium
necessarily occurs before the threshold for decay into free pairs is reached; the
sole criterion for positronium formation is whether or not tunneling occurs from
the lower to the upper branch of the photon-positronium dispersion curves in
Fig. 1.

(5) In a moderately strong magnetic field, B .:G 4 X 108 T, photons evolve into a
bound pair (positronium) rather than decaying into a free pair. The II-polarized
produce positronium in its ground state, and the .Lpolarized produce positronium
in an excited state that quickly decays to the ground state through gyromagnetic
emission (actually a spin-flip transition).

(6) The positronium atoms can be destroyed (a) by field ionization for
Ell .:G E11on, with E110n given by (4· 29), or (b) by photoionization due to thermal
radiation from the neutron star, with mean free path given by (4·32).

In applying these properties to polar-gap models for pulsars we distinguish
between two types of model mentioned in point (1) above: models in which
particles flow freely from the surface, implying Ell = 0 at the surface (e.g., Arons
1981, 1983), and models in which particles are tightly bound to the surface, so that
Ell has the vacuum value just above the surface (e.g., Ruderman and Sutherland
1975). The parallel electric field in the former, E~ given by (3· 11), is rnuch
smaller than that in the latter, E~s given by (3·12), and there is a corresponding
difference in the potential drop, ~cP rv EIIH, across the polar= gap of height H.
Our particular interest is in the energy flux of primary particles, which is assumed
to determine the nonthermal, = high-frequency luminosity (e.g., Harding and
Daugherty 1993). The energy flux of primary particles is nprirnC1fb..R~eb..cp, where
nprim is the number density of primaries and b..Rp ~ (OR/c)tR is the radius of
the polar cap. For nprim r-;» nGJ, cf. (2· 1), and b..cp r-;» b..cpmax, cf (1· 1), this is
of order the spin-down power of the pulsar. However, Arons-type models have
a small Ef « E~S, Ruderman-Sutherland-type models have small H « su;
and both ~ave tlc.p« tlc.pmax, so that the power in primary particles is severely
limited. The formation of positronium, rather than free pairs tends to reduce
the screening of Ell, and hence to increase H.

We find the following specific results for models in which bound pairs are
formed.

(7) There is at most a modest increase in the power in primary particles in
Arons-type models, and even after modification to include positronium formation,
these models cannot account for the observed high-frequency emission.

(8) In the Ruderman-Sutherland-type models, the formation of bound pairs
can have a large effect on the model, greatly increasing the height of the polar
gap. This model requires Ts < t; or t; < t: cf. point (1) above, and then
photoionization of the bound pairs is unimportant.

(9) For P> PI, cf. (5·16), corresponding to E~S < E1lon, cf. point (6) above,
there is no field ionization of the bound pairs. This suggests that P = PI should
be the death line for pulsars with B > 0·1 Bcr • Observationally, radio pulsars
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seem to ignore this death line. In Section 5· 5 we suggest processes that should
produce some free pairs even for P > Ps ; and note that only a modest number
of pairs is required to account for the radio emission.

(10) For P2 < P < P, we argue for a self-consistent model in which field
ionization generates just enough free pairs for the reverse flux of primary particles to
heat the polar cap sufficiently to maintain thermionic emission at the rate required
for partial screening to reduce Ell from E~s to f'.J Ellon. This model is summarized
in (5 ·18). The modified model is only weakly dependent on whether electrons
or ions are pulled from the stellar surface; for ions, replace T; in (5 ·18) by Ti.

(11) For P < P2 , cf. (5· 19), the number density of pairs from the field
ionization exceeds the number density of primaries, and with decreasing P the
model rapidly approaches that without bound-pair formation.

(12) In the modified model the ratio, 1J~, of the power in primary particles to
the spin-down power, cf. (5·23), can be close to unity. In this sense the model
is similar to that of Sturrock (1971), but without the internal inconsistency in
the Sturrock model.

In summary, the most important modifications due to the formation of bound
pairs rather than free pairs is for pulsars with strong surface magnetic fields,
Bs ;G 4 X 108 T, with cool surfaces, Ts;S 5 X 105 K, and periods in the range
P2 < P < Pl' The model proposed here could then account for the efficient
high-frequency emission.

The high-frequency pulsars are (Table 1) PSR 0531+21 (the Crab), PSR
0540-69, PSR 0833-45 (Vela), PSR 1706-44, PSR 1509-58, PSR 1055-52 and
Geminga. Of these, the middle three satisfy all the requirements for our modified
model, but the first two (Crab-like) pulsars have periods P < P2 and the last
two have surface magnetic fields Bs < 4 X 108 T. For the Crab-like pulsars,
the photoionization of bound pairs inside the polar gaps should be strong, and
the modified polar-gap model is then not applicable. The outer-gap model of
(Cheng, Ho and Ruderman 1986a) seems a viable alternative for these Crab-like
pulsars (e.g., Ulmer et ale 1994). We argue that the magnetic field is likely to
have nondipolar components and these are not included in the estimate of B;
in Table 1. With plausible values for a nondipolar component, the model may
also apply to PSR 1055-52 and Geminga. Recently, Usov (1994) has shown that
the outer-gap model of Cheng, Ho and Ruderman (1986b) is inconsistent with
the available data on Geminga, implying a polar-gap model. For Geminga the
actual distance is important in estimating whether or not the modified polar-gap
model is viable, as discussed in Section 5·4. Alternatively, Harding, Ozernoy
and Usov (1993) argued that, provided the distance to Geminga is not more
than f'.J40-50 pc, it is possible to explain both the X-rays and -y-raye in terms of
the polar-gap model of Arons (1979, 1981).

We discuss some other details of the application to high-frequency pulsars
elsewhere (Usov and Melrose 1995). We conclude by commenting on the polarization
of the high-frequency radiation. According to (4) above, for B; .:G 0·2 Bcr , most
of the .i-polarized photons with e--y ;S 102 MeV produced by curvature mechanism
near the pulsar surface, are split and transformed into II-polarized photons before
the pair creation threshold is reached (Section 4·2). As a result, the ,-ray
emission recorded from the pulsar at energies e--y ~ 102 MeV should be linearly
polarized. Near the maximum of the light curve, the ,-ray polarization may be
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as high as 100%. The degree of -y-ray polarization should decrease toward the
edges of the -y-ray pulses. This is because the emission zone recedes from the
neutron star surface as the phase of "'(-ray emission shifts from the maximum of
the light curve, implying that the B value in the line of sight to the region of
"'(-ray generation decreases. By observing the polarization of the "'(-ray emission
of pulsars it would be possible to estimate the strength of the magnetic field
near the pulsar surface.
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Appendix A: Pitch-angles in the Drift Frame

To estimate the angle {; between the particle velocity v and the magnetic
field B for a relativistic electron in its lowest Landau level, let us first consider
the nonrelativistic motion of electrons in crossed Band El. (t) fields. The
polarization drift (e.g., Schmidt 1966; Landau and Lifshitz 1971) implies a drift
(e/mw~) dEl. (t)/dt. For a relativistic electron in its lowest Landau orbital, the
polarization drift may be obtained by making a Lorentz transformation from the
rest frame. The momentum in the drift frame is

e (dEl.)
Ppd = w~ d:t ..' (A1)

where (dEl./dt)c is to be evaluated in the frame in which the electron is at
rest on the average. With (El.)c == rEl. and (dz)c == r-1dz (e.g., Landau and
Lifshitz 1971), we have

(
dE l. ) == er2dEl. .

dt c dz

From (A1) and (A2), we obtain

.: '" Ppd < mr dEl.
If/ - P - eB 2 dz '

where P~ mer is the particle momentum in the drift frame.

(A2)

(A3)
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Appendix B: Minimum Energy of Created Pairs

Let us consider a neutron star with a centred magnetic dipole moment, u: In
cylindrical coordinates z, P, ip, the components of B near the polar cap are

n, ~ J-lo 2J-l
41r 7'

B
p
~ /La 3/Lp

41r z4 '
B<p = 0, (Bl)

where J-l is the magnetic moment, the z-axis is directed along the magnetic axis,
z is measured from the neutron star centre, P is the distance to the magnetic
axis, and sp is the azimuthal coordinate. The magnetic field lines are determined
by integrating

which with (Bl ) and (B2) gives

dz

Bz

dp
-,
Bp

(B2)

p = po(z/zo)~ , (B3)

3 a 2 3
where Po/zg is a constant. [The exact result is p= (Po/zo)(p +Z2)2.]

For a curvature photon which is emitted at the point with z = Zo and p = Po
along the magnetic field, K II B, the angle between the wave vector K and the
magnetic field B in the process of the photon propagation is

19(z) = (dP) _ (dP) = 3 Pa(z! - zg)
dz 0 dz 2 ~ •

Zo
(B4)

Taking into account that Po :::; (OR/c)! R for open magnetic field lines near the
polar caps of pulsars, z ~ Rand z - R «R, (B4) gives

'I9(z) -s; ~ C~cR) t z ~ R.
At a distance 8 from the pulsar surface, with 8 ~ z - R, we have

19(8) < ~ (OR)! ~
cR'

If the energy of curvature photons, c"'(, is smaller than

Cmin = 2mc2/ 19 ,

(B5)

(B6)

(B7)

the process of pair creation by these photons is kinematically forbidden. From
(B6) and (B7) it follows that the Lorentz factor of particles which can be created
at the distance 8 exceeds

1

cmin 4 ( C )"2 R
I' min = 2mc2 = 3 OR -; . (B8)
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