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Abstract

Dual generalized order statistics is a common approach to enable descending ordered random variables like
reverse order statistics and lower record values. In this paper probability density function of single concomitant and
joint probability density function of two concomitants of dual generalized order statistics from bivariate Burr Il
distribution are obtained and expressions for moment generating function and cumulant generating function are
derived. Also the expressions for mean, variance and covariance are given. Further, results are deduced for the
reverse order statistics and lower record values.
Keywords: Dual generalized order statistics, Burr Il distribution, Moment and Cumulant generating functions.

1. Introduction
Burkschat et al. (2003) introduced the concept of the frsnmk (X Y)
dual generalized order statistics (dgos) to enable a

common approach to descending ordered random #[F(X)]mf(x)g&—l(p(x»

variables like reverse order statistics and lower record - (r=Di(s—-r-1)!
values. r— -1
[N (F () =Ny (FOOI* " [F(I™S ™ F(y), x>,
Suppose X4 (1,n,m,k), X4(2,n,m,k),....X4(n,n,m,k) ( (©)

k>1,m is a real number>-1), are n dgos from an where

absolutely continuous (w.r.t. Lebesgue measure) C =1L[7'
distribution function (df)F(x) and probability density e

function (pdf) f (x) . Their joint pdf can be written as

T T -1 @-x™, m=-1
k(HViJ(H[F(Xi)]m f(Xi)][F(xn)]“f(xn) (1) hn(X) =1 m+1
A —logx , m=-1

where yj =k+(=J)(m+1), J=12...n-1, o0 the 40 ) —h ()—h (), x<[01).

cone FQ)>x >x, >...>x. >F10). o L
@) 1 2 n © Burr 1l distribution which is also known as

generalized Gumbel bivariate logistic distribution and
Ifm=0k=1, then Xgq(r,nmk) reduces 10  giscissed by Satterthwaite and Hutchinson (1978).

(n—r+1)" reverse order statistics X, ., from the

The pdf of bivariate Burr Il distribution is given as
sample  X;,X,,...,.X, and when m=-1, then

X4 (r,n,mk) reduces to k™ lower record values. For F(xy) = v(v+1)e e Cw<x y<m (@)

more details of order statistics and record values, one 1+e™* +e’y)v+2 ’

may reffer to David and Nagaraja (2003) and

Ahsanullah (2004), respectively. and corresponding df is

In view of (1), the pdf of X (r,n,mk) is F(xy)= 1_, —w0<X, y<ow. (5)
_ Gy 71 r-1 @Q+e ™ +e™)Y

frnmi 00 =——==[FOII'" " f()gn (F()) (2)

1)

and joint pdf of X, (r,n,mk) and X, (s,n,mKk),
1<r<s<nis

The conditional pdf of Y given X is
v+l eV (QL+e )

f(le):( )—x( - v+)2
@+e*+e™)

, —o<y<o (6)
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and the marginal pdf of X is

ve

f(X)=———, —0o<Xx<w 7
(1+ e7X)V+l ( )
and corresponding marginal df is
F()=—— — —w<x<om, ®)
@+e™)Y
Concomitants of order statistics have wide

applications in the fileld such as selection procedure,
ocean engineering, inference problems, prediction
analysis etc. For detailed survey one may refer to
Castillo (1988), David (1996), Do and Hall (1992),
Gross (1973), O'Connell and David (1976), Yang
(1981a & b) and Yoe and David (1984) and references
therein.

Let(X;,Y;),i=1,2,...n, be the N pairs of
independent random variables from some bivariate
population with distribution function F(x,y). If we

arrange the X —variates in descending order as
Xq@n,mk)=X4@2,nmk)>...2 X4 (n,n,mk)

then Y — variates paired (not necessarily in descending
order ) with these dual generalized ordered statistics are
called the concomitants of dual generalized order
statistics and are denoted by

Yd[1,n,m,k] de[Z,n,m,k] yree de[n,n,m,k] .

The pdf of Yy nmi the r'™ concomitant of dgos
is given as
9d[r,n,mk] (y)= Eow FYI%) frnmi (X) dX
and the joint pdf of Yy nmi
1<r<s<nis

Gamrsnmid V1 Y2) = [ [ F(ya1x) f(y2 %)
x fr,s,n,m,k (X11 X2) dXZ Xm. (10)

9)

and  Ygrsnmk

Ahsanullah and Beg (2006) derived the expression for
concomitants of gos for Gumbel’s bivariate
exponential distribution whereas Beg and Ahsanullah
(2008) obtained the concomitants of gos for Farlie-
Gumbel-Morgenstern  distributions and established
some recurrence relations for the concomitants of gos .

Das et al. (2012) carried out the comparative study on
concomitant of order statistics and record values for
weighted inverse Gaussian distribution. Further,
Tahmasebi and Behboodian (2012) obtained the
Shannon’s entropy for the concomitants of gos in

Farlie-Gumbel-Morgenstern  family. An  excellent
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review of work on concomitants of order statistics is
available in David and Nagaraja (1998).

Here in this paper pdf of r" 1<r<n and the
joint pdf of r'™ and s, 1<r<s<n, concomitants
of dgos from bivariate Burr Il distribution are obtained.
Further, moment generating function (mgf) and

cumulant generating function (cgf) are studied and
expressions for mean, variance and covariance derived.

2. Moment Generating Function of Yy, ;4

Before deriving the expression for mgf of Yj, ;.
we shall obtain the pdf of Yy -

Lemma 2.1: For the bivariate Burr Il distribution with
pdf as given in (4), the pdf of r concomitant of
dgos, in view of (9) and (6) is,

Cr—l
(r-1)I(m+1)"*

X_ril(—l)‘[r._lj L
i=0

Yarrnmk (Y) = v(v+1)e™

vy, +1
(V+2), (vrri+1)
x ,Fy ;e m=z-1
(V7/r—i +2)
(11)
where,
a b
_ NG CN(OPFL
F -z —_——
e T © !
c p=0 p p:
is conditionally convergent for |z|=1,z=1, if
—-1<Re(w)<0
and

0 _a Y)P
gd[r n,-1 k](Y) = (V+1)e_y z w
o p=0 p!

Xt m=-1

vk

Proof : we have
g d[r,n,m,k] (y)
Cr—l

= Sra g+l r21(—1)‘£r _1J
(r-1)!(m+1)"* i i
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<] e” ! d  (13)

S (L+e e ) e Y

Let t=(1+e7¥)%, then the R.H.S. of (13) reduces to

C,

—(r Dim 1) ~ v(v+1l)e” vz( 1)[ J

L7 (14 te V)T dt. (14)
Since,
As2)? = ?O% (15)
where (a) , = - (a(+)p) ‘a£0-1-2,..
and (A +m)= % (16)

See Srivastava and Karlson (1985).

Thus in view of (15) and (16), (11) can be
established. Expression (12) can be obtained by

simplifying (11) and taking m — —1.

Now moment generating function of Yy 0\ i
given by

Cr—l
S e S 1
(r—!(m+1)"* Vi)

-1 i(r-1 1
Xi:Zé(—l) ( i jw/ 4+l

r-i

M d[r,n,m,k] (t) =

(vV+2), (vrr+1)
x[“eYaF, ; —e Y e Vdy.
(Vyri +2)
A7)

Let z=e7Y, then R.H.S. of (17) reduces to

C,._ 1
_—_— 1 1
“rmey O )Z( )( i J Fei +1

(vV+2), (vyr+1)
x[ 27 2F s —z|dz.  (18)
(Vyr7i+2)
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Now using the relation, given by Prudinov et al.
(1986) as
a, b
[y xPaF ;- x |dx
c
_ () "rr(p)r(@a-p)ro-p)
(@) r(b)I'(c-p)

[0<Re p<Rea,Reb;|argn|<x], (29)
we get

C,_
Iv'd[r,n,m,k] (t) = L

(r=D'(m+1)"

- i r-1 k t .
Xg(—l)[ i JB[m+V(m+l)+(n—r)+|,1}

(20)

ra-t)rv+t+1)
r'(v+1)

Since Z( 1) ( JB(a+k c) =B(k,c+b), thus (20)
becomes

ra-t)yrv+t+1) 1

I'(v+1) r[l+ t J
V7i
(21)

I1
Cumulant generating function of Yd[r,n,m,k] is given as

I\/Id[r,n,m,k] )=

i=1

Karnmi =INCA-t)+InC(v+t+1)—InT(v+1)
r t
- Eln(u WJ .
Since,
EMagrnmky) = Hframk = % Kar.nmk () and

2

V(Yd[r,n,m,k]) = Hoprnmk] = 5 Kd[r,n,m,k] ()

dt
aat=0
Thus,
151 YY1 1401
Hrnmkl = y(V+1)—pl)-=>—=>--=>—
Viziyi ;i Visyg
(22)
2y ;
V4 1 1 1
Sl S 23
H2[r nmk] 3 iéiz v2 Eyiz (23)
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We have Andrews (1985)

1
x——Ian 1 ———1], x>0
w(X) (x) = t//()+n20[n+1 n+X}

(24)

is known as digamma function and

pO+D) =y @)+ 3
k=1

in=1.2,...

1 1
pOHm) =y + Y ——.
k=0 X+ Kk

Remark 2.1: At m=0 and k =1 in (22) and (23), we
get mean and variance of concomitants of order
statistics from bivariate Burr 1l distribution as obtained
by Begum and Khan (1997).

vl 1r 1
Mean = - -
At = Zﬁ. VS (n-i+1)
vi 1201
:ZT__Z_.
=t Vij=r]
and
2 v r
T 1 1 1
Variance = = -y =+ —
Hatn =3 25 vzé(n—iﬂ)2
2 v n
T 1 1 1
R T 2

Remark 2.2: At m— -1 in (22) and (23), we get mean
and variance of concomitants of k™ lower record

values.
v1i r
Hilrn-1k] = ZT_W
72 v r
Hofrn-1k] = EI—Z (Vk)z.

3. Joint Moment Generating Function of
Yarnmkg @A Yosnmi

Here, we shall first obtain the joint pdf of Y. o i
and Yags,nmk] -

Lemma 3.1: For Burr Il distribution with df as given
in (4), the joint pdf of r™
dgos is given as

and s™ concomitants of
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gd[r,s,n,m,k](Yl:Yz)
Csl
(r Di(s—r-1)(m+1)2

S L S N

i v+l 42

Vi (V+1)Pe e

=0 j=0
(V7o +2)1 (v 2) vy +1); (v+2);
xFiitg e 12|
(vyr_i +3): (V7s—j +2),
m=-1 (25)
where,
@p): (bg): ()
Flrr)nan » XYy
() (Bm) (7n)
p q k
o [T@j) s [TMO e TT(c)s P
_ j=1 j=1 j=1 X'y
H(aj)r+s H(ﬂj)r H(J/j)s
=1 j=1 j=1

is known as Kampé de Fériet function (Srivastava and
Karlson, 1985).

d[r,s.n,—1,k] (Y1, Y2) =(v +1y%e e 72

Xii(vﬁ) o (- 2)P (v 1 2) (e )
p=01=0 p! I
1 1
X I 2 r 1 sfr,—OO<y1,y2 < 0,
1+ P+ + 1+ P+
vk vk
m=-1 (26)
Proof : We have
_ Co v (v+1)le e 2
gd[r,s,n,m,k](ylvyz) (r—l)!(s—r—l)!(m+1)s‘2
5 r-1 S—Zr:—l (—1)i+j (r —lJ(S -r —1]
i=0 j=0 i i
ono 97X1
—o0 (l+e—Xl)v(s—r+i—j)(m+l)—v
1
X v— 1(xq, yo) dx (27)
(1+e 1 4e "1)V+2
where,
—X
e 2 1
1(X,Y5) = it dx,.
11 Y2 J‘_oo (1+E_X2)vys_j—v (:I._‘_e—x2 +eiy2)v+2 2
(28)
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The joint moment generating function of Yqr m i
and Yypsnmk in view of (25) is given as
Cs1 v2 (v+1)?
(r=1)(s—r-1)(m+1)°*"2

If we put t=(1+e 2)™1, then the R.H.S. of (28)
reduces to

l ; - M t,t,) =
1(Xy, Yp) = J‘(l‘*'e V}/S—J (1+te 12 )—(v+2) dt. d[r,s,n,m,k](lr 2)

. . P r-1s—r-1 o(r—=1 -r-1
Using (15) and aftersmphfu;atu;n, we get Sy (_1)H{ri j(s Jr ]
o (V+2), (-e 2 L vy i=0 j=0
1(%, Y,) = z ( )p( ) J-él+e ) tV}’S_J+p dt
p=0 p! . —r J e gl2Y2 g™V gV2
Vys_j +1 vy +2
© _ —Y2yp
=3 (V+2)p('e ) 1 : (Vi +2): (vV+2),(vrs—j +1); (v+2);
5=0 p! Vys_j+ P+ 5 F]:_leo —eiyl,—eiyz i
. 1 29) (Vyy_j +3): (vys_j+2);
(1+e_xl)vys_j+p+l
e . dyrdy, (32)
Now putting the value of (29) in (27), we get _ _
putling (29)In (27), we g Let e 1=z and e '2 =z, then
Csa

Cs1 v2 (v+1)?

gd[r,s,n,m,k](YL y2) =
S (r=1)(s—r—-1)(m+1)2

(r-1)s—r-1){(m+1)>72

xvZ (v+1)Ye e ’2
(v+2), (e T2)P erllsi (- 1)'”[ J[S_r_lJ
r-1s—r- “N(s-r-1\= (Vv+ —e .
z z I+J( | ][ jzp—l i=0 j=0 J
i=0 j=0 J p=0 P 1 t
N 1 0 Exl XV}’s]+1V7rI+2J.OIO 2
Vi + P+1 _o X vyr_i—v+p+1'
s—j 1+e 1) 5 i i(vyr7i+2)p+l(v+2)p

1
X 1+ o efyl)VJrZ dx (30) p=01=0 (vVrri+ 3)p+|

) |
s tDp (V2 (-2)" (-29)° dzdz,.  (33)

Setting z=(1+e 1), and using the relation (15), we Vrs s +2)p T ol
get
Now using relation (4)y.n =(A)m (A+m), as given
Cs V2 (v 1) e VeV by Srivastava and Karlson (1985), we have

(r DI(s—r —1)(m+1)52

Csq vZ (v+1)>?
(r=1){(s—r-1)m+1)>2

M d[r,s,n,mk] (tlvtz) =

i=0 j=0 I Jp=0 pt r-ls—r-1 ] s—r-1) 1 1
Xi (v+2) (-e1) 1 1 . X.;o sz = ( j( J st_j +1vyei+2

=0 I! Vys_j+p+l Vyj+p+l+2

(31) {j o § Wit D2y M+ Dy (2p)°
. 072 Wi +3)p (V7 j+2)p P!

Nothing that p=0 e s

(im)= /I(J,Jrl),7 and Ainen)= /1(/1+1),7+n .y Vyi +2+p), (v+2)

() (A p4n X JO 7R  —1zp|dz (dzp .
(Srivastava and Karlson, 1985) (Vyr—i +3+p)
(34)

and using in (31), we get the result as given in (25). (26)
can be obtained by simplifying (25) and taking m — -1.
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Now on application of (19) in (34) and after
simplification, we get

_ Cs1 v2 (v+1)
(r—1){(s—r-1)m+1)*2

) rz—15—zr—1(71)i+j [r 1J(s -r 1}
i=0 j=0 i j

1 1 F(l—tl) F(V+tl +1)
Vysoj+lvye i+t +1 r'(v+1)

X

(vV+2), (vyr—i +t +1),(vys-j +1)

oo —t.
2
X IO 22 3F2

(Vrr-i+t1+2), (vrs-j+2)

;= 1Zp |dzp |.

(3%)
Now using Prudnikov €t al.(1986)

(a), (a2), (a3)

00 —
[ x5 3R, ;= x |dx,

0

(by), (by)

= T()T(B)T(S)M (3 —S)I'(@p — S)I'(83 — )
I'(aq)I"(@2)I (a3)I"(by — s)I'(b, —9)

[0 <Res<Reaj;j=1,23] and simplifying, we get

Md[r,s,n,m,k](tlvtz)

_ F(l—tl) F(l—tz) F(V +t1 +1) F(V+t2 +1)
- C(v+1)C(v+1)

1 1

]‘[(1+ Lty 1‘[(1+t—2)
V7i i=r+l V7i

(36)

Cumulant generating function of two concomitant
Yarrnmiqg a4 Yogs o my is given by

Kapr,s,nmi)(tutz) = InC(1-t) +InT(1-ty)

+InT(v+1+t)+InT(v+1+ty)—-2InT(v+1)

.
—Zln(1+t—1 J Z In(1+—} (37)
i=1 Vyio Vi i=r+1
Noting that,
q2

COV[Yd[r,n,m,k]le[s,n,m,k]] dt dt

K[r s,n,m, k](tlvtz)

at tl = O,tz =0.
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and using the relation (24), we get
r
2
Remark 3.1: Set m=0,k =1 and replace n—r+1 by S
and n-s+1 by r in (38), we get covariance between

concomitant of order statistics from bivariate Burr Il
distribution as

(38)

1
CoMYapr,n,m k7 Yags,nmkg] = Z

1
_2

This result
(1997).

Remark 3.2: As m— -1 in (39), we get covariance of

concomitant of kth record values from bivariate Burr 11
distribution as
r

k)2

CoMYqprn-1k1+ Yd[s.n—1411=

4. Conclusion
In this paper, we have obtained the marginal and joint
moment generating function of concomitants of dgos

from bivariate Burr Il distribution. A good application
of this setup is the use of mgf of concomitants of dgos

for computing the moments of any order of concomitant
of order statistics, record values, sequential order
statistics etc.
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