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Abstract

We give an overview of present calculations involving the proton spin structure function.
It is shown that a significant part of the discepancy between the data and the Ellis–Jaffe
sum-rule may arise through the axial anomaly if the gluons within the proton are strongly
polarized. While a quark model, such as the MIT bag, does not include the anomaly, and
therefore cannot be expected to reproduce the spin structure function, it does give a rather
good description of recent data which is anomaly free, such as the distribution of polarized,
valence up-quarks in the proton.

1. Introduction

Experiments involving inclusive deep inelastic scattering have provided important
information on nucleon structure. The experiments are able to tell us many
things, from the confirmation of the assumption of the quark model that the
nucleon is made of three valence quarks to the spin fraction carried by quarks.
Of course, there are still many questions to be answered and the answers to
some of these have become extremely active research topics in the last few years.
The search for a complete picture of hadron structure is in this sense the goal
being sought.

Much of the interest in the area was revived several years ago by the EMC
experiment where the proton spin structure function was measured in a region
of small x previously unexplored. From this experiment it was concluded that
the spin of the proton carried by quarks was very small, being compatible with
zero. This became known as the spin problem. Since then, many other polarized
experiments have been performed and now there is a reasonable amount of data
on the proton, neutron and deuterium spin structure functions [1]. Many other
experiments are also planned or being carried out now which will give further
details on the spin structure of the proton. Nevertheless, a full understanding of
the current experimental results has not been achieved and, among others, the
following questions remain to be answered:
• The combined experiments on the proton spin structure function seem to

indicate that the quark singlet axial charge is about half of what is expected

∗ Refereed paper based on a contribution to the Japan–Australia Workshop on Quarks,
Hadrons and Nuclei held at the Institute for Theoretical Physics, University of Adelaide, in
November 1995.
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from the quark model. What is the mechanism behind such a reduction that can
explain both the first moment and the x dependence of the structure function?
• Are the gluons important for the first moment of g1(x,Q

2)? What is their
actual contribution to the spin sum rule? Almost nothing is known about the
polarization of the gluons, even its sign is not known, and its study is one of
the major questions in hadron structure.
• What is the valence and sea decomposition of the polarized quark distributions?

Is the polarized sea, like its unpolarized counterpart, asymmetric? Present
experiments are unable to give a definite answer to these questions and only
recently have data on the valence distribution become available from semi-inclusive
data [2].
• The small x behaviour of polarized parton distributions is a complete

unknown. A recent experiment suggests a rapid rise of gp1 in that region. If this
rise were steep enough, it could cause the saturation of the first moment of g1
at its quark model value. Firm conclusions are not yet possible because of the
large error bars.
• The role of higher twist terms, mainly in some small x data where Q2 is

small, is still to be evaluated; not only their contribution to the sum rules, which
seems to be small [3], but also possible effects on the x dependence [4].

There are other topics to be addressed and those quoted above are only
examples which show that there is much work to be done. We will briefly review
these and some related topics in an attempt to summarise the present status
of the subject. The number of subjects covered is by no means complete and
follows the authors’ interests.

2. The Problem

The proton spin structure function is given by

gp1(x,Q2) =

∫ 1

x

dy

y
CNSq (x/y,Q2/µ2)∆qNS(y, µ2) +

∫ 1

x

dy

y
CSq (x/y,Q2/µ2)∆qS(y, µ2)

+

∫ 1

x

dy

y
Cg(x/y,Q

2/µ2)∆g(y, µ2) , (1)

where theC denote the gluon and quark Wilson coefficients for singlet and nonsinglet
operators and µ2 is the renormalization scale. For three flavours, the nonsinglet
charge is ∆qNS = 1

12 (∆u+∆u−∆d−∆d)+ 1
36 (∆u+∆u+∆d+∆d−2∆s−2∆s) =

1
12ga+ 1

36g
8
a, while the singlet charge is ∆qS = 1

9 (∆u+∆u+∆d+∆d+∆s+∆s) =
1
9∆Σ.

The proton spin structure function measured by the EMC, SMC and E143
experiments are at a different average Q2. Even so, their results tend to agree
if the whole data set is evolved to a common Q2. To perform the evolution,
it is usually assumed that the measured asymmetries are Q2 independent—an
assumption on which we will comment later. Meanwhile, to fix ourselves to a
definite number, we will use the SMC results [5] in conjunction with earlier EMC
and SLAC data:
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∫ 1

0

dxgp1(x,Q2) =

∫ 1

0

dx
Ap1(x,Q

2)F p2 (x,Q2)

2x[1 +R(x,Q2)]
= 0 ·142± 0 ·008± 0 ·011 , (2)

calculated at an average of 10 GeV2. The asymmetry A1 is what is measured
and the unpolarized structure functions F2 and R are taken from previous
experiments. Eq. (2) then predicts that ∆Σ = 0 ·27 ± 0 ·008 ± 0 ·011. On the
other hand, the Ellis–Jaffe prediction for the integral of gp1 at 10 GeV2 is∫ 1

0
dxgp1(x,Q2) = 0 ·176 ± 0 ·006, where O(αs) corrections were included. We

remind the reader that the Ellis–Jaffe result is based on the assumption that the
sea is not polarized and ∆Σ ∼ g8

a is expected to be of order 0 ·6. This discrepancy
between theory and experiment is what is known as ‘the spin problem’ [6, 7, 8].
In the following we discuss the various approximations made to get the quoted
numbers, as well as a few possible solutions to the problem.

3. The Small x Region

Of course, experimentally it is not possible to go to x = 1 or x = 0. In the
case of the SMC the limits are 0 ·003 < x < 0 ·7. For the new E143 SLAC
data [9], the limits are 0 ·029 < x < 0 ·8 and their integral of g1 agrees within
errors with the SMC results. Extrapolations have to be made to cover the
whole x interval. The large x region is well behaved and perturbation theory
predicts that A1→ 1 as x→ 1 [10]. For small x a Regge-type behaviour [11],
gp1 ∝ xα, 0 < α < 0 ·5 [12], has been assumed—with the errors in the quoted
data expressing the uncertainty in α. However, the SMC data show a tendency
to increase for x < 0 ·02. In their analysis of the data, the SMC did not consider
that the measured tendency of the data to rise at small x was enough to motivate
the use of some other extrapolation of gp1 in that region. Close and Roberts [13]
considered a few other possibilities. They are:

(a) −Lnx, derived using the fact that the Froissart bound [14] for the total
unpolarized cross section, σ ≤ Log2 s with s the square of the centre of mass
energy, is saturated. Then g1 ∝ −Lnx follows if one calculates the behaviour of
the spin asymmetry for a vector potential in which case A ∝ 1/sLogs and hence
g1 ∝ −Lnx as x→ 0.

(b) 1/xLn2x. This is derived as in (a) but in this case the potential transforms
like an axial vector.

(c) −(1 + 2Lnx). This was derived by Bass and Landshoff [15] using a model
for the non-perturbative Pomeron exchange simulated through non-perturbative
gluons. Their calculation affects only the singlet part of g1.

According to the data shown by Close and Roberts, the −Lnx and −(1+2Lnx)
forms tend to fit the data, though the last point is missed, while the very singular
behaviour 1/xLn2x tends to fit the data over the whole small -x region. On the
other hand, the extrapolation used by the SMC appears to be somewhat below
the trend of the data. Some comments on these results seem appropriate. First,
in their analysis Close and Roberts extrapolated the individual data of each x to
a common Q2 = 10 GeV2, using the assumption of a Q2-independent asymmetry.
This seems to be contradicted by recent studies of the QCD evolution of the
spin structure functions at next-to-leading order [16, 18]. In fact, if one looks
to the resulting Q2 dependence of the asymmetry as calculated by [16], one
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may conclude that the data used by Close and Roberts may be overestimated
at least for the last two x points. The tendency for the asymmetry to be Q2

dependent in the region of Q2 ∼ 1 GeV2 has been recently corroborated by the
first experimental test on the Q2 dependence of A1 made by the E143 experiment
[17]. Second, the rise of gp1 at small x should be reflected also in the singlet part
of the deuteron spin structure function. However, recent deuteron data show no
signal of a rapid raise of gd1 [19]. Thus a very singular g1 can be ruled out but
the question of its precise behaviour at small x is still open.

4. The Gluon Contribution

It is a fact that the spin sum rule should be satisfied:

1
2 = 1

2∆Σ + ∆g + Lq + Lg , (3)

where ∆g is the total gluon spin and L denotes the z -component of the orbital
angular momentum of the quarks and gluons. Notice that, contrary to unpolarized
deep inelastic scattering where measurements of F2 alone determine the momentum
carried by gluons via the momentum sum rule, measurements of g1 alone are
not able to determine ∆g.∗

According to Eq. (1), the integral of g1(x,Q
2), Γp1, is given by

Γp1 ∼ 1
9∆Σ

(
1− αs(Q

2)

3π
+ ...

)
+ 1

9∆g(µ2)

∫ 1

0

Cg(x,Q
2/µ2)dx , (4)

where the nonsinglet part was not explicitly written, the perturbative result up
to order [20] was shown and the integral over x of Cg was left undone.

In the operator product expansion for g1, there is no gluon operator contribution
to [20], which means that

∫ 1

0
Cg(x,Q

2/µ2)dx = 0. In this case, measurements
of g1 would determine ∆Σ and hence the spin carried by quarks. However, the
operator, ψγµγ5ψ, giving rise to ∆Σ in the OPE is gauge invariant but not
conserved even in the chiral limit due to the axial anomaly [21]:

∂µJ
µ
5R =

αs

2π
TrGµνG̃µν , (5)

where Gµν is the gluon tensor and G̃µν is its dual. As a first consequence, the
matrix elements of ψγµγ5ψ are not the quark helicity of the naive parton model.

It is a property of renormalized operators having an anomalous dimension
different from zero that they will not always have the same symmetry properties
as their classical counterparts. This is a well known fact of quantum field theory
where regularization can spoil some of the classical symmetries. The process of
renormalization should restore such symmetries but in anomalous theories this is
not what happens. Of course, the anomalous dimension beyond leading order is
dependent on the renormalization scheme used, which means that one can always
find a scheme where the anomalous dimension is zero and hence one would have
again the identification of the axial current with spin. However, such schemes
break gauge invariance. So, as the operators appearing in the operator product

∗ As a matter of fact, interpretations of g1 that include gluonic contributions through the
axial anomaly, can be used to constrain the total gluon spin. This will be discussed soon.
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expansion are, by definition, gauge invariant, the matrix elements of the axial
current are not related to the spin carried by quarks and the first moment of
the gluon Wilson coefficient is zero.

With respect to the x-dependence, this would mean that when calculating the
cross sections related to such quantities, one should use renormalization schemes
where gauge invariance is preserved, like MS, in which case it also happens
that chiral symmetry is broken. For the case of the hard gluon coefficient, an
extensive study was done by Bodwin and Qiu [22] where they indeed found that

in schemes where gauge invariance is preserved,
∫ 1

0
Cg(x,Q

2/µ2)dx = 0. If one
uses a scheme involving a cut-off in transverse momentum, where the parton
model is often formulated, one finds that

∫ 1

0
Cg(x,Q

2/µ2)dx 6= 0, in which case
gauge invariance is broken but the axial current is free from the anomaly. It
is then possible to construct, inspired by Eq. (5), a new axial current that is
conserved in the chiral limit with the price that it is gauge dependent [23].

Although, at first sight, this is a high price to pay, we notice that the
decomposition of the spin into its parts in Eq. (3) is not gauge invariant itself [24].
Moreover, the parton model is formulated in a specific gauge, the axial gauge, in
which case the gluon distribution is given by the forward matrix elements of the
gluon operator in Eq. (5). Hence one can, in principle, express Γp1 in terms of
the quark and gluon spin. This is a very fragile interpretation, valid only in the
axial gauge but, again, it is this gauge that is used to define parton distributions
as well. If we change gauge we no longer have a clear quark and gluon helicity
decomposition but neither do we have the parton model. Finally we note that
up to large gauge transformations, like the ones that change the topological
number, the forward matrix elements of the conserved axial current and gluon
operator are gauge invariant [6]. As a conclusion, it seems that if one wants to
talk about spin carried by quarks, then one should use a renormalization scheme
that allows such a thing, like the cut-off scheme, and also a gauge where such
interpretations through the parton model are allowed.

In the parton model formulation where the gluons contribute to Γp1, the sum
rule has usually been written as [8]

Γp1 = (ga + g8
a)

(
1− αs

π

)
+ 1

9∆Σ

(
1− αs

3π

)
− 1

3

αs

2π
∆g , (6)

where ∆Σ is the spin content of the proton and three active flavours are considered.
However, a recent study where the quark masses are treated consistently has
shown that for the momentum transfer of the present experiments, Eq. (6)
overestimates the strange quark contribution [25]. Moreover, it was also shown
that there is a sizable charm contribution that should be taken into account. In
practical terms it means that if we blame the discrepancy between experiment,
Eq. (2), and the Ellis–Jaffe sum rule entirely on the gluon term in Eq. (6), ∆g
is reduced from 3 ·04± 1 ·4 to 2 ·32± 1 ·06 at 10 GeV2 if the quark masses are
treated correctly and charm is included.

The discussion of the polarised glue is far from settled. For instance, Jaffe [26]
recently calculated ∆g in various nucleon models. His results suggest that ∆g
is negative in any model for the nucleon, independent of its particular structure.
Moreover, he concludes that the sign of the polarized gluon is directly related to
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the N −∆ splitting: a negative ∆g results from the fact that the ∆ heavier than
the nucleon. If ∆g were positive, the ∆ would be lighter than the nucleon. His
conclusions are supposed to be valid at the scale of the model. If QCD evolution or
(in his calculations) the omission of gluon self interactions do not change the sign
of ∆g, one would be forced to accept a negative ∆g, in which case the proton spin
problem would worsen. However, even the connection between the sign of ∆g and the
baryon spin splitting used by Jaffe has been challenged by another recent calculation.
In a study of lattice QCD, Liu [27] calculated some hadron properties in a valence
approximation, where one gluon exchange is not switched off. He found that the
nucleon and the ∆ were degenerate, in contradiction to the many nucleon model
calculations where one gluon exchange is used to justify the baryon spin splitting.

To help resolve these questions, there are a few experiments planned in the
near future aimed at measuring ∆g through charm production [28] or gluon
fusion in pp or Drell–Yan processes at the RHIC [29]. The measurement of ∆g
would be one of the landmarks in the study of hadron structure.

5. Results from Lattice QCD

Motivated by the experimental results, a few groups [30] have engaged in
the calculation of ga, g

8
a and ∆Σ in lattice QCD. So far, all the results have

been obtained in quenched QCD but they are separated into connected and
disconnected insertions, with the latter being identified with the sea quarks
and the former containing both valence and cloud∗ contributions. In general,
only gauge invariant operators are used which means that the ∆Σ calculated
is directly related to the measured and previously quoted ∆Σ but it is not
related to the quark spin content of the proton. We now quote a few results
with some comments. The Kentucky group [32] calculated ∆Σ = 0 ·25 ± 0 ·12,
ga = 1 ·2 ± 0 ·1 and g8

a = 0 ·61 ± 0 ·13, where both connected and disconnected
contributions are included. Interesting enough, in the connected approximation,
they also found ∆Σ/ga < 3/5, the value expected from SU(6). However, if the
valence approximation was taken (the cloud quarks in the connected graphs are
disregarded), they indeed got the 3/5 from SU(6), in a remarkable result.

Other works, like the calculations by Fukugita et al. [31], also found similar
results, with the exception of ga: ∆Σ = 0 ·18 ± 0 ·1, ga = 0 ·985 ± 0 ·025 and
g8
a = 0 ·509± 0 ·12. Remarkably, ga is around 20% smaller than the experimental

value. Moreover this result seems not to depend on the quenched approximation
[30]. On the other hand, the result for ga from the Kentucky group tends to
agree with the data, contrary to the world average of ga in lattice calculations
[30]. The large value of ga obtained in [32] may be related to the small number
of gauge configurations used there [33]. In any case, it seems that the origin of
the problems with ga in the lattice is open, a disappointing observation in view
of the fact they tend to get a reasonable value for ∆Σ.

6. The x Dependence

Although much attention has been paid to the first moment of g1, not many
calculations have been made for its x dependence. That is to say, besides the
many parametrizations for the polarized parton distributions [16], there are very
few predictions based on a genuine model of the nucleon structure. We will

∗ Cloud means that the connected quark lines form a connected loop.
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Fig. 1. Polarized valence up-quark data from the SMC against bag model predictions.

show some results from the Adelaide group [34, 35] noticing that there are others
around. These calculations involved the use of bag model wave functions as an
approximation for the proton wave function. The corresponding leading twist
parton distributions were then evolved [35] in leading and next-to-leading order
QCD evolution to the scale of the experiments. The resulting agreement between
theory and experiment is very rewarding especially because of the simplicity of
the model and the fact that all the free parameters were fixed in the unpolarized
total valence distribution. Then all the curves for the polarized distributions
shown in Ref. [35] are predictions of the model. In Fig. 1 we show one of the
predictions of the model against the very recent data from the SMC [2] for the
polarized valence distributions. We note also that the calculated value of the
Ellis–Jaffe sum rule agrees with usual expectations with its value being ∼ 0 ·17.
In these calculations, the anomaly is not present. If we then follow the work
of ref. [25] where the x dependence of the anomalous gluon contribution was
calculated, we see that it can affect the x dependence of gp1 calculated in ref. [35]
exactly where it overestimates the data.
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