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Summary

Graphical squares of two types are used for calculating the results of inter-
comparisons of standards of length, mass, and other quantities, and the results of
calibration of scales. By means of graphical squares, estimates of the true values
or ““ improved ”’ values are obtained from observations. From the differences between
the improved and observed values, the residuals, a measure of the accuracy of the
intercomparison, may be obtained. In this paper expressions are derived which enable
the calculation, from the residuals, of accuracies of observed values, of improved values,
and of various quantities derived from the improved values.

I. INTRODUCTION }

In the maintenance of standards, much use is made of intercomparisons
by which several nominally equal standards are compared in all possible pairs.
The results of such comparisons in pairs are used to form a so-called graphical
square. The graphical square enables the calculation by simple arithmetic of
improved values for the differences between the standards. Such a graphical
square is illustrated by Johnson (1923, Fig. 19).

From the residuals obtained by subtracting the observed value for each
difference between a pair of standards from the corresponding improved value,
it should be possible, of course, to calculate the accuracy both of the observed
values and of the improved values. Johnson, however, gives no indication
of any method whereby the accuracies can be calculated from the residuals.

One of the uses of the type of square mentioned above is the intercomparison
of the main divisions of a standard scale. However, this type of square is not
suitable for the calibration of the subdivisions of the main divisions of a scale,
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and for this work a second type of graphical square is used, resulting from the
comparison of each subdivision of one main division with each subdivision of
another main division. Such a square of the second type is shown in Figures
20 and 21 of the above-mentioned article (Johnson 1923).* But here again no
mention is made of any method for calculating accuracies from the residuals.

The discussion in this paper will be confined mainly to the calibration of
scales, circular and linear, but the expressions derived are applicable to inter-
comparisons of quantities of many kinds. For example, although one set of
expressions has been derived by consideration of the calibration of the main
divisions of a linear scale, the set of expressions is equally applicable to the
results of comparing, say, four 3 in. slip gauges in combination against a known
12 in. end bar, and of intercomparing the four slip gauges in pairs, or of comparing,
say, five 200 g. masses against a known kilogram and of intercomparing the five
200 g. masses in pairs.

II. ACCURACY OF RESULTS FROM A SQUARE OF THE FIRST TYPE
(@) Procedure for Use of Square

The method of using a graphical square of the first type is given in detail by
Johnson (1923) and for convenience is summarized below. The method is
described in the above article for the case of 10 quantities, but in the following
the general case is taken where there are n quantities intercompared in all
possible pairs. Table 1 represents a partly completed square for n quantities.
oy, Gg - - - 5 &, are the true values of the quantities or, since we are usually
comparing nominally equal quantities, the true departures from their nominal
values. For definiteness, the first interpretation will be wused below.
€19y €13 - - - 3 €n—1n are the errors in measurement made in the comparisons.

The observed differences between quantities, such as y,=a; —ay4-€;5
are entered, as shown, below the diagonal line, and again entered with a change
of sign in the appropriate spaces above the diagonal.

The observed differences are added in columns and the sums entered in the
M row. Each sum is divided by # and the resulting mean values are entered
in the M row.

The square is now at the stage shown in Table 1, excluding the last two
TOWS.

The improved value for a difference between any pair of quantities is given
by the difference between the corresponding M values. It can be shown that,
in fact, the graphical square gives a least squares solution for the }n(n—1)
observational equations. For example, (M ,—M,) is the best (least squares)
value corresponding to the true difference (o; —ot).

The values of these improved estimates, (M,—M,), (ﬂl—ﬂ3), etc., are
calculated and entered in the appropriate spaces of the square. Each improved
estimate is subtracted from the corresponding observed difference and the
resulting residual also entered in the appropriate space.

* An example of a square of this type is given in Table 3 of this paper.
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These residuals, as stated by Johnson, are a measure of the accuracy of the
whole comparison. In the following, expressions are derived enabling accuracies
to be calculated from the residuals.

TABLE 1
SQUARE OF THE FIRST TYPE
oy 22 En—1 &,
oy Y12 Y1 n—1 ~Yin
2] Y12 : —Y2 n—1 Y2 n
- ! - :
1 ' ' ~ ' .
: X AN i
' ' o \_\g . o
Oy—1 Y1 n-1 Ya n-1 “Yn-1n
o, Yin Y2 n Yn-1n
M M, M, M, M,
M M, M, M, M,
M  adjusted
for departure — A — A — A — A
of overall M, +rf M, +7—z My +7T, M, +1T
length
Progressive P,= P2=1Tl1 P, =M,+.... P,=M,+....
total — A4 - — A — A _
M+, +M,+2 FMp i+ i1 | +M,+A=4

Reverting to the procedure for obtaining the results and leaving for the
moment the matter of their accuracy, it will be noted that the procedure has
been outlined to the stage of obtaining improved estimates of the differences
between the quantities concerned. In many applications this is all that is
necessary. For example, when several end bars, several masses, or several
overall lengths of line standards have been intercompared, the aim is simply
to obtain improved estimates of the differences between the quantities. One
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or more of the quantities is known, and the values for the others can be deter-
mined from the known values and the appropriate improved estimates of the
differences.

It happens sometimes, however, that the sum of the quantities compared
is known, but none of the individual quantities. This would happen, for example,
when five unknown 200 g. masses have been compared with a known kilogram
and then intercompared in pairs. The sum of the five 200 g. masses would then
be known, as would the improved estimates of their differences. Again, in the
calibration of the main divisions of a line standard, the divisions are inter-
compared in pairs and improved estimates obtained for their differences. The
overall length of the standard is known, and it is necessary to determine the
value of each main division from the known sum of the main divisions (i.e. the
overall length) and the improved estimates of the differences.

In such cases the square is extended as indicated in the last two rows of
Table 1 where A is the value assumed for the sum of the quantities o, «tg, . . .y &,

In the example given above relating to five 200 g. masses, the improved
value for each-mass would be given by the appropriate space in the second last
row of Table 1.

In the case of the line standard, the improved value for each main division
would be given by the second last row, and the last row would give improved
values for all the main intervals of the standard starting from one end.

If the procedure given by Johnson for the intercomparison of the main
divisions of a line standard is followed exactly, it will be found that compartments
of the square which are diagonally adjacent contain a common error and are not
independent. If all the observations are repeated, it is possible to choose
observations alternately from the two sets and combine them to form two squares
in each of which the observed values are now wholly independent. The results
from the two squares are used as a check upon each other.

The analysis by the methods set out below applies to either of the two
squares formed as described.

(b) Statistical Investigation of a Square of the First Type
Denoting the observed differences between quantities whose true values
are a; and o; by y,;, it is seen from Table 1 that
yij=ai——o€j+6,—j, .................. (2.1)

with =1, 2, . . ., n—1 and j=i+1,4+2, . . ., n. Let it be supposed that all
the errors ¢;; are independent random variables with zero means and a common
variance ¢,

If the true value of the sum of all the quantities is known, A say, then the
«’s must be estimated from the observations subject to the restriction that

%oc,- —A. The best linear unbiased estimates may be obtained by the method
1

of least squares.*

* All the statistical concepts and theorems used below may be found, inter alia, in Mood
(1950).
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The normal equations are found by minimizing

n—1 n
z . Z (y;; —2; +-7f'j)2
t=1 j=t+1
n
by choice of oy, otgy . . ., &, With Za;=A. They are easily seen to be
1
I LN .
Mj=naj—21aj U=1,..,m), .cve.... (2.2)
that is,
A A
aj_.M-j—I——n. ............................ (2.3)

The residuals v,; are defined by
V=Y _&i+&j =Y;—M;+M; ............ (2.4)
and an estimate S,2 of 6,2 can be found by dividing the sum of squares of these

residuals by the number of degrees of freedom associated with it. This number
is given by the general rule :

degrees of freedom =(number of observations)
—(number of independent constants estimated).

In the present instance, there are

n(n—1) _(m—1)(n—2)
5 ="
degrees of freedom. Thus the estimate of ¢,2? is
n—1 n
X X ot
2__o i=1 j=i+1
8y2=2 (n—L)m—g) it (2.5)
By using the equation (2.4) it may be verified that
S Sy %oyl Sue (2.6
V. 4= P % i e .
i=1 =i4l 7 =1 j=i+1y” n =1 ’ )

If a calculating machine is being used, (2.6) leads to the most expeditious
method for computing 8,2

It is now necessary to find the variances of the estimates of «’s and functions
of them. In their derivations, account must be taken of the fact that every
pair of M/’s has a term in common.

Thus
A A _20'02 (i=1,.. ., n=1)
var (o; aj)——n— G=l-+i,. .. n) 7 ° (2.7)
var (P,)=var (&;+. . .+a,)
rnm—r
= (/':'/2 )602 (r=1’ DT ’n). cs s (208)

In particular, (2.8) with r=1 gives

n—1

var (62,.)=Tco (=1,. .. %) .evu.. (2.9)
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The case of a circular scale may be given as an example in which the sum of
the unknown quantities is known exactly. Here the unknown quantities are
the true values of the main divisions of the 360° used for a square of the first
type.

For a linear scale or a group of equal masses the sum of the unknown
quantities is never known exactly but merely through another measurement.
Then A will be subject to error with variance ¢,%, say. Under these circum-
stances, the best method of estimation is complicated. The most practical
method is to use the above estimates of the «’s (2.3) and take account of the
error in 4 when finding the variance formulae. Then the procedure and results
are exactly as before except (2.8). This becomes now

var (P,) =7%2[r(n—r)602—|—rch] (r=1,. .., n) ....(2.10)
Again, in particular, (2.10) gives with r=1
var () =%[(n—1)602+c,,2] (G=1,. . o ). ....(2.11)

To use (2.10) or (2.11) an estimate of ¢,2 must be available from a previous
investigation.

Naturally 8,2 of (2.5) and (2.6) will be used for 6,* in (2.7) to (2.11).

Thus, for a linear scale, the best estimates of the main divisions are found
from a square as in Table 1 and the estimates of the accuracies of the quantities
of interest are found from (2.5), (2.6), (2.7), (2.10), and (2.11).

For a circular scale the same square is used but (2.8) and (2.9) replace
(2.10) and (2.11) in accuracy calculations. It will be noted that

var (P,_,)=var (P,)
and that the maximum value of var (P,) occurs for r=n/2 (n even) and
r=(n41)/2 (n odd). This is illustrated by the broken line curve of Figure 2.

When several nominally equal standards are compared, the last row of the
square in Table 1 is omitted since it is devoid of interest. ‘

1II. ACCURACY OF RESULTS FROM A SQUARE OF THE SECOND TYPE
, (@) Description of Square
This type of square is used when each subdivision of a main division of a
scale has been compared with each subdivision of another main division.
Such a square is shown in Figures 20 and 21 of the previously mentioned
-article (Johnson 1923), and the method is described for the case of two decimetre
divisions of a metre scale, each subdivided into 10 centimetre divisions.* In
the following the general case is taken of a scale divided and numbered as
in Figure 1. . ‘
The graphical square of Table 2 refers to the comparison of each of the m
subdivisions of the (P-+1)th main division with each of the m subdivisions of

* In Table 3 is given another example of a square of this type.
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the (@ +1)th main division. The method of representation of divisions is such
that, for example, the (P+1)th main division is represented by P/P+m, and,
for example, the third subdivision of the (Q -++1)th main division is represented
by @-+2/Q+3.

TABLE 2

SQUARE OF THE SECOND TYPE

P[P+1 |P+1/P+2 Pim—1P+m S | M | _p D0, @
m m2
) . - G Dy -
Q/Q+l Zn 291 Zm R1 Rl —+J_R1
m?:  m
5 G Dy -
Q+1/Q+2 212 239 Zma Rz Rﬁ —_ + ‘Q__Ig2
m?:  m
1 ' | l o
| | | | ! i I
I I | | ! | I
| I I I ! [ I
= G Do -
Q+m—1/Q+m 21m Z2m Zmm B, R, —+"E—Rm
m?: m
N C, C, C’m G
s = = G
M C, C, Ch hud
m
D, @ |~ Dp @ —~ D, @
My o+ L _Zr_
+m m? 1-}_m m2 m o m2
Progressive
totals .. P, P, P, |
| i

In connection with Table 2 the true lengths of the subdivisions of P[P +m
are represented by 8, &, . . ., §,, and the true lengths of the subdivisions of
Q/Q+m are represented by 0, 0, . . ., 6,. A typical entry in the table, z,;,
stands for the observed difference between the ith subdivision of P[P+m and
the jth subdivision of @/@+m. If the error in the comparison is e;; then
2;=08;—0;4e,;.
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The rows and columns marked S and M contain respectively the sums and
means of observed differences, the grand total being shown as @. The second
last row gives the mean values 5]. adjusted to give the improved values of the
lengths of the subdivisions of P/P-+m as derived below. It will be noted that
the adjustment consists of the addition of D,/m (where D, is the estimate of the
main division P/P-+m obtained from a square of the first type) and of the
subtraction of G/m2. G/m, being equal to (X, 5—= 6) is the difference between
the main divisions P/P +m and @/Q +m as obtained from the square of Table 2.
It can be shown that the adjustment for obtaining the second last row of Table 2
is identical with that given by Johnson (1923, Fig. 20).

bt bt

Fig. 1

The last column of Table 2 gives the mean values Rj adjusted to give the
improved values of the subdivisions of @/Q +m as derived below. It can again
be shown that the adjustment is identical with that given by Johnson. The
last row of Table 2 gives progressive totals of the row above, i.e. the improved
values for the intervals P/P+1, P/P+2, . . ., P/[P+m of the scale. The corres-
ponding column has been omitted from Table 2.

If the procedure given by Johnson for obtaining the observed differences
is followed exactly, the errors e, €;5, . . . Will not be independent. As described
in Section II, two intercomparisons can be made and alternate entries from the
intercomparisons made into two squares such as Table 2. If this is done the
©ITOTS €5, €49, - - . in each square are independent, the results from one of the
squares giving a valuable check on the results of the other. The analysis given
below is based on the assumption that the errors are independent.

(b) Statistical Investigation of Square of Second Type
Denoting the observed differences of the subdivisions by 2;;, the observations
in Table 2 may be written as

2;=3,—0;4¢;, (4,j=1,2,. .., m) .... (3.1)
where the ¢;’s are assumed to be independent with zero means and a common
variance o, 2 As in Section II, the most satisfactory method of estimation is

least squares, modified to take account of the estimates of the lengths of the
main divisions.

%8,. and g‘:ﬂj represent the true lengths of the main divisions which will have
1 1 ‘ )

been estimated from a square of the first type. Let the appropriate estimates
be

Dp=0,4, Do=a, (t#r+1)
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in the notation of Section II (b). Thus, &, 8,, . . ., 3, and 0, 0,, . . ., 6, would
ideally be estimated by least squares subject to the restrictions

m A m A
28,-=0C,+1, 26_,=0C,.
1 1

The normal equations, obtained as before, are

ma A .
R;=X3,—mb; (j=1,2,.. ., m),
1 N ma .. (3.2)
C;=ms; —Xb; (t=1,2,. . ; m).
1

It is evident that only one restriction can be imposed upon the solutions of
(3.2). Let it be that

m A
D P (3.3)
Then
j=°‘$1_1’;:j, .................... (3.4)
% G
S, 0,+°-‘7%1 e reeeteaseannts (3.4')
If the restriction
m A
O, =, i i (3.5)
1
is used, the estimates are
XA A @
9= i_'__F:’ ...................... (3.6)
a G &t 5} ’
e,="72+?7',— AR I I I I I S (3 6 )

The estimates used by Johnson are (3.4') and (3.6’).

The residuals are given by
R R W5 =%;; —8i+6j7
where 9; and 6, are defined by (3.4) and (3.4') or (3.6) and (3.6").
Thus
R, O, @
5= " i

These are the residuals obtained by the method of calculation given by Johnson.
It may be shown that

.............. (3.7)

m m m m SR2 Y02 @2
X2 Ywi=3¥ Yg2_ i i T .
i=1 j=1 7 =1 j=1zU m m +m2' - 38)
This sum of squares carries
m2—(2m —1)=(m —1)2
degrees of freedom, so that the estimate of c,% 8,2, is given by
m m
Y w2
Sp=i=tj=1 ¥ (3.9)
(m—1)*
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When computing (3.9) with a calculating machine, use should always be made
of (3.8).

The variances of the estimates 6j, §i from (3.4) and (3.4’) are found to be

var (§,)= — o (3.10)
var (5,) =Var"£:""“) +(mm—21)652- ........ (3.11)

When the estimates from (3.6) and (3.6’) are used, the terms containing o2
in (3.10) and (3.11) are interchanged. When the procedure described by
Johnson is followed, both estimates have the variance

var (%) , (m—1)
m? o+ m? o

The variance of the estimate §1+§2+. . .+§z=Pz of the sum of the
lengths of the first 2 subdivisions is given by

vér (P,)= :-rﬁ[z(m —=2)c,2+42% var (&,H)]. ........ (3.12)

IV. ACCURACY OF THE ESTIMATED VALUES OF INTERVALS OF A SCALE,
EACH INTERVAL STARTING FROM ZERO GRADUATION

The full procedure for the calibration of a scale (linear or circular) can now
be summarized.

The scale is regarded as being composed of n main divisions o, otg, . « +, 0y,
each of which has m subdivisions.

The main divisions are intercompared and the results worked up in a square
of the first type. This square gives estimates of a;, ®p a3 . .. and also
of oy, oy fotg 0y tagt-otgy . . .

Two divisions are chosen (the choice being made on non-statistical grounds)
and the m subdivisions of one are compared with the m subdivisions of the other.
These divisions are denoted by P/P-+m and @/Q-+m so that the subdivisions

are denoted by P/P+1, P+1/P+2, ... P+m—1/P+m and @Q/Q+1,
Q+1/Q+2, . .., @Q+m—1/@Q+m. In Section III, the true values of these
subdivisions were denoted respectively by 8;, &, . . ., 3, and 0y, 65 . . ., 0,.

Estimates of these subdivisions and their progressive totals were obtained in
Section III from a square of the second type.

It remains to obtain estimates of the intervals O/P +1,0/P+2,. . .,0/P+m
and 0/Q+1, 0/Q+2, . .., 0/Q+m, and expressions for accuracy of these
estimates. Consider generally the estimation of O/P+4z. If P/P+m is the
(r+1)th main division, then ‘

O/P +e=(oy+ag+. . -+0)+(34+8+. . .+3). .. (41)
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So that, by (2.3) and’ (3.4"), estimate of
O/P+2=(y+ag+. . .+a)+(8+8+. . .+5,)

=(f[1+1172+. . .+II,+¢4)+(O‘1+(72+. . .+5,+z°"+1—z—§).
n m m
.................... (4.2)

Thus the estimate of O/P +-z is simply the sum of the two appropriate progressive
totals in the squares of Tables 1 and 2.
Now

var (est. of O/P 4z)=var (&1—}—&2—}-. . .+3c,) -+var (§1+§2+. . .+§z)
+2 €OV (&g +0gt- - -4y 81+ det. . .45,
...................... (4.3)
The first two terms of (4.3) are given by (2.10) and (3.12).
To find the last term, it will be noted that

~ A A A 2 A A A
cov (O(.l-|—. . -+a,’ 81"‘. . '+82)=ﬁ cov (“1+- . .+0Cr, ar+1)
2 A A
=m oV (etyy Gpra)

re
%‘W(G 42 —0o%).

Combining results,
) 2
var (est. of O/P 4-z) ———7—&1—,;[7'(% —7)642+1%6 ,2] +7%§[z(m —2)6, 2 +Z~2{(n —1)642+6,%}]

2rz
W [a‘,z—coz], .................. (4-4)

which may be rearranged to give

var (est. of O/P+2) =m21/n2[cr,,2{(rm2 +2%)(n —r —1) +r(m —=)?}

+0,.2n%(m—2)+c,2(rm+2)%]. ...... (4.5)

In the case of a circular scale where A is known exactly, the same result with
6,2=0 applies.

V. SUMMARY OF SYMBOLS AND EXPRESSIONS RELATING TO ACCURACY FOR
GRAPHICAL SQUARES OF BOTH TYPES AND FOR COMBINED RESULTS FROM
SQUARES OoF BoTH TYPES

(@) Square of First Type

Number of quantities intercompared =n. :
Number of comparisons =in(n—1).*
Residual, i.e. observed difference minus

improved estimate =9.
Estimated variance of value used for sum

of quantities intercompared =8 2

* Note that each of the comparisons must be statistically independent of the remainder.
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2
Estimated variance for observed differences =8,2= ———220——*
(n—1)(n—2)

Sod=Ty? M2

Estimated variance for improved estimates

of differences =var (&,-—&ﬂ:%soz.
Estimated variance for improved estimate 1
of each quantity =var (o;) =%§[S A2+ (n—1)84%].

Bstimated variance for progressive total of
improved estimates of quantities up to 1
and including the rth quantity =var (P,) =;L—2[728 2Fr(n—r)8yl.

(b) Square of Second Type
Number of subdivisions of a main division=m.

Number of comparisons =m27
Residual, i.e. observed difference minus
improved estimate =w.

Estimated variance for improved estimate 1
of a division from a square of the first type =var (8y41) _—7[2-[8 24+ (n—1)8y2].
Estimated variance for observed differences 1
between subdivisions =82=——"Zw?2
S (m—1)2
2
Swi=set—Lxre_Lyoey &
m m m

Estimated variance for improved estimates

of differences between subdivisions =var (6, ——§,-) =i2-(2m —1)8,2.
Estimated variance for improved value of
each subdivision , =var (0;)=var (3;)

1 A 1
=me var (oty+1) +W(m —1)%82
BEstimated variance for progressive total of
subdivisions up to and including the zth
subdivision =var (P,)
1 A
= (2% Var (3,11) +2(m—2)8,%].

(¢) Intervals from Zero Graduation
Estimated variance for value of interval,
O/P 4=z, this value being obtained by
adding the values for the first » main
intervals, to give O/P, and the value for
the subinterval P/P 4z _ =var (est. of O/P+?)
— L 18,2{(rm2 %) (n—r —1) +r(m—2)2} -+ ne(m —2) +8 2(rm+2)2].

m2n2

* Note that the number of »’s used in obtaining Zv? is $n(n—1), i.e. the number is that of
the comparisons made and not the number of compartments in the square which is n(n—1).
+ Note that each comparison must be statistically independent of the remainder.
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VI. EXAMPLE OF GRAPHICAL SQUARE METHOD APPLIED TO THE
CALIBRATION OF A CIRCULAR SCALE
The graphical square method of calibration was used some time ago in
the calibration of the scale of the 40 in. circular dividing engine of the Division
of Metrology made by the Société Génevoise de Physique.

The first stage was the intercomparison of the twelve 30° divisions of the
scale, using a graphical square of the first type for calculating the results. The
second stage was the comparison of each 5° subdivision of one 30° division with
each 5° subdivision of another 30° division. This was done six times to cover
the six pairs of 30° divisions, the results being calculated using 6 X 6 squares of
the second type. The third stage was the comparison of each 1° subdivision
of one 5° division with each 1° subdivision of another 5° division. This was done
36 times, the results being calculated using b x5 squares of the second type.

For this example, only the first and second stages will be considered, and
the square of the first type used for the intercomparison of the 30° divisions is
not reproduced, the method being quite simple. It is considered advisable to
reproduce one of the squares of the second type.

The square shown in Table 3 is one of the squares used for the second stage
of the calibration. The complete square is shown, in the form given by Johnson.
Comparing Table 3 with Table 2, it will be seen that the additional items shown
in Table 3 are improved estimates (at the top of each compartment), residuals
(at the bottom of each compartment), a column corresponding to the last row
of Table 2, and a row and a column giving values for the intervals from zero and
making use of the values obtained for the intervals 0/30 and 0/210 with the
square of the first type. If the value of Xw? is to be calculated using (3.8),
there is no need to include in the square improved estimates of differences
or residuals.

The observed differences entered in this square (as for all the othei‘ squares
used) were obtained alternately from two independent sets of values in order
that all the errors of measurement in the observed values should be independent.
It was permissible, therefore, to make use of the expressions derived in this
paper to calculate the accuracies.

The sum of the squares of the residuals in Table 3 is 2-0016 and therefore
VZw?=1-415 sec.

The standard deviation for the observed differences

8= 1oV,  with m—S,

=0-28 sec.

The estimates, 9,2 of the variances for the six squares of this stage were
pooled, and the pooled value of 8, found to be 032 sec.

The standard deviation of the observed differences for the square of the
first type, 8, calculated from the residuals of this square, was found to be
0-33 sec.
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The third basic standard deviation, §,, that of the value used for the total
length of the scale, is in this case equal to zero.

From the above basic standard deviations, the accuracy of all the results
of the calibration were computed using the expressions summarized in Section V.

It is of some interest to show how the accuracies vary for the different
intervals starting at the zero graduation.

From Section V, the standard deviations for the improved values of the
intervals 0/5, 0/10, . . ., 0/355 are given by the expression for var (est. of O/P+2)
with §8,=0, n=12, m =6, ‘

and r=1,2,.. .12, -
z=1,2,... 6.
0-8S p= .

0+6S

0-4S
o

0-2s

STANDARD DEVIATION FOR INTERVAL

-+

/

S | I | | | ] | 1 | | |

o " o/eo of120 o/180 o/24a0 o/300 o/360
INTERVALS OF SCALE (DEG.)

Fig. 2.—Twelve divisions of 30° compared using one graphical square of
first type. Twelve subdivisions of 5° compared using each of six graphical
squares of second type.

S=standard deviation of observed differences.

It will have been noted that the computed values for S, and S, were closely
equal. Assuming, therefore, that 8, and S, have a common value 8, and
substituting for 8,, n, and m, we have ‘

Bo/p+:= % 1/ {432r 18642 —12r2 —36r2 —13322}

with r=1, 2, . . ., 12,
#=1,2,. .. 6.
These values of 8, p., are shown in the graph of Figure 2. The points

joined by the broken curve refer to the intervals obtained solely from the square
of the first type.

VII. ACKNOWLEDGMENTS
Acknowledgments and thanks are due to the following officers of C.S.I.R.O.
Mr. Macintyre of the Section of Mathematical Statistics first indicated the
possibility of the work reported by deriving an expression for the accuracy of



170 . P. M. GILET AND G. S. WATSON

improved estimates of differences for a 4 X 4 square of the first type. Mr. W. A.F.
Cuninghame of the Division of Metrology derived the corresponding expression
for a generalized (n Xn) square of the first type. Miss P. M. Yelland rendered
valuable assistance in checking some of the later work and Miss J. M. Totolos
asgisted greatly in preparing the paper for publication. Thanks are also due to
Dr. Cornish of the Section of Mathematical Statistics for checking for accuracy
all the derivations and expressions given in the original form of the paper.

VIII. REFERENCES

JornsoN, W. H. (1923).—Comparators ; in ‘ Dictionary of Applied Physics.” (Edited by Sir
Richard Glazebrook.) Vol. 3. pp. 232-57. (Macmillan & Co.: London.)
Moop, A. M. (1950).—* Introduction to the Theory of Statistics.” (McGraw-Hill: New York.)





