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Summary

The calculation of the galvanomagnetic, thermomagnetic, and thermoelectric
effects in those isotropic metals and semiconductors which can be represented by the
two-band model is simplified and extended to cases not previously treated. General
expressions are obtained for effects involving time-independent electric fields, magnetic
fields, and thermal gradients. Analytic formulae are given for the isothermal galvano-
magnetic effects when a high frequency electric field is applied together with a time-
independent magnetic field.

Throughout, emphasis is placed on coefficients which are experimentally or
theoretically important. The paper concludes with an appendix on the estimation
of parameters occurring in the two-band model of metals and semiconductors.

I. INTRODUCTION
The exact calculation of the galvanomagnetic, thermomagnetic, and thermo-
electric effects in isotropic metals or semiconductors is extremely difficult and
has not. yet been attempted. Approximate treatments have been developed
by many authors (e.g. Wilson 1953, Ch. 8 ; Donovan 1954 ; Madelung 1954),
but even these are complicated. Our object in the present paper is to show how
these approximate calculations may be simplified and extended.

The two main stages in all these approximate treatments are :

(1) the derivation from the Boltzmann transport equation of expressions
for the electric and thermal current densities in terms of the applied electric
fields, magnetic fields, and thermal gradients ;

(2) the calculation from these equations of formulae for the above effects.

Due to the complex structure of real metals and semiconductors it is necessary
to base stage (1) of the calculations on some simplified theoretical model. In
past work, the free-electron model and the two-band model have been the two
most frequently employed. Since the two-band model (Wilson 1953, pp. 43,
198-9) is the most general one for which the calculations can be carried to
completion, we adopt it in the present discussion.

For the most- commonly studied effects which are either one-dimensional
(e.g. conductivities) or two-dimensional (e.g. Hall effect), two components of
each current density must be specified. In the past, one equation has been given
for each component (cf. Wilson 1953, p. 219 ; Donovan 1954 ; Madelung 1954).
Recently, however, Dingle (1956) has shown that, if two imaginaries are used
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ingtead of one, it is possible to describe the two electric current components with
only one equation. This work, which suggested the present investigation,
indicated that a simplification could probably be effected in the calculation of
the isothermal galvanomagnetic effects.

Dingle based his treatment on the one-band (free-electron) model and
agsumed that harmonically varying electric and time-independent magnetic
fields were applied. In order to simplify the calculation of the galvanomagnetic, .
thermomagnetic, and thermoelectric effects for the isotropic two-band model,
both the electric and thermal current densities are required for the case when
time-independent thermal gradients also exist. To satisfy these requirements
it is necessary to extend Dingle’s work. This is done in Section II, where two
equations (2.9, 2.10) are obtained for the current densities to replace the four
customarily introduced in earlier work.

Previously, stage (2) of the calculations has been attempted separately for :

(a) steady electric field effects in (i) metals (e.g. Wilson 1953, Ch. 8) and
(ii) semiconductors (e.g. Madelung, loc. cit.) ;

(b) high frequency electric field effects in (i) metals (Donovan, loc. cit. ;
Donovan and Sondheimer 1953), and (ii) semiconductors (left untreated).

In the present discussion, we still consider (a) and (b) separately (Sections
III, IV) as the effects in each case are of basically different type (cf. Section
IV (b)). As most of the important effects in (a) have been calculated previously,
our main object here is to simplify these calculations. However, in (b) past
work has been confined to metals, and, moreover, the results obtained for the
" surface resistance and magnetoresistance have only been extracted numerically
(Donovan, loc. cit.). Here, our main aims are to extend the calculations to
include semiconductors, and to obtain analytic expressions for the principal
galvanomagnetic effects.

For both (@) and (b), most previous authors appear to have been primarily
interested in either metals or semiconductors, not both, and consequently their
results apply to either the one or the other. In the present paper, we derive
(Sections III (¢), IV (b)) general formulae which may easily be specialized to
either case.

II. GENERAL EQUATIONS FOR THE ELECTRIC AND THERMAL CURRENT DENSITIES

As indicated in the introduction we base this first stage of the calculations
on the metal or semiconductor model in which there are two conduction bands
of standard form (Wilson 1953, pp. 43, 198-9). The band of greater energy is
assumed to be normal (i.e. the charge carriers are negative) and that of lesser
energy inverted (positive charge carriers). We make the usual assumption
that these bands are independent, and therefore we may consider each one
separately.

(@) Normal Band
The following derivation of the formulae for the current densities broadly

follows that given by Wilson (1953, p. 210), but with modifications suggested
by Dingle’s paper (loc. cit.). We assume that a ‘“ universal ” time of relaxation
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can be defined, and therefore in the presence of harmonically varying electric
fields, and time-independent magnetic fields and thermal gradients, the Boltzmann
transport equation may be written (in Gaussian units) :

(~2TC€/h)(E+0_1V/\ H) 'gra’dkfn +V 'gra’dl'fnz _(fn _fOn)[(l +inn)/Tn]7
............ (2.1)

where i2= —1, ¢ is the numerical electronic charge, v, r, and k are respectively
the velocity, position vector, and wave vector of the electrons, 1, is the relaxation
time, f, and f,, are the equilibrium distribution functions of the electrons in the
presence and absence respectively of applied fields, E is the electric field which
is proportional to ei®!, and H is the steady magnetic field. We also make the
usual assumption that f,, is the Fermi-Dirac function {exp [(E,—C,)/kT]+1}-1.

To terms linear in the electric fields and thermal gradiehts, this equation
has the solution

fn _fOn:: _k‘cn(En)(afOn/aEn)7

where E,=3#%| Kk |*/m,, m, being the effective mass of the electrons, and

C -(olm 02n7 0311) .

_ The analysis then proceeds as in Wilson (loc. cit.), and for the special case
of fields given by :

Electric field =E,E, ),
Magnetic field =(0, 0, H),
Thermal gradient K (K,, K, 0)=(9T/ox, 0T'|dy, 0),

we obtain (dropping the subscript n)*

2Tm 2TmQ 0 /C
21 ooy Tcz_—eEx——[TaT( )+T}

2mTmQ 2 ) - (22)
Tcm 1+—TC—7n(1+1 T)GZ_ sEy—I: aT(c) +T]

where Q=(—¢c)H/me is the circular frequency of precessional motion of an

electron.
Now, if we define C=c,-+jc,, E=E,+jE,, and K=K, +]K, with j?=—1
(but ij# —1), equations (2.2) reduce to

_ h 7(eE-+BK) .
0= — 2Tm[1—“——_+(im a: Q)T], ............ (2.3)

where
~anla) v

* Tt ig implicitly assumed that the Fermi energy { is a function of temperature only, i.e. that
the substance is homogeneous.
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(i) Electric Current Density.—The electric current density J=(J,,J, 0)
has components :

22113 /2 20312 [F P
g, =32V 2 em’ ‘/23;4 = f e, af SNdB, J, SV A e ‘/i’;fm f E3/2023iE°dE.

We introduce J=dJ,4-jJ,, and obtain

32V 2m2ems!? [ © 3/200f
_ 1202204 E
J 3 f , BrCoglE
that is,

[ FaCEEBK) pai2 9o
[ bt e e

where M =16V 2me/3h3.

(ii) Thermal Current Density.—The thermal current density W=(W,W ,,0)
has components :
32'\/§TC2m3I2 rw 132, afO
W,=— i, E'E claEdE

) 32'\/57527"/3/2 ® & n: Y] a_f()
W,=— W_fo B B3 02aEdE,

where '=A,+F and A, is the energy of the base of the normal band when the
energy at the metal or semiconductor surface is defined to be zero. In the past,
the energy zero has generally been taken either at the bottom of the normal
band (e.g. Wilson 1953, p. 219) or as the mean of the energies of the bottom of
the normal and the top of the inverted bands (e.g. Madelung 1954). Here,
we have defined the energy zero as above, since all experimental measurements
are made at the metal or semiconductor surface. However, the choice of energy
zero only affects the results when both the electric current density and the
thermal gradient are simultaneously non-zero.

From (2.3) and (2.5) we find that

_ W Mmy, T (cE+B,K) 52 Ifon
W, =W +jW,=— —J —l— fo TG00, B, 3E, dE, .. (2.6)

() Inverted Band
The current densities for the inverted band are derived by a method similar
to that in Section IT (a) (see Wilson 1953, p. 211). We find

. o[ _Te(eE—=B,K) a2 0fop
Jﬁ__MmpJO 0 TGO Gy v (2.7)

___Alz _Mmpf“’ To(cE—LpK) 52 Ifop
W,= _EJ" e Jo 1+({o+jQ,)r, By dE

where Q,=cH|m ¢ and A, is the energy of the top of the inverted band.
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(¢) Total Current Densities
As we have assumed that the two bands are independent, the total current
densities are the sums of the current densities for each band. We therefore
obtain from (2.4) and (2.7)

3
J=d,+d,=—M M7, (cE+B,K) 2 Of o, myty(cE—B,K) a2 Oy ]
* [ [t O P G0, ol

............ (2.9)
and from (2.6) and (2.8)
W= —u, K+W,+-W,= —%,K—e1(4,4d,+4,4 )

MaT,(E+B,K) 52 s myTp(€E—B,K) /2 afop
e f [1+(1®+]Q ), T 0B, A, 1+(1co+JQp)¢,,Ef’ 0B, a8,

where x, is the thermal conductivity of the lattice.

We are now in a position to commence the second stage of the calculations,
which, as indicated in the introduction, must be carried out separately for the
two special cases of steady, and high frequency, electric fields. As the time-
independent case is the more important it is considered firss.

III. 8STEADY ELECTRIC FIELD EFFECTS
(@) Introduction
All the steady electric field effects are defined in terms of the components
of the fields and the current densities. Since the # and y components of the
current densities are the real and imaginary parts respectively of (2.9) and (2.10),
it is now advisable to rationalize these equations (with w= 0). This is a simple
process which yields

I=[Dp(Q) +JHPpr(Q)IE+ [P (Q) +jHD(QIK, evnnnn... (3.1
W=[¥2,(Q) +jHY p1(Q)]E+[Vrr(Q) +HHF f(Q)IK, oo, (3.2)
where ‘
D (Q)=€[T11,(Q) FT 11,y «vvneeee e (3.3)
Dpr(Q)=e%1 m; 151, (Q,) —m Ty, ()], oeeennn e (3.4)
e V=T L1 @) (F) ~Trun @5 1) |+ 7T @) L@,
............ (3.5)

+T—1[mn—1122,,((z,,)+m;1122_,,(gp)]}, .............. (3.6)

‘PEL(Q)# —e1[4,D.,,(Q,) +-4p(DELp(Qp)] —L10n(Q2,) —I15,(Q,)1, ... (3.7)
Ver(Q)= —e14,Dp,(Q,) +Ap(DETp(Qp)] —{30_1[’”"” 50,(22,) —l—mp 11221,(91,)]},

)
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Wi (Q)=—x;—e! [4, D, (Q,) +A0(DKLII( )]

et 2 [Tun @ () 4T @7 F) |+ g0+
............ (3.9)

—m;lrm,,@p)aT(c")] +T—1[m;1123,,<£z,,>—mglrgs,@,,)]}, .. (3.10)

and, for instance,
Ipn(@,)=Mm}L,,,(x,),

nsin

© -3
stn w )_ _f TWE gfgnd‘En
1 —I—mn wn n

In order to express the ®’s and ¥’s entirely in terms of elementary or
tabulated functions of the parameters, it is only necessary to evaluate the integral
L,(r). This can be readily achieved in the following special cases (see
Appendix I):

(1) The electrons (or holes) form a strongly degenerate system—at normal
temperatures this applies to all metals and semi-metals, and to some semi-
conductors. .

(2) The electrons (or holes) form a weakly degenerate system—most semi-
conductors are in this group. For the more important scattering mechanisms
(thermal, neutral-impurity, and ionic-impurity) the above integral can be
expressed in terms of functions tabulated by Johnson and Whitesell (1953),
Dingle, Arndt, and Roy (1957a, 1957b, 1957¢), and Beer, Armstrong, and
Greenberg (1957). :

We are now in a position to derive formulae for the coefficients which
describe the various steady electric field effects. In general, previous authors
(e.g. Wilson 1953, Ch. 8 ; Bass and Tsidil’kovskii 1956 ; Beer, Armstrong, and
Greenberg 1957) have expressed these coefficients directly in terms of the metal
or semiconductor parameters, i.e. as functions of the expressions equivalent to
equations (3.3)—(3.10). In the present paper we give all our formulae in terms
of the ®’s and ¥’s (cf. Madelung 1954). The advantages of introducing these
eight functions are :

(a) The calculations are simplified and condensed.

(b) The final expressions obtained for the coefficients are simpler, and hence
any relationships between the various effects are more easily deduced.

(¢) Once the values of these functions are determined, either theoretically
or experimentally, any essentially one- or two-dimensional coefficient may be
readily evaluated. Possible methods of measuring these functions experi-
mentally are indicated in the subsequent work (Section III (¢)).

(d) From @, ®,;, ¥y, and ¥z, the values of the principal two-band
model metal and semiconductor parameters may be estimated (see Appendix I).



ON THE GALVANOMAGNETIC AND OTHER EFFECTS 241

For metals, the parameters 4,, 4, t,, ©,, m,, m, ,, {,, and hence the number
of free electrons (n) and holes (p) per unit volume may be determined. As far
ag the author can ascertain, no method has previously been given for the evalua-
tion of all the above metal parameters from measurements of the galvano--
magnetic, thermomagnetic, and thermoelectric effects alone. Moreover, earlier
authors have made simplifying assumptions (e.g. n=p, =, =1,; cf. Wilson
(1953, p. 217)), thus reducing the value of the two-band model.

It is interesting to note that, as all the essentially one- or two-dimensional
effects can be expressed in terms of these eight functions, only a maximum of
eight of these effects may be considered to be independent. It can easily be
shown that this applies to anisotropic as well as to isotropic materials.

(b) Notation
As the experimental conditions under which each effect is measured may vary .
considerably, it is an advantage to adopt some standard ngtation to indicate
the combination under consideration. In the present paper we indicate the
conditions by the superscripts in Table 1.

TasLE 1
NOTATION EMPLOYED FOR INDICATING EXPERIMENTAL
CONDITIONS
Superseript Condition

E E, =0

e B = 0

J J,=0

7 J = 0

K K,=0

k K = 0

w w,=0

w w,=0

0 H =0

The x direction is taken as longitudinal and the y direction as transverse.

For instance, the isothermal electrical conductivity for non-zero magnetic
fields and zero transverse electric current is denoted by o/&%,

(¢) General Formulae* for the Steady Electric Field Effects
Since there are many coefficients describing the various effects, it is impossible
to include them all in a paper of reasonable length. We therefore consider only
those which satisfy one or other of the following criteria :-
(a) the coefficient is experimentally important, or

(b) it is an extremely simple function of the ®’s and ¥’s, and is experi-
mentally measurable.

* Unless stated otherwise, the formulae in this subsection are derived from equé.tions
(3.1) and/or (3.2).
GG
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The reason for employing (a) is obvious. Condition (b) is adopted since the
coefficients satisfying it provide the simplest method of determining the ®@’s
and ¥’s, and hence of evaluating the parameters of a metal or semiconductor
[Section III (a) (d)]. '

(i) Conductivities.—(1) Electrical conductivity.—The electrical conductivity
is defined by ¢=J,/E,. Only the isothermal conductivities are treated here
gince they are the more important experimentally and also the simpler
theoretically.

The principal cases are :

Zero Magnetic Field

Non-zero Magnetic Field

(a) E,=0
B =07 (Q). ...l (3.12)

The measurement of this quantity immediately yields experimental va,lués for
the function @, the exact determination of which is essential for reliable
parameter estimation (see Appendix I). This conductivity is also required
in the derivation of the Corbino magnetoresistance (Section III (c) (i) (1)).

(b) J,=0
Although it is not particularly important, this conduectivity is included
here since it is required for the calculation of the normal magnetoresistance.

We find that ’
6iEk =@, (Q) +[H2®%r(Q)/Ppr (] o ovvtnn (3.13)

(2) Thermal conductivity. — The thermal conductivity is defined by
»=—W,/K, The usual experimental conditions are J=0 and W, =0, but in
this case the formulae obtained for » contaiu products of the ®’s and ¥’s. For
E=0 and K,=0, the expressions derived for » are much simpler, and therefore
they would be expected to yield more precise values for the ®’s and ¥’s. How-
ever, these latter conditions are more difficult to apply in practice, and little,
if any, work has been carried out for them.

We can readily deduce the following equations for these two cases :

Zero Magnetic Field
(a;) . KEO: _IFKL(O), ............................ (3. 14)

(b) w0=—F(0)+ [ (0)D,(0)/Pp(0)]. ...... (3.15)
Non-zero Magnetic Field
(a) wBek— () veiii (3.16)

The measurement of »Zé would therefore yield values of Wx;(€2).
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®) Oy —HO; Oy —HOy
H (I)ET (I)EL H cI)K T (I)KL

IFEL — ET ‘FKL —HY KT
I AT CR T T R
Oy, —HOy —HOx
HOy;, Oy DOy,
HIF ET lIJ‘EL ‘FKL

(ii) Galvanomagnetic Effects.—(1) Corbino magnetoresistance.—The Corbino
magnetoresistive effect is described by the coefficient M,,=(p¢—pY)/o% where o
is the resistivity. For the more important isothermal conditions we obtain
from (3.11) and (3.12)

MEF=[®,,00)/0 Q] —1. .coovven.... (3.18)

(2) Normal magnetoresistance.—The normal magnetoresistance Mgl‘ is
defined by Mg;'=(pikk—gK0)[oK0, TFquations (3.11) and (3.13) yield
H20p(Q) + @,y ([ D(Q) — Dy (0)]

D1(Q)+H2 0 (Q)

(3) Hall coefficient.—The Hall coefficient is R=E,HJ,; J,=0. For the
more common isothermal conditions we easily obtain
. _ D1 (Q) .

D51(Q) +H204r(Q)
A simpler closely related effect is defined by
S=E,/HE,; (J,=0) =(tan 0)/H,
where 0 is the Hall angle. TUnder isothermal conditions we then find that

8B = — @, (Q)Dpr(Q)e e (3.21)

As @, (Q)=0c*EE, this coefficient gives experimental values for ®,,(Q), a function
which is extremely important for the estimation of parameters (see Appendix TI).

(4) Ettingshausen coefficient.—The Ettingshausen coefficient A g 18 defined
by Ay=—K,HJ,; W,=0. The usual experimental conditions are J y=W,=0,
in which case

K,
ME—

... (3.19)

REk—

H®y, Dy H®y, ‘
Wi —HY Wi
iw HYpp . W HY
Ay =— ... (3.22)

H Oy —HO®;, Oy, —H®;
) H®, Oy H®pp Oy,
lFEL, —HY Yo —HY
HY Wi HY ¢p Wy,
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A more useful coefficient, closely related to the above, is B,=—K [HE,; W ,=0.
For the conditions E =K, k=0, it reduces to the extremely simple form

BFE =Y, (Q)/F(Q). ervrriennnn.. (3.23)

Unfortunately, however, it pdssesses the great practical disadvantage of requiring

mixed thermal conditions. If instead of K,=0, we apply the restriction W,=0,

the coefficient so defined is more easily obtained experimentally. In this case
11/ ‘FKLIP’ET_IFELTKT

By = e, 3.24
# Wi +H Y % ( )

Equation (3.24) provides an experimental method for determining the function
¥ .r, the exact evaluation of which is 1mportant for estimating both metal and
semiconductor parameters.

(iii) Thermomagnetic Effects.—(1) Magneto thermal conductivity.—This effect
is described by the coefficient M, = (x —x»?)/x% which is usually measured subject
to the restriction J=0. However, in this case, M, involves fourth order deter-
minants (see Section III (¢) (i) (2)), and therefore it has few theoretical applica-
tions. For zero electric field conditions, M, is much simpler. We find

MEF =[P Q)T (0] =1, eeeenenaennn. (3.25)

Wi (Q) =¥, (0) 4 HW5r(Q)
IFKL(O) Vi QW (0 7

B
M=

(2) Righi-Leduc coefficient—The Righi-Leduc coefficient is B, =K |HK,;
W,=0, and is therefore the thermomagnetic analogue of § (Section III (c) (ii) (3)).
It is generally measured under conditions of zero electric current, but theoretically,
zero electric field conditions possess a distinet advantage. However, experi-
mentally, the reverse is true, and it is doubtful if B, has yet been determined
for these latter conditions. We obtain

BE = W Q)T r(Q)y oot (3.27)
Measurements of this quantity would therefore yield values of ¥, (Q).

Oy —HOyr DOy,
HO,, 2 HOy,

Bl—— ¥ er Yoo e | (3.28)
H O, —HD,, —HOyy
HO,, Oy, Dy
HY;r k7% Wi

(3) Ettingshausen-Nernst  coefficient. — This  coefficient is defined by
Byy=—E,/HK,; J,=0, and is thus the thermomagnetic analogue of Bg
(Section III (¢) (ii) (4)). In practice, Byy is usually determined subject to the
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restrictions J,=0 and either K ,—=0 or W,=0. However, theoretically, the
simplest and therefore the most useful conditions are B,=0 and K,=0. We find

BEE =@ p(Q)/Ppr(Q)y evveraeaennns ... (3.29)
A measurement of this quantity would thus determine @,(€2).

=®EL(I)KT—¢ET(DKL

Oy +H205r
As values of @y, @, and D, are obtainable, equation (3.30) provides an
alternative method of evaluating @, (Q).

(iv) Thermoelectric Effects.—In the present discussion we consider only those
effects which apply to a single metal or semiconductor. Thus, for example,
the Peltier effect is not treated.

(1) Thomson coefficient.—The Thomson coefficient p is defined as the
coefficient of —K,J, in the equation @=E.J—div W, which gives the rate of
energy production per unit volume of a substance in which an electric field,
electric current, and thermal current are present. For zero magnetic fields
we readily obtain :

Bif—=—EL_KT— “ETTKL ., ceeeee. (3.30)

=[P (0)/ @ (0)] +(3/0T) [ 51 (0) @ (0)]- .- (3-31)‘

It is also easy to calculate w for a non-zero magnetic field, but as this case does
not appear to be of any experimental or theoretical importance it is not treated
here.

(2) Other coefficients.—Other thermoelectric effects which may become
important due to their theoretical simplicity are as follows :

(a)* Ck=E |K,; J,=0, (B,=K,=0)=—0/®g. ....(3.32)
A determination of this quantity therefore enables @, to be obtained.

(b) D%=W,B,; K,=0, (B,=K,=0)=Y¥;(Q). ...... (3.33)
(c) D%=K,B,; W,=0, (B,=K,=0)=—Y,/Vsx. .. (3.34)

A measurement of either (b) or (c) would thus yield the value of ¥, (€2). The
evaluation of this function is important for estimating both metal and semi-
conductor parameters (see -Appendix I). TUnfortunately, neither of the last two
effects appears to have been investigated experimentally up to the present time.

IV. HicE FREQUENCY ELECTRIC FIELD EFFECTS
(@) Introduction
For alternating electric fields only the isothermal galvanomagnetic effects
are experimentally important. Under isothermal conditions the equation
(2.9) for the electric current density becomes

© k> 3/2 b3 3/2
__ Mo, Ei % on Myt B fop ]
=[] |y, B e, wem]E 4

* The name ‘‘ Beer-Willardson ” effect has been suggested for this by Armstrong and
Greenberg (Beer, Armstrong, and Greenberg 1957).
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As in Section III, it is now desirable to separate the real and imaginary parts of
this expression. By substituting

2

1+(io+jQ)r

_ 1 L 1 s (0 4+Q)7 T (0 —Q)7
1+ (o +Q)ee 1—|—(o)—Q)2¢-2] [1—!—((»—{—(2)212 1—|—(co—Q)2'rz]
L (0+Q)r n (Q—o)t Y I | 1
J[1+(m+9)2¢2 1+(@_Q)2¢2] _l‘][1+(co+Q)212—1+(m—Q)212]

in (4.1) we can readily derive the following rationalized equation

J={[I 2 £(Q,00) +ilI g1 ()] +jH[HETR(Q7(°) +iHETI(Q’ ®)]}E, ... (4.2)

where

U1 2(Qy0)=4e[I11,(0+Q,) +111,(0—Q,) +I11p(m +Qp) +Illp((° —Qp)]’
............ (4.3)

M (Q,0)= —3e{w[Lh1,(w04+Q,) +Iy,(w —-Q,) ‘|“121p(°) +Qp) +121p((0 _"Qp)]
+Q,[L51,(0 +Q,) — Iy, (0 —Q,)] '|’Qp[121p(0) +Qp) _Izl[;((o _Qp)]}y
L A (4.4)

M rp(Q,0)= %320—1{”7';1[121"((0 +Q,) + Lo, (0 —Q,)]
_mp—l[IMp((’) +Qp) +121p(w “Qp)J
—(co[eH)[ Iy, (00 4Q,) =Ty, (00 —CQ,) +121p(<0 +Qp) _I21p((‘) _Qp)]}’
L e (4.5)

M pr Q)= —3eH I 1,(0+Q,) —I;1,(0—€2,) +I11p(0) +Qp) _1119(0) —Qp)]a

and, as in Section IIT,

© sEt-l-i- af
- g| Inln 9on
Im(w,,)_——anJ‘O 1 Fae 6EndE"'

(b) General Formulae for the High Frequency Electric Field Effects

Before attempting to derive any formulae we must first distinguish between
two basically different types of effects. '

Point Effects.—These are defined in terms of the currents and fields at
a particular point in the metal or semiconductor, and are therefore independent
of the geometry of the specimen. In general, they are not directly measurable,
i.e. the fields and currents appearing in the definition cannot be directly deter-
mined. The conductivity is an example of a point effect.

Surface Effects.—In these it is necessary to take into account the variation
of the electric field with distance from the surface of the sample, and therefore
the geometry of the metal or semiconductor is important. In general, they are
directly measurable. Examples of surface effects are the surface impedance
and the surface magnetoresistance.
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(i) Point Effects.—These effects are defined in a similar manner to those
in the steady electric field case, and the expressions obtained for them are
formally the same, but with Il ,-+illg,, replacing @z, and || S 1 ]
replacing @, ' v

(1) Electrical conductivity.—As in Section III (c) (i) (1), the electrical con-
ductivity is defined by c=J,/E,. The only experimental conditions of any
importance are :

Zero Magnetic Field

From (4.2) we obtain

o= [H%JLR(OaC)) +H%JLI(O#0)] t exp {i tan—2[I151,(0,0)/TL g (0,)]}-

............ (4.7)
Non-zero Magnetic Field
(a) E,=0
Gez[H%LR(Qa(’)) +H§JLI(Q#°)]} exp {i ta’n_l[HELI(Qa"))/HELR(Qv‘”)]}a
............ (4.8)
(b) J,=0
; H [ ire -+ : ( Mgpr\ - gy
=g - e LT 2 tan—1| —E¥) —tan—{ === )| ¢t.
° + [z + 50 =P {1[ an HETR) an (HELR)]}
............ (4.9)

(ii) Surface Effects—The following calculations do not take account of the
anomalous skin effect (Reuter and Sondheimer 1948). The displacement current
is included, although for metals it is only significant when the anomalous terms
in the skin effect should also be taken into account. It is considered here since
it may be required for semiconductors, due to their lower conductivity, and also
because it is as easy to include as to exclude.

Tt is assumed that the metal or semiconductor specimen occupies the volume
- defined by 2>0. The magnetic field is then in the direction of the outward
normal from the surface, and the electric fields are parallel to the surface (see
Section II).

As indicated in Section IV (b), the electric field is a function of position.
With the above assumptions this function satisfies Maxwell’s equations, Which
yield ’

&EE #E  aJ '
o —F =§—2(x—aﬁ—|—-4ﬂ—a-t), ............ (4.10)

where p. is the magnetic permeability and x» is the dielectric constant. As it
has been implicitly assumed in Section II that p=1, we must also make this
agsumption here, thus excluding ferromagnetic materials from consideration.

On combining (4.2) and (4.10), and remembering that JE/di=iwE (see
Section II (a)) we obtain '

E'—=(A4HB)E, ..ovvverrnnnnnn. (4.11)
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where
A=0c2{—ox+47i[ll ;1 x(Q,0) HIl;,(Q )]}, .... (4.12)

B=4760~4[I1 174(Q,0) HIlor(Qe)]. «vneerrnn... (4.13)

To simplify later work we define here

- —tan-1| _ 47ll 5 p(Qy0)
0=arg A =tan 1[ oax—|—47cHEu(Q,co)]’ ........ (4.14)
p=arg B=tan—1{—[HETR(Q,m)/HET,(Q,m)]}_. cevi.. (4.15)

Under the boundary condition that E(z) is always finite, (4.11) possesses:
the solution

B, (2)=a exp (—Mz) +b exp (—A), }
B (2)=—]ja exp (—A2)+jb exp (—A2),

where a=3}[E(0)+jE,(0)], b=3[E,(0)—jE,(0)], \,=(4 +jHB)}, \,=(4 —jHB)},
and —}w <<arg Ay, <3m, i.e. the real parts of both A; and 2, are positive. Since
we have taken Eocelt (Section II) and we require the solution to represent
waves travelling in the positive 2 direction, the imaginary parts of A, and A,
must also be positive, i.e. 0<<arg A;,A,<<m. The final restriction on arg AyAs
is therefore 0 <Carg A;,A,<<ir.

We are now in a position to calculate the various surface effects.
(1) Surface impedance—The surface impedance is defined by

Z(m,H)zEx(O)/ J : I (2)dz= — (4mwc-2)il,(0)[E,0). .. (4.17)

For non-zero magnetic fields, one more condition is necessary. The most
convenient restrictions are either, (i) #,(0)=0, or (ii) ( J,(2)dz=0, i.e. H,(0)=
1o

As (ii) appears to be the more common condition (Donovan 1954) it is assumed
here. It is also required in the calculation of the normal magnetoresistance.
Condition (i) would define the high frequency analogue of the Corbino magneto-
resistance (Section III (¢) (ii) (1)), but no attempt is made to calculate this
effect here as it is neither experimentally nor theoretically important.

With restriction (ii), we find from (4.16) and (4.17) that

Z(0,H) = (4700 2 i F20)2Ahs e eeeneeeeennns, . (4.18)
= (@2mwe-2)i[(4 +jHB) (4 —JHB)H] [A*+ H2B2] -4,

Since 4 and B are complex numbers, any attempt to separate the real and
imaginary parts of (4.19) exactly will result in extremely complicated expressions.
However, for weak magnetic fields (H | B |/| A | <1), it is comparatively simple
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to expand (4.19) in ascending powers of HB/A and then rationalize term by
term. We find after expanding and rationalizing (4.19) that

2
Z(o,H)=(4nwc2)i| A |-t exp (—3i0) {1—2 E|[2| Bl' I exp [2i(¢—0]
35 HYB|*
+128 T4l exp [4i(¢p—0)] . }, ............ (.4.20)
and
Z(0,0)=(4mwe2)i| Ay |t exp (—1i0,), .evevrriiiiiiiat (4.21)

where 4, and 0, are the values of A and 0 for H=0.

Equation (4.19) may also be expanded in descending powers of HB/A
to obtain formal expressions for the strong magnetic field case (H | B |/| 4 |>1).
But for metals at least, this condition implies, in general, that | Q,r, | and/or
| Q,7,|>1 and the derivation of the Boltzmann equation then breaks down
(Wilson 1953, p. 210). We therefore do not consider this case here.

(2) Surface resistance and reactance.—The surface resistance R(w,H) and
surface reactance X (w,H) are defined as the real and imaginary parts respectively
of Z(w, H). From (4.20) and (4.21) we obtain

R(w,H)=(4rwc™?)| 4 |~ %{sm %0—2 H|4|4.B|2| sin [$(50 —4¢)]
35 HYB|*
+im TA[ sin [1(90 —8¢)] +. . } .......... (4.22)
R(w,0)=(4meec2)| Ao |80 305, «envenrininniniineininn. (4.23)
X(w,H)=(4nwe?)| 4 | i{cos 16——?3 H|1|417| cos [3(50—49)]
L35 H
+ 158 IL1I4I cos [3(90—8¢)] +. . }, .......... (4.24)
X(,0)=(4me2)| Ag |3 €08 30p. «vrenrrainiarianneane. (4.25)

(3) Surface magnetoresistance.—The magnetoresistance M p(w,H) is defined
by ' :
M y(0,H)=[R(02,H) —E(>,0)]/E(,0).

The substitution of (4.22) and (4.23) into the above leads to

_[sin 36 | A4, 3 H* B|?| 4,|¥sin [$(50—49)]
o=y, (25 Al T,
1_35 H?| B |2 sin [$(96—8¢)]
~ 48 TA® sin [%(50—4@)]-{—' ’ )i

. (4.26)
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(4) Hall coefficient.—Following Donovan and Sondheimer (1953) we define
the Hall coefficient Y(w,H) by

, .
Y (0, H)= +1,(0) / [H J

0
= —(4mwo )i, (0)/HE,(0) ; E;(0)=0.

Jx(z)dz] [ 7, @)ae=0
Jo

From (4:16) we obtain .

Y (@, H) =i (4700) (s — o)/ (H.20:2)
=ij(@rwe-?)H-1[(A +jHB)} —(A —jHB)¥[A*+H2B2] -,

Asg in Section IV (b) (ii) (1), equation (4.27) can be expanded in ascending powers
of HB[A, yielding

B 5 H) B | .
Y(w,H)=— 22’!“’;] I3’L1 exp [2-1(2(;)-—-—36)]{ g |l4|2' exp [2i(¢—0)
63 HYBI|* - . .
—{—‘1—28 Wexp [4i(e—06)]—. . } Ceeeeee. . (4.28)
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APPENDIX 1
EBstimation of Two-band Model Parameters .

The parameters of a metal or semiconductor may be determined from the
experimentally measurable functions ®;, ®5r, ¥y, and ¥y, defined in Section
III (a). It is convenient to consider this problem separately for metals and
semiconductors since, in general, the above functions assume different forms
for each case.

(i) Metals.—In metals the electrons and holes form strongly degenerate
systems, i.e. Fermi energy {>kT. TUnder these conditions, convenient experi-
‘mental parameters are A,, A,, M, My, T,y T G, and L, (see Section IT). We
now proceed to show how these quantities may be estimated from the four
functions @, Opry, ¥pyy and ¥y,

All the above functions have been expressed in Section III (@) in terms of
the integral
. © LSE+E afo
Lst“)——ﬁj 1Fa%2 OF

which, for {>kT, may be evaluated by applying the asymptotic expansion first
given by Sommerfeld (1928)

—f o) 10— (1) +5(xkT)? az;(E)Jr‘ e (1)

From (1) we obtain, to first order terms in kT/Z,
Ts{t+i

L) =gy voeeee e (2)
Substitution of (2) in (3.3), (3.4), (3.7), and (3.9) yields
@, (0)=Me(r,mi32 4+t miE)=0,+6Gp «oonrverrnirnnnnns (3)
— On Op
O = et e IR (4)
Qpr(0)=(1,0, —[hpGpy  «orvvrrnrnnernnnnerentneeeenaenns (5)
WO, Oy ‘
@pr(Q)= 2 — e R RRII (6)
e (0)=—(A4,0,+4,6,) =00, FCp0p cvrereniaieineinnn, (7)
= 4,0, Ay0p CaOs Cp0p
D= _(1 +u§Hz+1+u§H2) a 1+M§H2+1+H2H2’ e (8
e 2r(0) = — (A, 0,0, — A 10 p) —1n8nOn—WpCp0py v vvvnvmreses (9)
—_ An(“'ncn Aﬂ'LPGIJ . P'ncno.n - p'ﬁcﬁo-!’
e¥pr(Q)= (1 Fu2H? - 1_'_“252) T4u2He 1_‘_“252’ .- (10)

where the electron conductivity mobility cp,n_sq: /m,,, and the hole mobility
O, =ET, /M
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From the equations (3), (4), (5), and (6), which are four independent relations
involving the four unknowns o, Gpy tny a0A @, we find that

Dpr(0) — D7 (Q) (1 +p2H?)
Pp= EL(O) EL(Q)(l +(.L2H2)’ ............

. D,(0) —D(Q)(1 ’H‘-zﬂz)
M T D,,0) O, ()T FuzHy ;

Equations (11) and (12) may be solved by successive approximations.

‘The partial conductivities o, o, are then obtainable from (3) and (5).
The number (n) of conduction electrons and the number (p) of conduction holes
per unit volume may also be deduced, since (see Wilson 1953, p. 198)

N=GC,[e0,y P=0C,leCUp oo vvevnren... (13)
The substitution of w,, w, o, and 6, in (7), (8), (9), and (10) yields four
linear equations which may be solved for the four unknowns 4,4, ¢, and g,

The parameters <, 7, m,, and m, are then obtainable, smce from (3), (4),
and (5) we have

T_(cuncm( 318\
" etl, \16V2re?
M, =eT,[|L,C,

with similar expressions for 7, and My

Finally, the difference in energy (AE) between the base of the normal band
and the top of the inverted band may be deduced from the relation AE=A4,—A,.

(ii) Semiconductors.—In many semiconductors the electrons and holes form:
non-degenerate systems ({<0). In this case the most convenient parameters
are :

(@) The electron and hole densities n and p.

(b) The conductivity mobilities ., and p.,.

As we have assumed (Section IT) that both electrons and holes have Fermi-Dirac
distributions, » and p are given by (Wilson 1953, p. 15)

n— — 16'\/§Ttmi Zf Eg/zaf(de

3 n
jh N (14)
o 16 ZTC’mp 3/23f0,,
=T s f B om,

In terms of the integral I ,(x) (Section III (a)), equations (14) may be written

n=m,e" Lo1,(0), } ........................ (15)
P=m,e g, (0).

The mobilities are defined by (Shockley 1950, p. 16)

cK0=e(ny, +pp.,).
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From (3.3) and (3.11) we have

cE0=0p;(0)=¢[l1,,(0) +I11,(0)], ........ (16)
and hence .
Pa=111,(0)/n=el1,(0)[m,I 11,(0), } ....... (17)
p =Iup(0)/p =31111;(0)/mp101p(0)-

The above four parameters may be determined from ®;, and ®,, as we now
proceed to show. On combining (3.3), (3.4), and (16) we obtain for these
functions

D (Q)=e{np,[L11,(2,)/L11,(0)] +Z’Hp[L11p(Q /Lup(o)]}’ ... (18)
® ' Q o L01a(0)Lia1,(£2,) oLo15(0 L21p(Qp)] ...... 19
mlh= c[ " Lin(0) P Li(0) (19

It is then necessary to evaluate the integral

© TsEt+k afo

For non-degenerate systems, fo=exp [ {—E)/kT], and therefore (unlike case (i))
the energy dependence of v must be taken into account. This varies with the
scattering mechanism. Here, we consider in detail only the special case of
scattering by the thermal vibrations of the lattice (tocE-%). For ionic-impurity
scattering [t=g(E)E?/2] an exactly similar method is applicable, provided the
slowly varying function g¢(E) is replaced by a constant g(¥,)—for a further
discussion of this point see Dingle (1955), Beer, Armstrong, and Greenberg
(1957)—and only the numerical constants differ in the final results. The third
important case of mixed scattering is considerably more complicated since one
further parameter (the ratio of thermal to ionic scattering) must also be evaluated.

For thermal scattering we have tocE-* (Wilson 1953, p. 265) and therefore
L,, may be written
31282

. y+w2a2e L (20)

L (@) = (kT +atelhT f

=(kT)t+*a3eC/"’-"(t +5 — %s)!At.,.s/z_s/z(wzaz), ........ (21)
where y=E/[kT and t=ay~% The integral
1 © yr
— Y,
A= | ey

has been tabulated by Dingle, Arndt, and Roy (1957a).
For the two special cases of =0 and xt>1, equation (21) reduces to

L”(O)=(kT)‘Haset/’CT(t—l—% _ %s)! U (22)

Lst(w)=(kT)t+*as—2e5/’ﬂTm—2(t +g — 1s)! ........ (23)
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On combining (17), (18), (19), (22), and (23) we obtain

D 1(0) =€(Mfhy FPhy)y «vvvvvnnaneeeeaaeann. (24)
m20,,(Q)—2 e( +—) for QMs1, ...... (25)
D pr(0)=(3me/BO)(MUZ—DPUZ);  errernnnnn. (26)
H2D,(Q)=ec(n—p) for Q22>1.  .......... (27)

These four algebraic equations can be solved for n, p, p,, and w,.

The values of the parameters 4,, 4, may then be deduced from ¥';; and ¥
since equations (3.7) and (3.8) reduce to

‘FEL(O) =—A,np,—A4,pp,—1,,,0) +112p( )

(A 2h T gy — (A)—2KTYPUyy o eeenaeeeennn (28)
Wer(0)=—(37/8¢)(A,np2 —A,pu2) —eo~ [m 15, (0) +m115,(0)]
— —(37/80) [(A,,+ ng)nug— (Ap— ng) pp,;] e (29)

Finally, the energy gap (AE) between the bands may be deduced from the relation
AE=A,—A,. ‘





