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Summary

Stimulated transitions are relatively enormously more probable at radio than at
optical frequencies and it is this which makes it possible for negative absorption to arise
at radio wavelengths when the medium will behave like an amplifier to the incident
radiation. A necessary condition for the existence of this phenomenon is that the
kinetic energy distribution F(7) of the radiating electrons be markedly non-thermal with
an appreciable excess of high energy electrons such that 0F/oy is positive over a finite
range of the kinetic energy w. However, this condition is not sufficient, since it is
shown that an electron gas in which free-free transitions provide the dominant radiation
process can never exhibit negative absorption whatever the form of F(z), and it is
further necessary that the stimulated transition probability should have a maximum
at some finite value of the kinetic energy, the most favourable case occurring when this
maximum is a sharp one at the value of v at which 0F/0v has a positive maximum.
These conditions can both be met in principle for the cases in which the dominant
radiation process is due (a) to Cerenkov effect, (b) to gyro radiation by non-relativistic
electrons, (c) to synchrotron-type radiation by highly relativistic electrons, and it is
shown that negative absorption can arise in all these cases; the relevance of these
results to radio astronomy is discussed briefly.

I. INTRODUCTION

The fundamental equations governing the transfer of radiation in an ionized
medium are of the same general form at both radio and optical wavelengths.
However, the physical nature of the solution in a given case depends upon the
specific processes governing the emission, absorption, and scattering of radia-
tions ; since these are very different at optical and at radio wavelengths, one
may expect to find corresponding differences between the characteristics of
radiation transfer.

Thus at optical wavelengths the transfer of radiation is appreciably affected
by the radiative transitions between bound states which give rise to the
characteristic spectral lines. However, at radio wavelengths the number of
discrete lines such as the 1420 Mc/s hyperfine line of atomic hydrogen is extremely
limited. Furthermore, the few lines that do exist are likely only to be observable
in interstellar gas clouds in which the density is so low that the refractive index
differs negligibly from unity. Under these conditions the effect of these spectral
lines on the transfer of radiation is an extremely simple case of the effect
encountered at optical wavelengths and will not be discussed here. Instead,
we shall deal only with the case where radiation is emitted or absorbed in free
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electron transitions in which the available electron energy is much greater than
hv, the energy carried by a single quantum of radiation. We shall further
assume that the radiation is incoherent in origin in the sense that the probability
of a radiative transition may depend upon the average density of matter and
radiation but not upon any time-dependent variation in these. Hence we shall
not consider the case where the radiation is produced by plasma oscillations, a
coherent process, but only processes such as those involved in free-free transitions,
Cerenkov radiation, gyro radiation, and synchrotron radiation.*

II. COMPARISON BETWEEN THE OPTICAL AND RADIO CASES

If the density of a radiation field at a frequency v is equal to that of a black-
body radiation field at temperature ©,, then, in a typical stellar atmosphere,
the dimensionless ratio k0®,/hv lies usually between 1 and 0-1 at optical wave-
lengths. However, at a frequency of 108 ¢/s, which lies in the metre wave radio
band, k®,/hv~108 for the quiet Sun and may be as high as 1014 in the neighbour-
hood of a solar burst ; similarly, near the intense radio sources Cassiopeia-A and
Cygnus-A, k0,/hv~10% and 10° respectively for v~108 ¢/s, and even in inter-
stellar space, not in the immediate neighbourhood of a radio source, k®,/hv~10*
at this frequency. One consequence of this is that stimulated emission is
relatively much more important at radio than at optical wavelengths, since,
in the simple case in which the refractive index . of the medium may be taken
as unity, it follows immediately from the radiation lawst that vy, the ratio of the
probability of stimulated to spontaneous emission, is given by

v=[exp (Av/kO,)—1]"L. ... ... ... ... (1)
At optical wavelengths it is usually the case that
. ‘ y~exp (—hv/k®,)<10-1,
but at radio wavelengths, where in general
v~k®,/hy,

stimulated transitions can be enormously more probable than spontaneous
transitions. In the non-equilibrium case, in which the density distribution
over the accessible energy states of the matter field differs, by definition, from
the thermal one, the relatively large probability for stimulated transitions may
have important consequences, as we shall show below.

Equation (1), which is valid when pu=1, may reasonably be expected to
apply under the conditions prevalent in the discrete radio sources or in inter-
stellar space, but not under the conditions prevalent in a stellar corona. In the
latter case, not only will u be different from unity but, in the presence of magnetic
fields such as those associated with sunspots, the medium will be birefringent,
in strong contrast to the conditions at optical wavelengths when it is valid to take
w=1 even in the stellar photosphere.

* By gyro radiation we mean radiation at the fundamental or at the first few harmonics of
the gyro frequency by weakly relativistic electrons rotating in a magnetic field. By synchrotron
radiation we mean radiation by strongly relativistic electrons at high harmonics of the gyro
frequency. )

1 See e.g. Fowler (1936), Chapter XIX. : i : "
H
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A further characteristic of the radio case is that the emission and absorption
of radiation is often markedly anisotropic. This is especially the case for
gynchrotron radiation at or near the critical frequencies in a plasma permeated
by a magnetic field ; in the optical case, on the other hand, the emission at least
can almost always be taken as isotropic.

Fortunately, these features in which the radio case is more complex than the
optical are more than balanced by others for which the reverse is true. In the
first place, the effects of incoherent microscopic scattering, which are so important
in the transfer of optical radiation, can almost always be completely ignored in
the radio case (Smerd, personal communication 1958), when appreciable scattering
will only arise from irregular macroscopic variations in the electron density.
Secondly, the kinetic energy of a typical particle of the matter field is so much
greater than v that the emission or absorption of a radio-frequency quantum
has a negligible effect upon the overall energy distribution of the matter field ;
a fact that provides the principal justification for the use of a classical radiation
theory in calculating the transition probabilities at radio wavelengths.

III. EMISSION AND ABSORPTION COEFFICIENTS AT RADIO FREQUENCIES

‘When the refractive index of the medium p., is not equal to unity the equation
of radiation transfer can be written in the form (Woolley 1947)

(.L%d(I(\.)/p.%)/dS :jv—KvI(v)y .............. (2)

where I, is the intensity of radiation in the direction s and where j,, K, are the
volume coefficients of emission and absorption appropriate to the direction s.
When the medium is birefringent a separate transfer equation must be set
up for each mode. In the general case, in which macroscopic scattering must be
allowed for, these two transfer equations will be coupled by terms in the absorption
coefficient which represent scattering from one mode to the other. However,
we shall ignore macroscopic scattering in what follows, and in this case, as has
been pointed out by Martyn (1948), K, simply represents the difference between
the effects of stimulated absorption and stimulated emission in a single mode.

(@) The Absorption Coefficient
Accordingly, if n,,, n,, are the numbers of electrons in the r, and r, states
respectively, if the energy difference between these states is kv, and if B, ;,I(v)dv,
B, ,,I(v)dv are the stimulated absorption and emission probabilities respectively
for radiation with intensity I(v) in unit solid angle in the direction s, then

Ky=X(n,B,, 15=MeB, a)hv. ...t (3)
r

The Einstein coefficients B,,;, and B, ,; are not independent but are related
by the equation
@y9B,, 00=0,1B, 195 e (4)

where &,5, &,, are the statistical weights of the r; and r, states respectively.

In the optical case one can nearly always assume that some sort of local
equilibrium has been reached and that the radiative transitions between states
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r; and 7, are in balance with the transitions induced by collisions or other means.
This provides the justification for calling the stellar radiation at optical wave-
lengths ¢ thermal ” and a similar assumption is valid for the ¢ thermal ’ radio
sources such as the H I regions and the undisturbed solar corona. However,
for the non-thermal radio sources this assumption is surely invalid since the
radiation is produced in regions of extremely low density where a disturbed
non-equilibrium state can exist for a comparatively long time. This is particu-
larly the case for the discrete radio sources which, it is thought, are formed by
clouds of very high energy electrons trapped by weak magnetic fields (Alfvén
and Herlofsen 1950). The lifetime of such an electron can be many thousands
of years (Hoyle 1954, Twiss 1954) and it is extremely improbable that such a
distribution of relativistic electrons can in any sense be regarded as in local
equilibrium. Similarly, in the solar corona it is quite possible for a transient
non-equilibrium electron energy distribution to last for times appreciably longer
than the duration of the violent outbursts of radio noise which can often be
measured in seconds (Pawsey and Bracewell 1955).

Under these circumstances the value of K, can be very different from that
of the thermal case and it is at least conceivable that conditions could temporarily
arise in which K, was negative, when the medium would behave like an amplifier.
In the laboratory this condition can be achieved in the so-called maser (Gordon,
Zeiger, and Townes 1955). The possibility that a similar effect could arise in
nature is examined in Section IV below. '

(b) The Emission Coefficient
If A4, ,, dvis the probability of a spontaneous transition with the emission of
a quantum of given polarization into unit solid angle in the direction s, so that

jv=§n,2A,21hv,' .................... (5)

then, in the case pu=1, it is a well-known consequence of the radiation laws
that
Ar, 21/Br, 21=hV3/02. .................. (6)

However, when y is different from unity this simple relation is no longer
valid. Admittedly we know from Kirchhoff’s laws that
v @w2(v)vZhy (7
K, o® [oxp (wfl@y 1)’ Tttt )
when the matter field is in thermal equilibrium,* but we are not justified in
concluding automatically from this that

Ar, 21/Br, 21=H2(V)hv3/02’ ................ (8) .
since, for one thing, w(v) may depend upon the actual form of the energy
distribution.

Accordingly, in the general case, which applies to the disturbed stellar
corona, it is necessary to calculate the spontaneous and stimulated transition

* This ratio is smaller by a factor 2 than that normally quoted since we are dea,hng with
each polarization separately in this paper.
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probabilities separately and both of these may be appreciably different from
their equilibrium values, especially at the critical levels at which w2(v) is near
to infinity or to zero.

IV. CONDITIONS FOR NEGATIVE ABSORPTION

In the ideal case in which monochromatic radiation traversing a medium
is only absorbed or emitted in transitions between a single pair of non-degenerate
states, the necessary and sufficient conditions for negative absorption is that the
higher energy states be more densely populated than the lower. However, in
most cases of astronomical interest the initial and final states will possess both
continuous and overlapping energy distributions, and in some cases these states
will possess different degeneracies ; under these conditions the simple criterion
for negative absorption is no longer valid. Clearly a necessary condition is that
at least some of the higher energy states be over-populated, but it may be that
negative absorption will not arise however widely the distribution may depart
from that of thermal equilibrium. One example of this is provided by a fully
jonized medium in which radiation is assumed to be emitted and absorbed only
by free-free transitions ; this and other cases will be considered in detail below,
but we shall first consider the problem in general terms, without specific reference
to the mechanism of radiation, for the idealized case in which the energy of a
state is the only dynamic variable that need be considered specifically. With
this last simplification we may write equation (3) in the form

K,—hv f * [ —T)Bag(vy 1) —n(n)Bay (v, )1, e 9)
0

where 7 is the energy of the state.
Let us now put
F(n)=n(n)/&(n), }
Q(n)=&(n)Bxu(n),

where &(v) is the statistical weight of the state of energy v. Then from equation
(4) we can write
K,— —hvfoo woEoemdn, e (11
o M

since, in any case of radio-astronomical interest, 7>hv for all » for which @(n)
differs appreciably from zero.

The quantities F(n), @(n) may be regarded as the effective energy distribution
function and the effective cross section for stimulated transitions respectively.
By definition both of these quantities are non-negative, that is,

F(n)=0, Q@qm)>0, .....ccoviiinnn. (12)
while F() must also satisfy the boundary condition
F(00)=0, «ovrvriinnenennnnnrnnn (13)

‘which is imposed by the requirement that no physically realizable state can have
infinite energy.
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If F(v), Q(n) are sufficiently well-behaved functions we can integrate
equation (11) by parts to give

Kv=(hv)2{F(0)Q'(0) + f : F(v;)%?)dn}. .......... (14)

From equation (14) and the inequality (12) it follows immediately that
K, is positive, no matter what the form of F(v), if @(v) is a monotonically
increasing function of energy ; similarly, it follows from equation (11) that K,
is positive no matter what the form of Q(v) if F'(v) is a monotonically decreasing
function of 7. o

However, if @(v) decreases monotonically with », then K, will be negative
if the energy distribution function F(v) has a large enough peak at some value
greater than zero or if F(0)=0.

A case of particular interest is that in which @(») has a strong resonance
such that it is only appreciably different from zero over a small range of v centred
in n=v, Under these circumstances it follows from equation (11) that K,
will be negative if

(OF [9n)=n,> 0.

These general results will now be applied to a number of specific cases.

(a) Free-free Transitions
In the classical Lorentz theory of propagation in an ionized medium the
effect of the collisions of the free electrons with the ions and neutral molecules is
allowed for by introducing a damping term,

mvyv(Vvy),

into the equations of motion of an electron, where v, is the velocity induced by
the electromagnetic field and v, is the undisturbed electron velocity. The
quantity v(v,), the collision frequency appropriate to an electron with velocity
v, which is calculated from kinetic theory, is inherently positive so that the effect
of collisions is always to abstract energy from the electromagnetic field at a rate
proportional to

%mf\'(vo)vf(vo)"(vo)dvo,

where n(v,)dv, is the contribution to the electron density from electrons with
velocities in the range v, to v,+dv,. Hence on the macroscopic theory free-free
transitions always involve a positive absorption of energy from the electro-
magnetic field, whatever the actual form of the electron velocity distribution
function.

This conclusion can also be reached by considering the microscopic absorption
and emission processes in the ionized gas as follows. 'We will restrict ourselves
to the idealized case in which the ions can be taken as infinitely massive, a
simplification that does not involve any significant loss of generality ; we will
* also assume that the medium is not acted upon by an external magnetic field.
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The theory of free-free transitions has been extended to a medium with
refractive index w(v) by Smerd and Westfold (1949), who showed that the
spontaneous transition probabilities must be multiplied by a factor w(v), while
the stimulated transition probabilities must be multiplied by a factor p=1(v)
if results consistent with thermodynamics are to be obtained. In this treatment
it was assumed that the transition probabilities for a given electron are only
affected by the presence of the other electrons in so far as these contribute to
©(v), a purely macroscopic effect, and the same assumption will be made here.

Let us assume that the number of electrons per unit volume with kinetic
energies in the range » to v +-dx is given by
NG (n)ntdy,

where N, is the total number of electrons per unit volume. In the case where
the distribution is Maxwellian

27t exp (—n/k®)
G(n)= (kO g e

where © is the equilibrium temperature.

Besides the energy  the orbit of an electron with respect to a given scattering
centre will be characterized by the impact parameter b, where b is the
perpendicular distance between the scattering centre and an asymptote to the
orbit. Then, following Fowler (loc. cit.), it can be shown that the number of
encounters per scattering centre, in unit time, with (»,, ;) electrons is

Ny27b,dby(2/m) G (ny) 0y Ay,

if we make the physically plausible assumption that the distribution over the
accessible impact parameter states is purely random.

Now the probability of a transition from an (7, b;) electron to an (v, b,)
electron with the absorption of a quantum of energy hv, where

hv=2;—n,
may be taken to be

Ba(n, D)L (v)dv,

so that the number of transitions of (M1, by) electrons to (v, by) electrons per
scattering centre per unit time with absorption of a quantum of energy hv is

Ny(2/m)3G (1) 0,d;27b1db, B1a(n, b)I(v)dv.

Similarly the number of transitions of (7, b,) electrons to (v, b,) electrons
with the emission of a quantum of energy hv may be written

No(z/m)%G('ﬂz)“flzd”flzzﬂbzdbz[{321(7), b)I(v)dv 4oy (1), b)dv],

where o,;(, b) denotes the spontaneous transition probability.
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To find the relation between B;y Psy, and oy we use the fact that detailed
balancing must apply under the conditions of thermal equilibrium when G(v)
is given by equation (15) and I(v) is given by

- 12(v)vEhy
T0)=gaexp (W/FOJ I **' 0t (16)
remembéring that we are dealing with a polarized radiation field.
From this we obtain the relations
NobaBo1 (M b)ANdby="2101B15(0, b)dN;dby, o oonn (17)
and v
ogr (1), B)/Ban(my B)=(RV3[OD)UA(Y)y +vvvvrerennn. (18)

o that equation (8) is valid for the case of free-free transitions.

From equation (17) it follows that the degeneracy of the state is proportional
to the energy ; a result that is to be expected when there is no preferred spatial
direction.

If we substitute from equations (17), (18) in equation (3), replace sums by
integrals, and integrate over the allowable values of v and b, we get

K,—(2) ¥2nvor [° an [ i b
v——(ﬁ) ohv cho ﬂfo dbv;b[G(v)—hv)—G(y])]magl(n, )s
IO (19)

where bm,x, is determined by the distance beyond which a given scattering centre
is screened by the electronic cloud.

If the results given by Westfold (1950) are written in m.k.s. units, and in
the form appropriate to a single state of polarization, we get

e? N(v) 1 (20)

Otzl('Y), b)=3n203m80 1+(87‘C€0b7]/Z62)2 }R, ....................

80 that

1 (2\! eN3 [(Ze2\:[® . G 8megbmax.) 2
K,=— — = = OTr€Imax. ™
vzp,(v)(m) 3ncmso(87cso) fo d"’an In [1+( Ze? ) ]’

where Z is the ionic charge.

This equation is of the general form of equation (11) with

F(n)~G(n) and Q(n)~log [1+Brepnaxn/Ze?)?], ... (22)

- 80 that in this case @(v) is a monotonically increasing function of v. It follows
from the general discussion given above that K, is positive, whatever the form of
G(7), in agreement with the predictions of the macroscopic theory. This con-
clusion, however, does not hold for other radiation mechanisms, as we shall
now demonstrate.
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(b) Cerenkov Radiation

The spontaneous emission probability for Cerenkov radiation is proportional
to

2
e*Dydy [1— - ¢ ] for v,> L, ..........
¢ vpu3(v) (v)

where v, is the velocity of the particle charge e traversing a medium with refractive
index p(v). In terms of the total energy F this may be written

moct\ ! ° pu(v)moc?
r@y~eto{i =52 [1- Gy e > Sy
—0 for E p(v)mee?
IRV RO RSTY
................ (24)

which is zero below a certain critical value of the total energy E and thereafter
increases monotonically with . However, it does not follow from this and the
general discussion given above that negative absorption is inherently impossible

- in this case, since Cerenkov radiation is not emitted isotropically but in a direction
making an angle ¢ with the path of the charged particle where

COS @=C[VgL(V): .ttt (25)

Hence, if we have a stream of fast particles moving, in a given direction,
with a small spread in transverse velocities, the emission in a direction making
an angle 0 with the direction of the stream will be obtained from electrons with
a narrow range of energies centred on E=ZF(0), where

- mye?
, E(G)—[l_secz ooy (26)
If the energy distribution function G(E) is such that
(0G|OE)E—E@©>0y «.iviiinnennnnn.. (27)

the absorption coefficient will be negative for propagation in this direction.

This condition is similar to that for growing longitudinal waves in an ionized
plasma, which was first derived by Bohm and Gross (1949). These workers
considered a unidimensional plasma with a velocity distribution function H(v)
and showed that a plasma wave with phase velocity v, would be amplified if

[OH®)/00]p—p,> 0. weeeeeennnn. (28)

However, there is one important differenge between the two cases in that
the growing plasma wave, which arises under conditions equivalent to a negative
Landau damping (Landau 1946), is a coherent phenomenon while the negative
Cerenkov absorption considered above is incoherent, so that, in this second case,
the radiated power would tend to zero with the electronic charge ¢ when the
total current was kept constant.
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(¢) Gyro Radiation
If we consider an electron spiralling under the action of an external magnetic
field with kinetic energy v then in the frame of reference of the rotating electron the
frequency spectrum of the emitted radiation is confined to narrow bands centred
on integral multiples of the gyro frequency

vgp=eB[2mtm, ........ ... ..., (29)

where B, is the flux density of the magnetic field in weber/metre2 and m is the
relativistic transverse mass of the electron defined by

m=my(1 —vZ/c?)~%
In the case where
MMMy o vveieninnnnnnnns (30)

which we shall assume in the present section, appreciable radiation will only
take place at the fundamental and at the first few harmonics of the gyro fre-
quency. The width of these spectral lines measured in the frame of reference
in which the axial velocity of the electrons is zero is determined essentially by
the lifetime of an excited state, which is in turn affected by collisions with the
background plasma ions and by diffusion into regions with slightly different
magnetic fields. We shall assume that this fractional line width is very much
less than the separation between successive harmonics, a condition which will
certainly be valid in practice as long as the inequality (30) is satisfied. Under
the conditions occurring in nature, the fast spiralling electrons will have different
axial momenta so that the radiated frequency spectrum seen by a fixed observer
will be Doppler broadened. However, in the present paper, in which we are
primarily concerned to show that negative absorption is possible in principle,
we shall only consider the idealized case in which the fast electrons all have zero
axial momentum.

~ The presence of the external magnetic field removes the spin and angular
momentum degeneracy of the electron, so that the weights of the states between
which radiative transitions can take place are equal to unity.

Under these conditions we can apply the general results given in equations
(9)-(14) above to write

Kv=—(hv)2f°° Q(x, 0, v)%lfdn, ............ (31)
0 1

where F(v) is now simply the electron kinetic energy distribution function ;
Q(7, 9, v) is the stimulated transition probability in the direction 0 for electrons
of kinetic energy ).

When there is no Doppler broadening, Q(v, 0, v) is only appreciably different
from zero for values of v close to the values :

(0, +mee®)=eByc?[2mry, r=1,2. .., ........ (32)

where r is the order of the harmonic of the gyro frequency so that we may write

Q(x, 9, v)——;g1 QM) 0, VIS —1,) ot (33)
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If the energy of the fast electrons is sufficiently high, appreciable contri-
butions to the power radiated at a given frequency v can comé from electrons
with energies such that equation (32) is satisfied by one of several values of 7.
However, when the inequality (30) is valid, appreciable radiation at a given
frequency will only occur for a single value of #, and in this case the associated
value of K, will be negative as long as

L T (34)

a condition that might arise in a practical case if a well-defined group of fast
electrons was superimposed upon the thermal plasma electrons.

(d) Synchrotron Radiation
In this case where
M —My>> Mg,
the fast electrons are highly relativistic and appreciable energy is radiated over
a very large number~(m/m,)® of the harmonics of the gyro frequency. In the
extreme case, which we shall consider here, the harmonics will be so closely
spaced that the power spectrum P(E, ¢, v) for spontaneous emission may be
assumed to be a smoothly continuous function given (Schwinger 1949) for the
case u=1 to which we shall confine ourselves by

P(E, ¢, v)= \/32“00 * Vo ° 2 / K;5(8)dE watts/cycle, .. (35)
€J 9/vg
where Ks({) is the modified Hankel function of order o,
v,=1+5vyo(E/[mye?)? sin o,
VH0—6B0/2T"”'07
B, is the flux density in weber/m? of the external ma,gnetlc field.
@ is the angle between the direction of motion of the electron and

the magnetic field.

The orbit of a given electron is characterized by four parameters :

E, the total energy ;
p,, the axial momentum ;
7oy Yo, the cylindrical coordinates of the axis of the orbit.

In processes involving the emission or absorption of a quantum kv in a
direction making an angle 0 to the magnetic field the changes 3E and dp, in
the energy and axial momentum are given, from the conservation laws, by

3E = +hv, }
3p,= +hv cos O/c,

the sign being taken positive for energy absorption and negative for energy
emission. The coordinates of the axis of the orbit can also suffer changes which
must be allowed for in a quantum calculation of the spontaneous emission
probabilities (Judd et al. 1952 ; Olsen and Wergeland 1952), but there is no need
to take explicit account of these in the present discussion since they have no
influence on the form of the absorption coefficient.
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The energy and momentum of the particle are related by the equation
cpz:(E2~mgc‘f)% COS Qv vvvinvinninnnens (37)

From this it can be shown that the change 3¢ in the inclination of the
electron orbit after absorption or emission of a quantum of energy kv is given by

oo E cos o,

S@Nisin cp\/(E2—mgc4)[\/(E2—mgc4) —co8 6]. .... (38)
Now let us assume that N(E, ¢), the combined distribution function for

the total energy and orbital inclination of the relativistic electrons, has first-order

derivatives with respect to both E and ¢. Let

I(v, 0)B1o(H, @, v, 0) and I(v, 0)By (B, @, v,0) ...... (39)

be the stimulated absorption and emission probabilities for transitions between
(E, ) and (E+3E, ¢+3¢) states involving quanta of energy hv emitted or
absorbed in the 0-direction, where I(v, 0) is the intensity of radiation polarized
so that the electric vector is perpendicular to the external magnetic field.* Then,
from the fact that the electron states are non-degenerate, we have

Bio(E, @, v, 0)=Ps(E, @, v,0), ..... e (40)
and
K, (0)=hv f aE f " A6Bu(H, 9, v, O)[N(E, ¢)—N(E-+3E, ¢-+50)].
myc? 0
' e (41)

"Let oy, (H, ¢, v,0) be the spontaneous emission probability in unit solid
angle in the direction 0, so that

E, ¢, v) G()
hv 27 sin 6’

P
%01 (E, @, v, 0)= (

where G(0), the function which determines the angular distribution of the radia-
tion, is subject to the relation

f T@O)AO=1. ...o...... S (43)
0

Since the refractive index p of the medium has been assumed to be equal to
unity, and since the radiation is emitted with a specific polarization, it follows
from the basic radiation laws (Fowler loc. cit.) that

c? '
Bar(E, @, v, O)ZW“H(E’ ey vy 0). il (44)

* This is the only polarization which interacts appreciably with relativistic electrons.



576 R. Q. TWISS
From equations (41)-(44) we see that

1 ®© 27 c2? N
K,=— 27 sin 0 dEJO deP\EP(E’ Py V)G(e){a—E(E, ®)

Moc?
i 1 ( E cos ¢ _ cos e)aN(a]_ZJp, cp)}.

sin @\ v/ (E*—mZc?)
................ (45)

Now the radiation from highly relativistic electrons is effectively confined
to a narrow cone, with the axis tangential to the instantaneous orbit, so that
G(9) will only depart appreciably from zero when ¢a0. In this case So, as
given by equation (38), is effectively zero, as, therefore, is the coefficient of
ON(E, ¢)/0¢ in equation (45). If we make the further assumption that
ON(E, ¢)/0E does not vary appreciably over the resonance of P(E, ¢, v) we may
put

P(E, ¢, v)G(0)~P(E, ¢, v)3(0—¢), .......... (46)
when from equation (45)
. —c? o ON(E, )
Kv—mfmocz dEP(E, 9, V)-aT, ........ (47)

which is of the form of equation (11).
The function P(#, 0, v) is effectively zero for values of E such that

E<Eax. ~ (Vv 8in 0) i mge?, ool (48)

rises to a maximum at Fnax., and thereafter decreases monotonically to zero as E
tends to infinity.

From the general discussion given above in the introduction to Section IV
it follows that K, is certainly negative, whatever the nature of N (X, 0) in the
region F> Fm,x, a8 long as N(H, 0) is zero for all E <Fn.x.. The most favourable
case for negative absorption, for- propagation in the 0-direction, arises when
N(E, 0) is zero except for a narrow range of energies centred around the value at
which 0P(E, 0, v)/oE has a maximum, but this optimum is not critical since the
maximum is not a sharp one.

Even if negative absorption is present in a medium it will only be important
in regions in which the difference between the stimulated emission and absorption
is at least comparable with the spontaneous emission. In the ideal case, where
the relativistic electrons all have the same energy E, it can be shown quite simply
that v(0), the ratio between the excess stimulated emission and the spontaneous
emission, is given by

kOy(0) 20(0X/0x)
v(0)= o X(a) 7

where @,(0) is the effective black-body temperature of the radiation field at
frequency v in the 0-direction, where « is given by

2 (M
Q_W( o ) R (50)
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and where X(«) is the function defined by

X(@)=o f CEyy(0AL e (51)

which has been tabulated by Vladimirsky (1948).

The quantity
20(0X/0e)] X (o)

is a slowly varying function of «, for values of E at which appreciable radiation
can be emitted at frequency v, of the order of magnitude of unity so that even
under ideal eonditions appreciable negative absorption can only arise when

RO, oo (52)

where F is the average energy of the relativistic electrons which contribute
appreciably to the radiation flux at frequency v in the 0-direction.

V. DISCUSSION AND CONCLUSIONS

The main result of this paper has been to show that negative absorption or,
in other words, amplification, can occur under certain circumstances in an electron
gas.

A necessary condition for this is that the electron energy distribution function
F(7) be markedly non-thermal with an appreciable excess of high energy electrons
such that the derivative of F(v) is positive over a range of values of the kinetic
energy 7. However, this condition is not sufficient since, as we have shown,
negative absorption can never occur if the dominant radiation process is that of
free-free transitions, whatever the form of the electron energy distribution
function. On the contrary, a further necessary condition is that the absorption
cross section, in the direction of propagation, associated with the dominant
radiation process should have a maximum at some finite value of the electron
energy, and the most favourable case is when this maximum is a sharp one
occurring at the value of v at which 0F/d» has its maximum positive value.
More specifically, we have shown that negative absorption can occur in principle
when the basic radiation process is (a) Cerenkov, (b) gyro, (¢) synchrotron, and
the relevance of this to radio astronomy will now be discussed briefly.

(@) Cerenkov Radiation from the Auroral Rays

A charged particle moving with velocity ¢p through a medium will produce
Cerenkov radiation in a particular mode and at given frequency v in the direction
0 for which .

ve=0cf cos 0,

where v, is the phase velocity of the associated electromagnetic wave in the
medium. Since, for a material particle, B <1, this condition can be met only
for v,<¢ and in an ionized medium this occurs only in the extraordinary mode
at frequencies below the gyro frequency. Such radiation cannot escape from
the Sun nor indeed from any galactic radio source (Pawsey and Bracewell 1955)
at frequencies which can be transmitted through the Earth’s ionosphere. It
therefore appears that this effect cannot play any role in the production of radio
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waves received from outside the Earth. However, it is conceivable that such
radiation might be produced by fast electrons in the auroral rays (Ellis 1957)
and, as long as the direction of these electrons is confined to a narrow solid angle,
" the discussion given in Section IV (b) suggests that the Cerenkov radiation
generated in a certain solid angle will be amplified if the burst of fast electrons
should have a sufficiently narrow energy spread.

(b) Gyro Radiation and the Type I Solar Disturbances
It still seems likely that the mechanism underlying the major outbursts -
of non-thermal radio emission from the solar corona is connected with the presence
of organized plasma oscillations. However, it is possible that the strongly
circularly polarized noise storms and solar bursts of spectral type I (Wild 1951)
are due to harmonic gyro radiation (Twiss and Roberts 1958). If this is indeed
the case one must assume the presence of negative absorption, or at least of
anomalous radiation transfer, since for reasons connected with the circular
polarization and lack of harmonic structure of the bursts the rotational energy
of the fast gyrating electrons cannot be more than a few thousand electron-volts.
This corresponds to a kinetic temperature of 107-10% °K, while the brightness
temperature associated with the observed flux may be as high as 3x10 °K.
A discussion of this possibility must be based on a detailed analysis of the experi-
mental evidence which will be published elsewhere (Twiss, in preparation) ;
all we would like to emphasize here is that many of the objections to the gyro
theory for type I disturbances can be resolved on the assumption that the medium
is exhibiting negative absorption.

(¢) Synchrotron Radiation in the Discrete Radio Sowrces

The principal objection to the theory which attributes the emission from
the discrete radio sources to synchrotron type radiation is that one must assume
that very large energies are stored both in the relativistic electrons and in the
trapping magnetic field. These difficulties would be appreciably reduced if
negative absorption were playing a significant role at least at frequencies below
a few hundred megacycles. However, it seems virtually certain that this cannot
be the case, as will now be shown.

Thus let us consider the brilliant discrete radio source Cygnus-A, which has
an effective brightness temperature 0, given approximately by the law
Oy=~10°(v/108)=3 °K, ..........ooill (53)
over the frequency range ‘
3X107<<v<<10™ ¢fs.

Now, as shown in Section IV, in the case most favourable for negative
absorption, the energy of the fast electrons is given approximately by

- v 3 :
Eopt2mee (1 Bvpe S 0% 0- 05) g e

and for negative absorption to be significant it is then necessary that

Boptah®ye «vvveieieeeaeeaaeaann. (55)
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The frequency at which this last condition is met is linearly proportional
10 vyot, where vy,=eBy/2mm,, is the gyro frequency of a non-relativistic electron
in the magnetic trapping field. The average value of B, in Cygnus-A, which has
been identified with two colliding galaxies, is probably within an order of
magnitude of 108 weber/m? and it is almost certainly less than 10—¢ weber/m?,
since otherwise the energy stored in the magnetic trapping field would be pro-
hibitively large. Hence v <10 ¢/s and equation (55) will not be satisfied for
frequencies above 23107 c¢/s. Below this frequency the effective brightness
temperature of Cygnus-A increases less rapidly than v—3 (Lamden and Lovell
1956), while the opposite would be the case if negative absorption were starting
to be effective. Admittedly, this effect might be partially marked by absorption
in H 11 regions within our own galaxy, but, since we have taken very optimistic
assumptions for the electron energy distribution and since Cygnus-A is an
exceptionally brilliant source, the condition most favourable for stimulated
emission, one is probably justified in concluding that negative absorption is
always unimportant in the discrete radio sources, at frequencies of interest to
radio astronomy, if the radio emission from these is indeed synchrotron-type
radiation. ' :

On the contrary, it is to be expected that the relativistic electron gas will
exhibit positive absorption at low frequencies, as has been suggested earlier
(Twiss 1954) and this phenomenon may be connected with the observed low-
frequency cut-off in the spectrum of the discrete radio sources (Lamden and
Lovell 1956).
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