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Summary

A series expansion in powers of Planck’s constant is adapted to yield the
quantum mechanical correction to the classical statistics of an “almost one-dimen-
sional” system. The result is of validity at the high temperature end only of the
specifically quantum temperature region. Application to the thermal expansion
of solid argon gives reasonable agreement with experiment.

I. INTRODUCTION

The classical configuration integral of statistical mechanics can be evaluated
exactly for a “one-dimensional fluid” with nearest neighbour interactions. Recently
Barker (1962) has shown that exact results can be obtained for the more general class
of “almost one-dimensional” systems. In these systems, which are situated in three
dimensions, it is only necessary that, in a given configuration, the molecules can be
numbered serially and that any given molecule interacts with only a finite number
of its neighbours. One important feature of these systems is in their use in approximate
treatments of real three-dimensional systems. Barker (1961) has used these results
as a basis for his tunnel theory of dense fluids, while Lloyd and O’'Dwyer (1963q),
hereafter called I, have used them in a model of the close-packed line of atoms in a
solid. The above treatment is, however, purely classical and in the case of a solid it is
necessary to have some corrections for quantum effects in order to be able to describe
the behaviour of the system at low temperatures.

Quantum corrections to the classical constant-volume partition function have
been discussed by many authors (cf. de Boer 1948; or Landau and Lifshitz 1959).
In the following we shall use a constant-force partition function rather than a constant-
volume partition function and, by an analysis which is formally identical with the
constant-volume case, obtain the lower-order quantum corrections. It is shown that
these corrections can be obtained from a classical configuration integral after a pseudo-
potential, representing the lower-order quantum effects, has been added to the true
potential of the system. For an almost one-dimensional system the evaluation of this
classical configuration integral, containing the pseudo-potential, can then again be
reduced to an eigenvalue problem.

The formalism so developed is then applied to the model of a close-packed
line of atoms studied in I. The Gibbs energy, and hence the thermal expansion,
of this model is calculated and applied to the determination of the thermal expansion
of solid argon. A comparison of the results predicted by this model with the measured
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values of the thermal expansion of solid argon shows fair agreement. The predicted
curve, however, lies above the measured points and has too small a slope.

II. TuE ArMosT ONE-DIMENSIONAL SYSTEM

Following Barker (1962), an almost one-dimensional system is defined as one
in which the potential energy is given by the functional form

U= E ¢ (T Topgs - - o5 Tgg)- (1)
Here r,, = (x,, Yn, 2,) is the position of the nth atom when labelled serially so that
AN L 22y . D2, (2)

there being N atoms in the system. The length of the system is given by
L =zy—2,. (3)

The classical statistical mechanics of the system can be obtained from the
constant-force partition function defined by

o0 = 2 [ ap [ dq exp{—BLA(p, o)+ FL, 4

where G is the Gibbs energy,
B == 1/kT is the reciprocal temperature,
F is the one-dimensional applied force on the system,
and J#(p, q) is the Hamiltonian of the system, given by
N
#p.g = > iy )
’ 2m
n=1

In order to evaluate the partition function (4), the integral over the momentum
coordinates is taken, and the restriction (2) is used to remove the N ! in the denomina-
tor and gives

N
680 — KoY | dg® T exp{—fid(rn - Fasd + Fenn—2)l}. (6)

INZEN > >

Here
K = (2am/Bh)*. (7)
Because of the product character of the integrand, equation (6) can be reduced to
e—BG — 3NN, (8)

where A is the largest eigenvalue of the equation

)\?’(rl...rs)=fl dzojf d, dy,

Xexp{_ﬁ[¢(r0: Ty, ..o rs)—l'F(zl—zo)]}
XW(r0= rl: LRI rs—l)' (9)

These results have been derived by Barker (1962).
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IIT. TeHE QUANTUM MECHANICAL, CONSTANT-FORCE PARTITION FUNOTION

The constant-force partition function, in the quantum mechanical case, has
been given by Lloyd and O’Dwyer (1963b) as
eB6 = X e~ fh, (10)
where @ is the Gibbs energy, 8 = 1/kT', and b, is the eigen-enthalpy. The enthalpy
levels are given as solutions to the eigenvalue equation

I

In one dimension F will be the applied force on the system while L is given
by (3). In three dimensions FL is the scalar product of (F,, F,, F;), representing
the applied force in the three dimensions, with the vector extension operator
L = (L, Ly, L) giving the extent of the system in the three dimensions.

f/f(“ )+FL} W, = h, ¥, (1)

In order to show the relation between this partition function and the classical
partition function, equation (10) is written as

e~P¢ = Trace{Ute FlA+FL [}, (12)

where U is a unitary transformation. Following Kirkwood (1933) the unitary trans-

formation used is
 poae i

= ISP (13)

Here r is a 3N-dimensional vector giving the position of the N particles. Using

the operator relation
a U(r) — eUr) ou_ o
F(—a—r)e = el F|— +ar (14)
equation (12) becomes

, h—3N
P8 = [dpqu F(r,p; B),
where

Fr,p; B) = exp{ ——B[%(p—l—? (%, r) +FL] } 1. (15)

It should be noted that in using the unitary transformation (13) we are assuming
that exchange effects can be ignored. If this is not the case a suitable symmetrized
set of exponentials must be used for the unitary transformation.

Using the operator relation

B X .
e—BlA+Bl — e—BA[l_ [ evd B e—vld+B] d'y], (16)
J0

F(r, p; B) can be expressed as the solution of the integral equation
F(r, p; B) = e Bl#®,0+FL)

7 0 #fi2 o 0
x{1+[ evmm(’mp KL ar)xF(r p; >dy}. a7
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IV. TuE PowER SERIES EXPANSION

A power series expansion of the partition function can now be obtained by
forming a solution of the integral equation for F(r, p; B)in powers of #. Solving (17)
by iteration, and using the relation (14) gives

F(r,p; B) = e~ AL #(». )+ FL]
8 if oU @ oU 0 oU @
X{l i JO v [% ( “or +8r) Tom ( “Yor +ar) ( RET +6r)]
+ ... } 1. a8

On substituting (18) into (15) and taking the integrals over both the y’s and the
momentum coordinates, the partition function is given to order %% by

BG K3N 3N, U+FL
e—-sz' 43Ny e—BIU+FL]

fit
X {1'__ B2 Z u+5760 2 ﬁ3 E E [5Uu UH —-f—ZU” UH 5/3 Uzzn]+ L Y
(19)
where
U o U

In order to eliminate single differentials of the potential, relations of the type

oU oU [ 02U

U 7Y e-BU dr = BU ;

or; or; e7fldr =8 Joror; e~fdr (20)

have been used in deriving (19) from (18).

In order to reduce an almost one-dimensional problem to an eigenvalue problem
it is convenient to have the quantum corrections in the form of a pseudo-potential.
To the same order in # (19) may be written

B KB3N %2 %4 ]
e BG=—N!—Jd3N1‘ exp{—-B[FL-}-U—{-%Uz—i—W U,+. ]}, (21)
where

1
U2=ﬂB§Un:

U ﬁ z 2 Uzwi

1152 63 Z z UZ] U7.7 (22)

2880
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For an almost one-dimensional system with U given by equation (1) the evaluation
of (21) can be reduced to an eigenvalue problem in which we take

U = z ¢(r’n’ cee r'n+s)9
n
then
1 N - 92
Ve= 2_4/8 Z { Z 37"?‘“ $(Eu s rn+s)},
and
U4 2[1152 { Z Z ayﬁ_‘_z 87'”_'_] rfn’ ey r,,H_s)}
i=0 j—0
Iga{ 0% ¢
" 2880 ar,m Brnﬂ O s OF s
n+s ]
; 02 P(r,, ..., Fpiy) 02 $(T,y . . ., rm+s)}
+2 Z arn+i afn_H arn+i arn+j . (23)

m=n+1l 45j=0

The potential is then again of the form of (1), except that the number of variables
has been raised from s+1 to 2s+1, and so the problem is reduced to the solution
of an eigenvalue equation of the form (9).

As the term which raises the number of variables in the kernel from s--1 to
2s4-1 is associated with an %%, it may be more convenient to treat this term as a
perturbation. First-order perturbation theory will then give the same order of
aceuracy.

Consider the special case s = 1, here
U=2 ¢(rm rn+1)7
n
U2 =X (;Sz(rn, rn+1)’
n

U4 = % {¢4(r’n7 rn+1)+¢2,2(rn» rn+1)+0(r'm rn+1, rn+2)}? (24)
where
1 [02¢ 02
$(ry, Ty) = 24 B{'a—rZ‘)+_a72é}5
4 a4
$alrr, 1) = 1’1352{ arf +2a72%+ ayj }
r,Ty) = —/93{3275 0°¢ ,0°¢ ¢  3°¢ 3245;
P22 ("0 T) = 5555 572008 Brsars T Zarears Graons T argar 31302’
and

—pB3 0%¢(ry, Tp) %p(ry, 1y)

N VY R T R T (26)
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Here there is an implied summation over the components of r; and r,, where this is
not clear a superscript a or B has been used. Then, as the potential (true plus pseudo)
may be written as

% @(l',n, r'n-f-l’ r’n+2)
with
" h? fit

O(ry, Ty, T3) = $(ry, Ty) +—7—)_z $o(Ty, Ty) —|——7ﬁ{¢>4(r1, Ty) 4y oIy, o) +0(ry, Ty, T3)}, (26)

equations (8) and (9) give
e—BG — K3N )V,
where A satisfies
' 2 ©
A¥(ry, 1rp) = f__ dz, J[_ dzy dyo exp{—B[D(r, Iy, Ty) +F(2;—20) ]} F(r, Ty).

(27)

However, if 8 is treated as a perturbation, then

4
A= )\0[1 —-BmﬁT)% JJJ Yi(r) M(ry, r)0(ry, s, r5) M(ry, rg)PR(rs) dry dry dra], (28)

where ¥, and Py are the left and right eigen-functions belonging to the eigenvalue
Ag of

4
Mtey 1) = exp| =] Fles—20) (e 0 e b t90]) 9

that is, they satisfy

J ¥, (ry) M(ry, 1) dry = Ao Py(ry),
and

J M(ry, 13) Wy(ry) dry = A, ¥Pg(ry).

V. THERMAL EXPANSION OF ARGON

As an application of these equations we shall apply these formulae to an almost
one-dimensional model of a close-packed line of atoms in a crystal. This model was
studied, with reference to solid argon, in I. In this model a nearest neighbour,
central-force interaction of the form

®(R) = Ba? [% (R “) o <1.'>3><(R “) + .. } (30)
is assumed to exist between the atoms of the crystal. Here

R?z+1, n = (Xn+1—Xn)2+( Yn+1_ Yn)2+(zn+1_zn)2

is the square of the distance between nearest neighbours. In addition, the atoms are
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assumed to be harmonically bound to a line so that the total potential is

U=% {% Byiyy B Zﬁ+¢<Rﬂ+I,n>}, (31)
n X1 X2

where y; and y, are the ratios of the harmonic term in the nearest neighbour interaction
to that of the respective sideways binding.

As can be seen (31) can be put as

U = % ¢(r'm l'n+1),

where
¢ = {1B/x: (Y%ﬂ‘f‘yi)‘l‘iB/Xz (Zi+1+zz)+¢(Rn+l.n)}’ (32)

which is of the functional form (1). The method of Section II can then be applied in
order to find the Gibbs energy in the classical temperature regions. This has been
found as a power series in terms of the temperature and applied force with the use
of perturbation theory in I.

In order to obtain the quantum corrections for this model, equations (24)-(28),
with (T, I,.,) given by equation (32), have been used. With the equations in this
form perturbation theory can be used to obtain Ay, ¥, and ¥y, and hence A, in
powers of the temperature and the applied force. The calculation will not be
reproduced here, as the method has been explained in detail in I, and the algebra,
while quite straightforward, is very tedious.

The final result for the Gibbs energy is

fi2 B #i* B2
g = g°+m(kT)2 g2+m2(kT)4 gat - (33)

where g is the reduced Gibbs energy given by

_ G
9= NBa®

and g, is the classical contribution given by

m3 (kT i
go = —t ln{e‘”" ["ﬁT(EE)— X1 Xz] }

+ {30, — 5P+ .. {1 — (i +xa)} St

{495 +3P, 0, —§ O} ft*+ . .. —3f

4+ {3P, 3D} fA+ . ... (34)
This is the same as that obtained in I excepting that the terms in x; and x, have

only been retained in the lowest order terms. Here f and ¢ are the reduced applied
force and temperature given by

f = F|Ba,
t = kT|Ba?.
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The quantum correction terms are given by

1 11 '
g = E[(l +§E+2—Xz)t +(3P,—3D)t2+ . ..

+H(—Py—2) ft+(—3P 5 +3D P, — PS>+ . . .

NPV JEEY... Y R, ]

1 11 )
94 = “4‘8—0[(1+(§%+@g)t+(—§¢4+3¢§)t2+ S
+(_2¢>3—§%—% 5(1—) fi+ (3D, — 5By, +ADY fe2 1 . .
1 2
B+ ] (35)

When the terms containing y, and y, are ignored, so that the model is strictly
one dimensional these expressions agree with those for the free energy obtained by
Maradudin, Flinn, and Coldwell-Horsfall (1961) by a completely different method.

From the Gibbs energy all the thermodynamic properties of the chain can
be obtained, and in particular the thermal expansion at zero applied force is given by

_ k%
*= Ba? ——jTaz Ff=0
k 7B 7B
B Fa_z[““ FeTyEm 2 Ty ] (36)

where
ag = (—3Pg—x1—x2) +H(—1Ps+§PP,— 5P} 1+ . . .,
a = —g(—Ps—2)+ ...,
ag = ol(—Ps—3 1/x1—% 1xo) +(3P5—5PyP, +5P3) t+ . . .]. (37)

In the application of this model to the thermal expansion of solid argon, we
use the values (cf. I)

D, = —3x21,
D, = §x371,
D, = — & x6440,
X1 = X2 = %
and
k/Ba? = 1-134 X104 (degK)~2. (38)

For argon we also have, using the same potential,

#i2B/k2m = 2-942 x 10® (degK)2. (39)
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With these values

a = 10"%3-898+42-958 x10-2x T
—0-956 x10%8x1/T?
—2-408 x103x1/T34+2-212x105x1/7'4
+ ..., (40)

when 7T is in degrees Kelvin.
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Fig. 1.—Coefficient of thermal expansion of solid argon.
Experimental points from Dobbs and Jones (1957) and theoretical
curve from equation (37).

A graph of this function is shown in Figure 1 together with the measured
value (cf. Dobbs and Jones 1957) for the thermal expansion of argon. As can be
seen the agreement is only fair. The calculated curve lies entirely above the measured
points and the slope is too low. This is probably due to two causes; firstly, the
model does not treat in sufficient detail the interaction of the chain with the rest
of the solid, and, secondly, the expansion in powers of #2 is inadequate in the vicinity
of absolute zero.
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