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Summary

A class of local potentials containing central, tensor, and L.S parts is con-
sidered, for which the n-p coupled radial equations for the = = —1 states of any J
reduce to uncoupled equations over a region R of . If R is finite all potentials may
be of short range. The possibilities of describing the deuteron and n-p scattering by
this model are considered. It is shown that the observed values of the high-energy
mixing parameters es, ¢4 may be fitted without solving the wave equations.

I. A Crass or ExAcTLY SOLUBLE POTENTIALS

Nicholson (1962) and Davies and Delves (1963) have shown that the J = 1,
m = —1 bound state of the neutron and proton system becomes “‘exactly soluble”
for certain classes of non-central potentials: in the former case for a central plus a
tensor potential having an -2 radial dependence, and in the latter case for a central
plus tensor plus a spin-orbit potential containing an -2 term.

In this paper we consider the m = —1 states for any value of J, for a group of
central plus tensor plus spin-orbit potentials that includes those of Nicholson and
some of those of Davies and Delves. These potentials lead to uncoupled Schrodinger
equations, and also lead to values of the mixing parameters used to describe neutron-
proton scattering without the need to solve the Schrodinger equations.

Suppose that neutron and proton interact through two-body potentials having
central, tensor, and spin-orbit components. The non-relativistic Schrodinger equation

for the 7 = —1 states of angular momentum J yields the coupled radial equations
v [ . 2= <J—1)J] CCR Y
u +[’0 +We+(J—1)Wis 2711 Wp— ) u+ 2711 Wrw=0,
1)
vl C2(J42),, <J+1><J+2>] 6(J(J+L}
w—f—[k +We—(J+2)Wis 2711 W 2 w-+ 2711 Wru=0,

2)

while for the = = 4-1 state of momentum J the radial equation is

v+ [k2+ We—Wrs+2Wp— —J(—Jj;tl—)]v =0, 3)

r
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where we have written the potentials V as
Velr) = —(M[E2) W,
Vo(r) = —(M[R)Wr,
Vis(r) = —(MA2)W s.
If we suppose that, over a certain region R of r,
w = Bu, (4)
where B is a constant, then (1) and (2) require that, within R,
(27 +1)%(2/r? 4 W £s)+-6 W [+ (J + 1)}HE—1/B)] = 0. (5)

R might consist of several subregions Ry, each characterized by a constant 8,. The
quadratic equation (5) has roots B1, B2 satisfying

BBz = —1, (6)

and it is convenient to take |81|<1. If (5) is true, then (1) and (2) have within E two
independent solutions (u1, w1), (u2, we) in which

w1 = Prur,
7
wg = Paug = —(1/B1)uz,
and w3, us satisfy the two equations

| o B
uf,z+[k2+ Wet (J—1)Was+ 6'31’2{‘7(";;}&1 20Dy, I 1’]m,2 —0. @®
7

The solution of each equation contains two arbitrary constants: if R includes r = 0
we particularize on the solutions satisfying

u1(0) = u2(0) = 0. 9)

If R is a finite region then all potentials may be of short range, but if B is
(0,00) then at least one of Wrs and W must contain a long-range 7~2 component over
all ». If R is (0,00) and if (5) is to hold for more than one value of J, then W s must
contain this term.

II. GROUND STATE
If (4) holds over R in the J = 1 bound state of the system, then (5) is

2/r2+Wrs+3Wr[1+24B—1/8)] = 0. (10)
Any set of potentials satisfying (10) within R causes (1) and (2) forJ =1 to reduce to
uf gt [~ + Wo+2 P12 Wrlur,e = 0, (11)

where —a2 replaces k2. Outside R, (1) and (2) hold, and u, w, «’, and w’ must be
continuous at the boundaries of E.
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Suppose that R is (0,00). Provided that W¢, Wy diminish at least like r—2 at
large r, 41 and ug are asymptotically

U1,2 ~ a1,2 €4 +by 5 €97,
Using (7), the ground state is the linear combination
ug = C1%1-+CoUs, }

wg = Bre1u1—(1/B1)caus,

(12)

and for ug, wg to behave suitably at large r we must have
c1b1-+cabe = 0,
Bic1b1—(1/B1)cebe = O,

which is only possible if b3 = ¢c2 = 0, if bg = ¢1 = 0, or if b = by = 0. That is, a
bound state is only possible if u; is already correctly behaved at r = 0 and r = o0,
or if us is suitably behaved, or if both are (in which case the bound state would be
degenerate). Otherwise, no linear combination can give ug and wg correct behaviour.
If u, Bu is the appropriate solution, then the normalization integral gives for d, the
fraction of D-state contained in the ground state, the value

d = p?/(1+p2). (13)

It is well known that d should be about 0:04 in order to accord with the observed
value of the magnetic moment of the deuteron.

Suppose that R is (0, a) and that We = Wqp = Wrs = 0 for r > a. Within R
the state is the linear combination (12). Continuity of wave function and its slope at
r = a requires that

C1U1+CaUp = €7%%,
Bicrui—(1/B1)caus = A e~24(1+4-3/aa-+3/a%a?),
and similarly for uj, ug; where u; = u;(a) and so on. From these expressions follow

oa aug,1(a)+us 1(a)

ul,z(a)ué,l(a)*—ui,z(a)uz,l(a)’

1,2 = e

3 = HBE1Brurua+Burus+(1/B)uius
(wrus—uiug)(1+8jaa+3/a’a®)

and the condition that, at r = a,

(wius+urusAa) (147 +ujus(A +af®) +urus( A +«) = 0, (14)
where
A= ot § . 2o

_ cres | (15)
% 31 3xata’a®
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The fraction of D-state in the ground state is then readily seen to be

2 2 2 —2ar 3 3 2
/3 1 dr—— uluz dr-i— 2d +—— 14+—4—]) dr
a or a2r2

c1

e, N [ 2a ?
(1+57) f u dr+—§(1+—2) f uj dr+—— ? “+“2 2 ’(1+ +~—)
0 C1 B . a ar
(16)
In the particular case that W¢, W are constant for r < a and zero otherwise, (10)

requires that
Wiso = Wrs+2/r?

is similarly a square well. The solutions that vanish at r = 0 are then
w1 = sin yy7, ug = sin yor,
and it is clear that
= Wot+2"BWr—o® >0,
1
ry = WC—23/2/3—WT—cx2 >0,
1

for otherwise the continuity conditions at 7 = @ cannot be met. Using (10), it follows
that

Vit ys = 2We—2W 7—3Wrso—2s" > 0. a7
Equation (14) represents a stronger condition on these potentials.
It can be seen from (16) that, for a given value of d for the ground state, a range
of values of 8 is possible, provided that R is less than (0,00). For a given B, if (10)
is satisfied at all, then it is satisfied for a range of potentials
WT = l'L(WT)O,
Wirs = —2[r24p(W Lso)o,

where u takes any value. Thus the equations for u;, us contain a parameter u:

wf pH[—e®+ Wo+2>B1 o (W r)olus,2 = O,
and so a range of functions u;, ug are available. For a given value of B, the functional
form (W), its magnitude u, and the form and magnitude of W¢ are available for
variation to produce a normalizable wave function and to fit the observed value of
the electric quadrupole moment,

Q = e f: (w232 — ) dr. (18)

The satisfaction of these two conditions does not exhaust the freedom in u, W, and
W, and so in u1, ug. So if R is (0, a) there is a range available in d; as given by (16)
when the potentials vanish outside R. Conversely, it is possible to obtain a desired
d, as well as a bound state and a desired ¢, over a range of values of 8, accompanied
by appropriate ranges of potential functions. As a — oo, however, the range of B
that will yield d narrows to the single value given by (13).
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The case treated by Nicholson (1962) was defined by

R = (0, c0),
Wis(r) = 0, (19)
WT(T —3

)=
r[1+248—1/8)]
and it was found that the binding energy, d = 0-04, and the observed @ of the deuteron
could be fitted, as an example, by the simple wave function
u = N(e—ar— e=dr),
and corresponding central potential
O 6.218
1—e 07" A1p2kp—1/8)]
with B = 0-204, so that W¢ had an r—2 repulsive core. By replacing (19) by
Wis = Wrso(r)—2/r",
o= 3W;LS0(7) : (21)
2[1+2%(8—1/B)]
the 2 term can be removed from both W¢ and Wy; and if, further,
(82— aP)e @~ 3.2t Wors(r)
1—e 079" [4248—1/8)7

then the same wave function (20) can be used to achieve the same fit for d and Q.
The case treated by Davies and Delves (1963) used a common potential function

W(r), with

We =

We=

Wis = VisW(r)—2/r2,
Wr = VoW(), (22)
We = VcW(?‘).
Their solution procedure is different and does not involve (4). The constants Vg,
Vr, and V¢ are independent parameters. By using for W(r) a square well with a

hard core, Davies and Delves were able to obtain good fits to d and @ and to approxi-
mate to the singlet and triplet effective ranges and the triplet scattering length.

III. ScATTERING
If (5) is to hold for all J, with Wrs and Wy independent of J, then, over R,

2
S+ Wis(r) = 6yWr(r), (23)
7
with y a constant, and
2
BY+ l_tﬂ'.l”l)_ﬁJ_l 0. (24)

{J(J+1)p
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The roots of (24) satisfy (6), and we choose |Bs1|<<1: then 871 -0 as J — co. It
should be noted that B is independent of k. For 8 = Bj1,72, (1) and (2) reduce to (8),
two uncoupled equations for u; and us, and we choose the solutions satisfying (9).

In one of the standard scattering notations (Blatt and Biedenharn 1952) there
are, for the case of scattering by central, tensor, and spin-orbit potentials, « and 8
eigenfunctions of the scattering matrix, which take the following asymptotic forms:

U, ~ cos e sin[kr—(J—1)3w-+38,],
w, ~ sin ey sinfkr—(J+1)3w-+36,]

= — tan ej u,,
Up ~ — sin ey sin[kr—(J——l)JiTr—i—Sﬂ],
wp ~ cos ey sin[kr—(J+1)3m+84]

= cot e ug.

(25)

If R is the whole range (0,00), then these relations are of the same form as (4)
and we can make the identification

Uy = U1, W, = W1
Upg = Ug, wg = Wa, (26)
Bs1 = — tan e, Bga = cot €7,

and obtain the scattering eigenfunctions as the solutions of equations (8) satisfying
(9). In the usual theory the forces are supposed to be of limited range and it then
follows that ey — 0 as k — O for each J. In the present case, however, in which at
least the spin-orbit potential contains an r—2 term over the range (0,00), e; is inde-
pendent of k.

If R is less than (0,00), say (0, @), and if the potentials are of limited range but
not necessarily coterminous with R, then we know from the usual theory that e; — 0
as k — 0. The « and B scattering eigenfunctions are then, within R, linear combina-
tions of uy, us:

Uy, p = C14,pu1+C24,5U2, } e

Wa,p = B1014,p%1— (1/B)C24, p %2,

while, outside R, u,,s, w,,; satisfy the coupled equations (1) and (2) and have the
asymptotic forms (25). If @ — oo, (27) and (25) require that Ca, — 0 and Cy15 —0,
and (26) results. We now consider scattering as k increases, with R held finite, say
at (0,a). We rewrite (8) in terms of the variable p = kr[ko:

a? s kb ko 6By J(J+ D —2(J—1) ]
d—f,zul,z(p)—l-{ko-l-’? Welgr +(J—=1)Wrs+ 2T+ 1 Wr
. ‘_]iz_..l_)_}um = 0.
p

We may look at this as an equation for scattering at a fixed energy ko: as k increases
the potentials become shallower and of longer range, while R, which in p-space is
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(0, kajko), becomes greater. So as k — o0, B becomes (0,00) in p, and (26) again
results. The scaling by k/ko does not disturb the validity of (5) nor change the value
of B1. It follows that tan ¢; approaches —B; asymptotically as k increases.

With this in mind it is interesting to look at the results of p-p phase-shift
analysis as quoted, for example, by Scotti and Wong (1963). The parameter e is
about —1-3° at 50 MeV and is nearly constant at —2-3° from 100 to 400 MeV. The
parameter ¢ is less constant, being about —1° at 150 MeV and perhaps —1-7° at
400 MeV: we will take the value for large & to be —1-5°. On the model of the n-p
interaction considered in this paper, and assuming charge-independence, we then
obtain the estimates B2; = 0:040 and B41 = 0-026. From (20) the constant y is

y = {l/@J+ 1)1+ (T +1)}(B—1/B)].

Using Ba21 = 0-040 we obtain the prediction that for J = 1, B11 = 0-062, and from
Ba1 = 0-026 we obtain the estimate B1; = 0-075. If, on the other hand, we assume
that there is 49, of D-state in the ground state of the system, and that R is (0,00),
then (13) requires that B1; = 0-204. Whether, for a smaller region R, there exist
potentials that can yield 4%, of D-state in the ground state with a B;; substantially
closer to the value of about 0-07 derived from the scattering data, is as yet unresolved.
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