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Summary

We present numerical calculations for the flow parameters (velocity, density,
pressure, etc.) in & magnetohydrodynamic shock wave propagating in & conducting
medium. The effect of ionization in the shock front is included. The results are
presented graphically for a complete range of the initial magnetic field strength and

direction, and for several arbitrary values of the ionization energy of the downstream
fluid.

I. INTRODUCTION

Kemp and Petschek (1959) (hereafter called K.P.) have made a detailed
investigation of the propagation of a magnetohydrodynamic shock wave in a con-
ducting medium. Following methods made familiar by the study of ordinary gas
dynamic shocks, K.P. divide the flow into four regions: the undisturbed gas ahead
of the shock front; the steady flow region behind the shock front (containing the
high temperature gas sample suitable for plasma studies); the expansion wave; and
the steady flow region behind the expansion wave, which joins to the boundary
conditions at the end of the shock tube. K.P. derive quantitative results for the
variation of all flow parameters (velocity, density, temperature, etc.) throughout all
these regions. They consider arbitrary orientation of the magnetic field ahead of
the shock front: in this regard their work is an extension of that of Bazer (1958),
who considers a purely axial field ahead of the front.

In the present paper, we extend the work of K.P. by including the possibility
of a change in internal energy of the gas through the shock front. Such an internal
energy change would occur, for example, if the conducting gas were further ionized
by the passage of the shock wave.

It is to be emphasized that both K.P. and the present work assume that the
gas ahead of the shock front is ‘“conducting”. The case of an ionizing magnetohydro-
dynamic shock wave propagating into a ‘“non-conducting” medium, is much more
complex (Kulikovski and Lyubimov 1960; Gross and Kunkel 1962; Chu 1964;
May and Tendys 1965). We need only note that the criterion (May and Tendys
1965) for the undisturbed gas ahead of the front to be deemed “conducting” is that
its magnetic diffusivity 1/op be very much less than its viscosity » and thermal

conductivity « (see Lehnert 1958 for a table giving v, k, and 1/uc for several gases
at various densities and temperatures), that is,

lpo L v, k. 1)
This criterion can well be fulfilled even if the gas ahead of the shock front is only
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partly ionized (e.g. in a gas of hydrogen at density 10'® molecules/cm?, the criterion
is fulfilled at 29, ionization). Thus there is some practical point in extending the
analysis of K.P. to include the possibility of further ionization of an already “con-
ducting” gas by the passage of a magnetohydrodynamic shock wave.*

In Section II we describe the equations and method of treatment used to
derive our results for the various flow parameters. Since the analysis is very similar
to that of K.P., we confine ourselves to an outline. In Section III, the results are
presented and discussed. These results are mainly in the form of a series of graphs for
the various flow quantities.

Before proceeding to the results, we mention the recent work of Taussig (1964),
who has also introduced the internal energy change term into a study of magneto-
hydrodynamic ionizing shock waves. However, Taussig considers only ‘“‘normal”
shocks in which the magnetic field in the undisturbed region ahead of the shock

TaBLE 1
COMPARISON OF PRESENT WORK WITH THAT OF EARLIER AUTHORS

Angle of Initial Conductivity Internal Energy
Authors Magnetic Field 6 ahead of Change through
(from eqn. (2)) Shock Front Shock Front
Bazer (1958) 0 [ 0
Kemp and Petschek (1959) 0<f<im oo} 0
Taussig (1964) 0 finite finite
Present work 0<l<trm 3] finite

front is perpendicular to the front; while we (as did K.P.) consider arbitrary orien-
tations of this field, that is, we have 17w > 6 > 0 (Taussig has § = 0), where 6 is
defined by equation (2) in Section II. On the other hand, we restrict ourselves to
conducting media, so that ahead of the shock front we must have the electric field
zero; whereas Taussig considers the general case where the medium ahead of the
shock front need not be conducting, and hence the electric field need not be zero.
The relation between the present work and that of Taussig and earlier authors is
summarized schematically in Table 1.

II. ANALYSIS

Since our program differs from that of K.P. only by the inclusion of a change
in internal energy through the shock front, we present only an outline of the method
of analysis and refer to K.P. for details.

We consider plane flow in the X—Y plane, with all the flow quantities being func-
tions only of the variable X. This idealization gives a reasonable approximation to
the usual experimental conditions of flow in the annulus between two concentric

* In the AVCO experiments considered by K.P., and all other similar experiments so far
performed, the analysis that ignores internal energy changes is adequate, either because the gas
ahead of the front is already fully ionized, or because the temperatures behind the front are
sufficiently large to dwarf the internal energy change.
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cylinders. X corresponds to the axial, ¥ to the azimuthal, and Z to the radial direc-
tion. It is also assumed that the gas pressure is isotropie, and that the criterion (1)
is satisfied so that the medium is conducting ahead of the shock front. All calculations
are made in a reference frame attached to the shock front.

The analytical solution of the problem has five parameters which may be chosen
as:

() The angle of orientation 8 of the initial magnetic field,
0 = tan—'(By,/By), (2)

where By, is the azimuthal magnetic field ahead of the shock (region 1), and By
is the axial field, which is constant (V.B = 0).

(b) The ratio of the shock speed Us to the fast sound speed c¢; in the undisturbed
gas ahead of the shock front, i.e. the ratio Ug/cs.

(c) The ratio of gas pressure to magnetic pressure in the undisturbed gas, i.e.
the ratio p,/(B}/2p). B, is the modulus of the magnetic field in region 1, or B2 =
B2, +B2.

(d) The ratio of specific heats ¢ in the ionized gas behind the shock.

(¢) The ratio P of the change in internal energy through the shock front to the
magnetic energy ahead of the front,

P = p, u(Ae)/ B, ®)

In the limit P = 0, our calculations reduce to those of K.P.

Although the general theory is valid for arbitrary values of these parameters,
in order to perform the numerical computations, we have specified the parameters
(c) and (d) by choosing

P4/(B}[2p) =0 (4)
and

y = 5[3. (5)

Both these choices will be good approximations to most experimental conditions.
Notice that the choice (4) implies that the fast sound speed c; is now the Alfven
speed, that is, ¢y = (B2/p, p)b.

With the simplifications described above, the flow becomes one of a perfect
gas with infinite conductivity. In the reference frame we have chosen, physical
quantities vary only with X; the velocity and magnetic field vectors have only X
components (u, By) and Y components (v, By); the fluid pressure and density are
p and p respectively. (We use rationalized MKS units, with u denoting the per-
meability of free space.) The appropriate differential equations for the flow and the
magnetic field are now Maxwell’s equations and the compressible, perfect gas,
fluid-flow equations with the magnetic force and energy terms added.
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Figure 1 is a displacement-time diagram showing the various flow regions of
the shock wave. For the equations relating quantities ahead of the shock front
(region 1) to those behind the front (region 2), we have the usual jump relations,
which express conservation of mass, longitudinal and transverse momentum, and
energy. Our inclusion of a change in internal energy through the front alters only
the energy equation; all the other equations remain as in K.P. Allowing for a
change in internal energy, Ae, the energy conservation equation (K.P. equation (24))
now reads

Y P By,
u —=+L(u24ov? }—[———— By u,—B,v
P1 1{y 1o, $(ui+0}) L (By1y x V1)

B
= quz{—zl Zﬁ‘l‘%(u%‘l‘”%)'l‘Ae ek (Bysus—Byv,). ()
Y P2 w
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Fig. 1.—X-t diagram showing flow regions.

The suffix 1 denotes region 1 ahead of the front, and the suffix 2 denotes region 2.
The other jump relations connecting the flow parameters in region 1 to those in
region 2 are identical with K.P. equations (19)—(23).

The steady flow region 2 behind the shock front is joined to the back of the
shock tube (region 0) by a simple expansion wave. We assume that no further change
in internal energy takes place behind the shock front.* Thus the expansion wave is
described by the K.P. set of three simultaneous first-order differential equations,
together with one algebraic equation (K.P. equations (9)-(12)). This set of equations

* This point is discussed further by Taussig (1965).
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is solved by numerical integration, beginning from region 2 and terminating with a
boundary condition enforced by the back wall of the shock tube, namely, that in the
laboratory frame there should be no axial motion in region 0. This boundary con-
dition can be achieved either

(i) by a vacuum in region 0 (p, = 0, p, = 0), or

(ii) by having no axial flow in region 0 (¥, = Ug in the shock-centred frame).
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Fig. 2.—Non-dimensional shock speed Ug/b, (solid curves) and 10Ug/b,
(dashed curves) versus B,/B, for § = 0 and 90°, and various values of P.

Thus a complete solution for the flow parameters in all regions is obtained by
first specifying the five parameters (a)—(e) above, then obtaining the flow in region 2



368 B. GREEN AND R. M. MAY

behind the shock front by using the jump relations described above, and finally
obtaining the flow in region 0 by integration through the expansion wave. We now
proceed to the results obtained from this program.

III. REsuLTs

The results for the significant flow parameters in various regions are plotted
against the ratio B,/B,, where B, is the magnitude of the field ahead of the shock
front, and B, is the magnitude of the field at the back wall. We occasionally refer to
the ““drive field”, by which we mean the difference B,—B;. Each parameter is plotted
against B,/B, for several values of the remaining parameters 6 (equation (2)) and
P (equation (3)).

The qualitative and quantitative behaviour of the flow with = >0 >0 is
bounded by the extreme cases of § = 0 and § = {n. The § = }= case, corresponding
to a magnetic field completely parallel to the shock front, presents a simple picture,
namely, a piston-like shock wave moving down the tube causing axial motion of the
gas ahead of it. The 6 = 0 case, corresponding to a magnetic field completely
perpendicular to the wave front, is more complicated and there are now two possible
flow regimes. If the azimuthal field By, is finite behind the front, we get the “switch-
on” shock with its associated fluid rotation behind the front; if By, = 0, the flow
is as in an ordinary gas dynamic shock.

Comparison of the results for finite internal energy changes, P s 0, with
the special case P = 0 shows the existence of a restriction on the permissible values
of B;/B,. (We recall that P represents a change in internal energy, due to an increase
in ionization.) Values of B;/B, that correspond to a non-physical negative tempera-
ture in region 2 have been discarded; they correspond to values of the drive field
B,— B, that are too small to impart enough energy to the shock wave to provide the
required internal energy change.

Another difference between the cases P = 0 and P = 0 occurs in the boundary
condition enforced at the back wall of the shock tube. For P = 0, K.P. find that this
boundary condition is sometimes satisfied by having no axial gas motion in region 0,
although more often it is only satisfied by having a vacuum in region 0; for P # 0
the latter condition always prevails.

We now make itemized comments on the graphs, Figures 2-10.

Figure 2 displays the (non-dimensional) shock speed. This shock speed is
made non-dimensional in two different ways.

(i) Us/by, where b, is the-Alfven speed ahead of the front, that is, b, = (B%/p, )}
It is seen that greater drive fields (By—B;) are required to produce greater ionization
when the initial magnetic field B; and the shock speed are fixed.

(ii) Us/b,, where b, = (BE/p,pu)t. These curves show small variation with
B,|B,. However, for a fixed Us and B,, smaller initial fields B, (i.e. greater drive
fields, as before) are required to produce greater ionization. As in K.P., the limiting
value of this quantity for B;/B, = 0 can be calculated. - For P = 0 this limit is
approximately 8-16, and for P ## 0 and increasing, this limit decreases slowly.
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Fig. 3.—Magnetic field strength ratio across the shock, B,/B,, versus B,/B,
for various values of 6 and P.
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The “knee” in the B,/B; curves (Fig. 3), clearly seen for most of the 6§ =0
cases, gives the transition between the switch-on and ordinary shock regions. These
latter regions lie towards lower B,/B, values. This transition cannot be seen for the
P =10 curve, because the physical switch-on region is now very small; the non-
vhysical portion continually expands as the value of P is increased, until it almost
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Fig. 4.—Negative tangent of the flow angle behind the shock wave, —vy/u,
(in laboratory coordinates), versus B,/B, for various values of § and P.

fills the total switch-on shock region. For the transverse shock (6 = 90°), there is
a stage reached where B,/B; and p,/p, no longer decrease for increasing B;/B, but
increase, i.e. the shock becomes highly compressive. Similarly for the other 6 values,
the maxima of the lower § curves disappear as P increases until all § curves are strictly
increasing with increasing B;/B,. Conversely, very high ionization energy values



MAGNETOHYDRODYNAMIC SHOCK WAVES 371

P =025
1 1 J
<
8 P =10
1 1 I I L I ! )
A
7-0F
’
65
90°
60
0 P=5 P =10
551 90° !
50
45+
4-0 1 1 Il 1 i L 1 i 1 J
o 02 04 06 o8 1:0 o o2 0-4 06 o8 0

By/Bo

Fig. 5.—Density ratio across the shock wave, p,/p,, versus B,/B, for various
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can be produced by highly compressive (i.e. very strong) shock waves. The limiting

values for B,/B; and p,/p; when B;/B; =0 are slightly increased on increasing
P (all 9 £ 0).
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Fig. 6.—Non-dimensional temperature behind the shock wave, yRT,/ U2s (R
is the gas constant per unit mass), versus B,/B, for various values of § and P.
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In Figure 4, the negative tangent of the angle of downstream flow, in the
laboratory reference frame, is shown, i.e. the ratio —wv,/u, in laboratory coordinates.
(By the choice of sign convention this is a positive quantity.) In the transverse
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Fig. 7.—Ratio of distance travelled by the leading edge of the expansion
wave, X, to distance travelled by the shock wave, Xg at a given time versus
B,/ B, for various values of 8 and P.

case there is no azimuthal flow at all, but as 6 decreases the amount of rotation, or
azimuthal flow, increases. For the normal shock in the switch-on region, the flow
is increasingly rotational for increasing P, whereas under ordinary shock flow con-
ditions the flow is entirely axial. Thus for the switch-on shock, a higher ionization will
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be obtained by a flow in which there is as much rotation as possible. This explains
the present interest in the study of rotating plasmas in thermonuclear research.

The density ratio py/p, across the shock front is a measure of the shock strength ;
this ratio is presented in Figure 5. In the ordinary gas dynamic limit (By/By = 0)
the density ratio is 4 for P = 0, and increases with increasing P. The curves are
similar to those for B,/B, in that stronger drive fields do not necessarily produce
stronger shocks for a given P. We see that for P > 5 an increase in drive field,
with fixed initial field B,, produces a decrease in shock strength.

As shown in Figure 6, greater downstream gas temperatures are produced by
greater drive fields, at a fixed ionization level; also for a fixed 7,, greater drive
fields produce higher ionization. The normal shock is capable of producing greater
temperatures for a fixed drive field and ionization than the transverse shock, showing
once again why the normal shock is perhaps of more interest than the transverse
shock in plasma preparation. The B;/B, = 0 limit of this quantity for P = 0 is
0-3125, and decreases slightly for increasing P.

Figure 7 graphs the ratio of the distance travelled by the leading edge of the
expansion wave to the distance travelled by the shock front at a given time (X./Xs).
When this ratio is greater than unity, the expansion wave leads the shock, producing
an inherently unstable condition. However, this is not present here, although for
P = 0 the expansion wave does catch the shock front for the normal shock at the
transition point between the two flow regimes. In the neglected non-physical cases,
X,/Xs becomes complex. As for the py/p; curves, the X /Xg curves have maxima
(regarded as a function of B,/B,) up to a certain P value, above which X,/Xs becomes
a strictly increasing function. The limit for B,/B, = 0 increases slightly from its

P =0 value (0-75) for increasing P. Greater drive fields produce greater ionization
when X,/ X is diminished.

Of interest to research workers in plasma preparation is the quantity 1— (X,/Xg),
which gives a measure of the length of the test gas region, i.e. the volume of the plasma
produced. .

In Figure 8 the profiles of various flow properties from the shock front (S) to
the back wall are shown; they are shown for normal shock flow, two cases for each
P value. The flow regions are designated: T = test gas region (region 2), E = expan-
sion wave region, D = drive field region (region 0). The left-hand figure for each P
value has the lower value of the parameter Ug/b, and is in the switch-on region of
flow, whereas the right-hand figure for each P value lies in the ordinary shock region.
As the pressure and density drop very rapidly away from their values in region 2,
the test gas is well defined. The approximate linearity of the velocity components in
the expansion wave, as noted in K.P., is evident here.

Figs. 8(a) to 8(I).—Profiles of flow properties between the shock front and the rear wall of the

shock tube for § = 0° and two values of the parameter Ug/b,, so that the switch-on and ordinary

flow regions are shown; S = shock front, T = test gas region (region 2), E = expansion wave

region, D = drive field region (region 0). The profile numbers refer to flow properties as follows:
1 to p/p, U%; 2to U/Ug; 3 to B*2up, Ug; 4 to —v/Ug; 5 to (p/4p,)?; 6to —E,/Ug Byo.
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Figure 9 essentially gives the radial (Z) component of the electric field at the

electrode at the back of the tube as a function of B,/B,. This electric field can be
used to calculate the impedance as seen by the circuit that drives the flow. For a
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Fig. 9.—Non-dimensional electric field —HE,/UgByo, in the drive field
region (region 0), versus B,/B, for various values of § and P.

fixed electric field, a greater magnetic drive field is required to produce greater
ionization. The B,/B, = 0 limit behaves with P in the same way as does that of
Figures 7 and 10.
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The axial component of the drive field gas velocity U, is considered as a
function of B,;/B, in Figure 10. When it is not zero, the pressure and the density in
this region must vanish to satisfy the zero axial mass motion boundary condition
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Fig. 10.—Non-dimensional axial component of gas velocity at the rear edge
of the expansion wave, U,/Us, versus B,/B, for various values of § and P.

of the rear wall. When U, = 0, the pressure and density need not vanish, and the gas
present remains in the region with no axial motion. As is shown in Figure 10, the
condition U, = 0 is achieved only for P = 0; in all other cases there is a vacuum
in the drive field region.
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