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Summary 

The mean velocity and shear-stress profiles for a wind-induced flow in a closed 
channel with constant surface slope are first derived using a turbulent viscosity 
constructed by dimensional arguments. Using a perturbation analysis based on the 
fact that the surface slope is small, these results are extended to the case where the 
surface slope, and hence flow conditions generally, are allowed to vary in a downwind 
direction. Explicit results are obtained for the velocity and shear-stress profiles and 
also for the surface slope as a function of distance downwind. The results agree quite 
well with experiment, although better agreement would probably be obtained by 
using a more elaborate turbulent viscosity_ 

1. INTRODUCTION 

This paper deals with the action of an air stream, which is in general turbulent, 
on the free surface of a body of water of finite depth and large surface extent and 
refers particularly to the effects of wind blowing over a lake or large water storage. As 
is well known, the action of the air-flow is twofold-waves are generated on the surface 
of the lake, and mass transport is induced within the water body through the action 
of surface stress which, because of the presence of the boundaries of the lake, produces 
a set-up, or rise in level, to the leeward side. The precise nature of the interaction 
between the air and the water is largely unknown, and no exact mathematical analysis 
can be given. Not only are the surface processes largely unknown, but also little can be 
said about the flow in the water, except that it will be turbulent in general and that the 
turbulence will decay with depth except perhaps near the bottom, where the boundary 
layer on the bottom, even if it starts off laminar, must separate as it approaches the 
windward shore. It is clear, then, that any analysis must be an approximate one based 
upon plausible assumptions, the value of the analysis resting on a comparison of the 
predicted results with the experimental ones. 

An approximate analysis of the response of a lake or closed channel to surface 
stresses generated by the wind has been given by Keulegan (1951) and further analysed 
by Ursell (1956). Keulegan considers a region near the centre of the channel well away 
from the ends and, assuming the flow to be laminar, derives an expression for the 
velocity profile using the flow equation, neglecting inertial effects. He then uses an 
integrated form of the momentum equation to derive an expression for the surface 
slope appropriate to this flow. By introducing a "surface coefficient" <Ds he generalizes 
the expression for the surface slope to include the case of turbulent flow and is able to 
obtain reasonable agreement with experiment. He also discusses the effects of waves 
by splitting the set-up into two parts, one due to the waves and the other due to 
surface stress. 
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Fitzgerald and Mansfield (1965) have analysed the response of a closed channel 
to surface stresses for the case of turbulent flow in the water. Assuming that the air 
produces a (constant) shear stress at the water surface, considered smooth, they 
construct a turbulent velocity profile by assuming the flow across a vertical section 
of the channel to be divided into two parts about the point of zero shear stress over 
each of which an essentially logarithmic profile operates. They then choose a number of 
adjustable constants so that the total profile is continuous and so that the condition 
of zero total mass flow across the section is satisfied; they obtain good agreement with 
the observed turbulent flow profiles (see Fitzgerald and Mansfield 1965, Fig. 3). 

In this paper we present an analysis, based essentially on a perturbation 
process, for a wind-induced flow in a long channel with small surface slope. Neglecting 
the direct effects of surface roughness and using fairly simple assumptions about the 
structure of the turbulent flow, we first derive a velocity profile in a long channel 
appropriate to constant surface slope. We then introduce a change of variable in this 
profile and, making certain assumptions about the similarity properties of a flow with 
nonconstant surface slope, expand the various flow functions in terms of the surface 
slope, neglecting second- and higher-order terms. We are then able to discuss in terms 
of this first-order theory the variation in flow properties in both a horizontal and 
vertical direction and, in particular, are able to determine the surface height as a 
function of distance along the surface. This is in contradistinction to both Fitzgerald 
and Mansfield and Keulegan who assume the flow conditions to be constant with 
distance. The presence of the channel ends implies a variation in flow quantities in a 
downwind direction, although in the region considered, well away from the ends, this 
variation will be small. Nevertheless, the evaluation of this variation is not without 
interest. 

The turbulent profile derived here is based on very simple assumptions; a more 
elaborate profile would probably yield better results. As it is, the results compare 
favourably with experiment, and, since the purpose of the present paper is to indicate 
how one might calculate the surface set-up in a consistent and more rigorous manner 
than has been done hitherto, the profile is sufficient for this purpose. The properties 
of more elaborate profiles in relation to surface set-up will be discussed in a later paper. 

II. FLOW EQUATIONS 

In this section we derive the particular form of the flow equations we require 
in our analysis. Consider the action of a flow of air over the surface of a body of water 
of finite depth. The water bottom is flat and horizontal and the length of the water 
body is large compared to its depth so that effects due to the end-walls need not be 
taken into account explicitly. The air flow, which may be laminar or turbulent, will 
produce a set-up, or change in height with distance in the water surface, owing to the 
action of the end-walls and, further, will induce in the water an overall circulatory flow 
which itself may be laminar or turbulent. We assume that this circulatory flow lies, in 
a mean sense at least, in the vertical plane. Taking the origin of coordinates at a point 
on the bottom, well away from the end-walls, let x denote distance in a downwind 
direction measured from this origin andzdenote distance vertically upward. In general, 
we write the equation to the surface as z = H(x, t), where t is the time coordinate, but 
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as we consider flows that are steady, at least in a mean sense, we write z = H(x), 
and this defines the mean height of the water surface. 

If the flow in the water be steady in the mean, the flow equations take the form 

( OU OU) ouxx ouxz 
p u-+w- = -+-, 

ox oz ox oz . 
(2.1) 

( OW OW) ouxz ouzz 
p u-+w- =-+ --pg, 

ox OZ ox OZ 
(2.2) 

( OU OW) 
P - +- =0, 

ox OZ 
(2.3) 

assuming no mean motion in the y direction normal to x and z; U and ware velocity 
components and Uxx, Uxz, Uzz are stress components, all these quantities being time­
averaged; the density p is constant. 

Introducing an eddy viscosity e we write 

OU 
Uxx = -p +2e­

ox' 
( OU. OW) 

Uxz = e OZ + ax ' 
OW 

Uzz = -p +2e­
OZ' 

(2.4) 

assuming the Reynolds number to be large enough so that the effects of molecular 
viscosity can be neglected; p is the pressure. 

If we multiply (2.3) by u, add to (2.1), and integrate with respect to z over 
{O, H(x)} for fixed x we obtain an integrated form of the x-momentum equation. Thus, 

2p U - dz + pUW = -- dz + Uxz . I
Z=H(X) aU jZ=H(X) IZ=H(X) ouxx \Z=H(X) 

z=O ox z=O z=o ax z=o 

Applying the boundary conditions W = ° when z = 0, x > 0, and w = ws(x) when 
z = H(x), x > 0, we have 

I
Z=H(X) OU IZ=H(X) ouxx 

2p U - dz + p us(x) ws(x) = - dz + TS(X) - TO(X). 
z=o ox z=o ox 

(2.5) 

Here us(x) and ws(x) are the values of u and w at the surface and TS(X), TO(X) are 
the shear stresses at the surface and bottom respectively. In general, these quantities 
are all functions of x. A similar equation can be obtained for the z-momentum 
equation. 

We now make the assumption that the surface slope is small compared to unity 
and that the surface curvature is of a higher order than the slope. That is, we assume 
that the square of H'(x) and higher powers and H"(x) are negligible compared with 
H'(x) itself. An immediate consequence of this, which derives from the z-momentum 
equation (2.2), is that we may assume the pressure to be hydrostatic and write 

p = pg{H(x)-z} + Pa, (2.6) 

where Pa is the external air pressure. 
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A further consequence is that the boundary condition of zero mass flux at the 
outer surface takes the form ws(x) = us(x) H'(x), and so the surface velocity is us(x) 
to the first order of small quantities. It is interesting to note that if the normal 
velocity is not zero so that mass transfer is taking place, for example by evaporation, 
then the surface slope H'(x) and the mass flux could be of the same order of magnitude, 
and, consequently, the whole flow pattern would be affected by the evaporation. 
This aspect will be discussed in a later paper. 

III. VELOCITY PROFILE IN A CLOSED CHANNEL WITH CONSTANT SURFACE SLOPE 

We now derive a velocity profile appropriate to wind-induced flow in a long 
closed channel with a smooth surface and constant small surface slope. 

Assuming the pressure hydrostatic we have 8Tj8z constant throughout this 
flow. It follows, then, that the shear stress T is a linear function of the depth, and 
we write 

or 

T = Ts- (Ts-TO) (l-zjH), 

T = Ts{1 - O((I-zjH)}, (3.1) 

where Ts and TO are the (constant) mean shear stresses at the surface and bottom 
respectively, 0( = I-TojTs, and H is the depth of the flow. 

It is convenient at this stage to introduce the surface and bottom friction speeds 
u.s, u.o, defined by u.s = (Tsjp)t and u.o = (-TOjp)t, the minus sign appearing since 
TO is negative. 

To construct the velocity profile we use the fact that the bottom flow is a wall 
flow and that the flow near the surface is not unlike it. Neglecting the effects of 
molecular viscosity and assuming that the eddy viscosity near the surface is deter­
mined by the flow conditions near the surface, we may use a dimensional argument 
to assert that 

E = ks u.s(H -z). (3.2) 

It would be better to use u. in place of u.s, but for the present u.s will suffice. 

Near the bottom we will have 

E = kou.oz; (3.3) 

ks and ko are constants, the "mixing constants" for the surface and bottom flows 
respectively; ko will be von Karman's constant for wall flow with a value of around 
o . 4, and ks will be an analogous quantity for the surface flow; ks will not necessarily 
have the same value as ko, since ko refers to flow near a rigid wall and ks refers to flow 
near a free surface. 

Combining (3.2) and (3.3) and introducing a linear factor, we may approximate 
the eddy viscosity in the entire flow by 

Ej(kou.oH) = (zjH) (l-zjH) (1 +f3zjH). (3.4) 

In order that (3.4) may reduce to (3.2) when z N H and to (3.3) when z ~ 0, we take 

1+f3 = (ksjko) (u.sju.o) = (ksjko) (O(-l)-t. 
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To determine the velocity profile we use (3.1) and (3.4) in 

T = p€(du/dz), (3.5) 

U being the mean horizontal velocity. Setting ~ = z/H we have 

d(u/u. s) _ (l-ex).8 1 + y~ 
d~ - ks ~(1-~)(1 +.8~)' 

(3.6) 

where y = ex/(I-ex). 

Integrating (3.6) we have 

Y:.... =am+O, 
u.s 

(3.7) 

where am = (l-ex).8{ln~ _1+ YIn(I-0 -.8-Yln(I+.80} 
ks 1+.8 1+.8 

(3.8) 

and 0 is a constant of integration. 

On examining (3.6), (3.8) we see that the velocity profile becomes logarith­
mically infinite at ~ = 0 and ~ = 1, this being a consequence of the nonvanishing of 
the shear stress at these points. It follows that the flow near the surface and near the 
bottom must go over into viscous sublayers, for only then can the boundary condition 
u = 0 at the bottom and u = Us at the surface be satisfied. Neglecting the transition 
regions between the linear velocity distribution region in the viscous sublayer and the 
logarithmic distribution valid outside, we write 

f -(ex-I)' R. ~ 

.3!:.... _ Rs(ex-l)' R.(I-~) 

U.s - \ R. - (I-ex)! 

Lam + 0 otherwise. 

R. ~<Oo, 

R.(I-~) < Os, 
(I-ex)! 

(3.9a) 

(3.9b) 

(3.9c) 

The Reynolds numbers R., Rs are defined by R. = u.o H/v, Rs = Us H/v, where Us is 
the mean surface vlOllocity and v is the kinematic viscosity. The constants 0 0, Os are 
assumed known and probably have values in the range 5-20. 

To fix the numerical content of the velocity profile (3.9), we prescribe the 
surface Reynolds number Rs and determine the constants ex, R., and 0 so that u(~) 
is everywhere continuous in (0,1) and that the total flow across the channel is zero. 
The constants ko, ks are assumed known. The friction speeds U.s, u.o and also Us 
cannot be computed until the depth H and the kinematic viscosity v are known. 

Setting ~o = Oo/R. and ~s = 1-0s(ex-l)t/R., the two continuity conditions 
yield 

- Oo(ex-l)t = a(~o) + 0, (3.10) 

Rs 
(ex-I)! R* - Os = a"s) + 0, (3.11) 
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while the condition of zero total mass flow yields 

{ 0 (OI:-l)l+OO} 01:-1 (OI:-l)t 
AI(so) - AI(ss) + 0 1 - s R. + Os Rs R~ - (O~+O;)~ = 0, 

(3.12) 

where Aim = I~OI:(.~m + ~!; §(I-s) - f3~1~) §(I+f3S)}' (3.13) 

with §(s) = Wn S - 1). 

Combining (3.10) and (3.11) we have 

(RsIR. + OO)(OI:-l)t - Os = G(ss) - G(so). (3.14) 

This is an equation relating R. and 01:. 

The solution method for obtaining R., 01:, 0 is as follows. For given Rs choose a 
value of 01: and solve (3.14) for R. and then obtain 0 from (3.10). Substitute for 01:, R., 
o in (3.12) and adjust 01: until (3.12) is satisfied to within some specified error. 

The assumptions used in deriving this profile are all open to question. First and 
foremost, the interaction of the water flow with the air flow should be expressed 
explicitly instead of just through Rs. Further, the form of the eddy viscosity can be 
questioned. However, the agreement with experiment is reasonable and the deduced 
profile sufficient for the present purpose. As far as the eddy viscosity is concerned it 
would be better to use completely local quantities in its derivation, and we will examine 
in a later paper profiles deduced in this way. 

IV. VELOCITY PROFILE FOR NONCONSTANT SURFACE SLOPE 

As we have already remarked, the presence of the ends of the channel must 
certainly cause a variation in flow quantities in a downwind direction, although in 
the region of the channel well away from the ends this variation will be small. 
Nevertheless, it is of interest, and necessary for completeness, to extend the above 
analysis to the case of varying flow conditions, the approximations in the structure 
of the turbulence through the eddy viscosity notwithstanding. 

To obtain the velocity profile in an extended closed channel with nonconstant 
slope we use the profile for constant surface slope and, in effect, make a similarity 
transformation using the fact that the surface slope is small (~ 1). 

For constant surface slope we have 

u(s) = Fm o<s< 1, 
u.s 

where F(s) is given by (3.9). 

To obtain the velocity profile for nonconstant surface slope we write 

u(g, s) __ 1_ Fgf£(g)} 
u~s - £(g) 

g>o, O<s<l, 

(4.1) 

(4.2) 
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where g = x/HO and ,YtJ(g) = H(x)/HO, with HO = H(O), the depth at the origin; u~s 
is the surface friction speed at x = 0. When g = 0, (4.2) reduces to (4.1) and we see 
that once the flow at one point in the flow, namely g = 0, is prescribed the flow 
in the downwind region g > ° is immediately known through the (similarity) trans­
formation implied in (4.2). The derivation of this transformation rests largely on 
dimensional grounds, although it is probably the simplest transformation one could 
use in this way to account for the varying surface slope, especially since the surface 
slope is to be small. It also enables us to obtain an explicit expression for the surface 
slope, and thence the channel depth, as a function of distance downwind. 

For the vertical component of velocity w we have from the continuity equation 

w(g, ~) _ ,YtJ'(g) ~ Fw,YtJ(m. 
-0 ~ ~ - ,YtJ(m2 U.s { 

(4.3) 

In order to obtain an expression for the mean shear stress T(g, ~), and so obtain a 
flow system as simply self-consistent as possible, we write for the eddy viscosity 

€ 

ko u~o HO = ,YtJ(g) X(l-X)(l +,8X) 

on setting X = ~/,YtJ(g). For T(g, ~) we then have 

T(g ~) = P€U~s !!.... [U(g, ~)J 
' HO a~ u~s 

or T(g, ~) = ko p u~s u~o f(X)/,YtJ(g), 

where f(X) = X(l-X)(l +,8X) G'(X)' 

For the surface and bottom stresses we have 

TS(g) = T~/,YtJ(g), TO(g) = T~/,YtJ(g). 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

The parameter ,8 is a function of the friction speeds at g = ° and so should also 
be involved in the similarity transformation, but we shall neglect this particularly 
since ko and ks also probably should vary. 

In the next section we derive the form of the variation in surface slope and 
channel depth with distance downstream. 

V. FORM OF THE WATER SURFACE 

The integrated form of the equation for rate of change of momentum in the 
x direction is given by (2.5). In terms of the variables g, ~, the first convection term 
TI on the left-hand side of (2.5) may be written 

TI = 2p(u~s)2 ,YtJ(g) JX=I u(g~ ') ~ [U(g, ~)J d 
x=O u ar uO x, 

*8 ~ *8 

which, in virtue of (4.2), (4.3), becomes 

TI = -2p(u~s)2 I) ,YtJ'(g)/,YtJ(g), (5.1) 
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where o = f:~~ F(X) {F(X) + X F'(X)} dX· (5.2) 

The second convection term T2 yields 

T2 = p(u~s)2 {F(1)}2 .Yt"(g)/{£(W3. (5.3) 

The term involving the normal stress in the present approximation of small 
surface slope reduces to 

- -dz, fH<X) op 
o ox 

which yields 

T3 = - pgHO£(g) £'(g). (5.4) 

For the shear stress terms we have 

(1-1X)f3 'Y o ___ . 
T4 = ko u's ks £(g) (5.5) 

Combining these four terms in the sum Tl +T2+T3+T4 = 0 we have, finally, 

- 20 £'(g) + {F(1)}2 £'(g) + !:..£(t) £'(t) _ _ IX_ - 0 (56) 
£(g) {£(W3 f2 S S £(g) - , . 

where F(l) = Rs - l/R •. 

On rearrangement (5.6) yields 

{£(W2 
£'(g) = 01 {£(W4 + Od£(W2 + 03' (5.7) 

where 

01 = 1/1Xf2, 02 = -20/1X, 03 = {F(1)2}/IX, (5.S) 

f = (gHO)-t u~s being the Froude number. Equation (5.7) is a differential equation in 
£(g) for g > 0 and is to be solved with the initial condition £(0) = l. 

From (5.6) we have immediately that the surface slope at g = 0 is given by 

1 
£'(0) = 01 +02+03. 

Separating the variables in (5.6) and integrating, we have 

01{£(W3 + 0 £(g) -~ - (~+02 -03) = g, 
3 2 £(g) 3 

so that £(g) satisfies the fourth-degree equation 

ao{£(W4 +a2{£(W2 +a3£(g) +a4 = 0, 

where 

ao = tOl, a2 = 02, a3 = -(tol +02-03-g), 

(5.9) 

(5.10) 

(5.11) 

a4 = 03. (5.12) 
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VI. A PARTICULAR EXAMPLE 

We applied the present analysis to some results of Fitzgerald and Mansfield 
(1965), such as presented in their Figure 3. For these data u~ = 9·1 (cm/sec) and 
HO = 13·3 (cm), so that Rs = 12000. Assuming ko = 0·41 and 00 = 5 we have the 
detailed results set out in Table 1. 

TABLE 1 
CHARACTERISTICS OF SOME THEORETICAL VELOCITY PROFILES 

k. Os oo R.o R •• f Ih 32 3a 

0·4 5 1·1067 243·7 745·9 0·00491 3·746xl04 1469·6 237·9 
r·o 5 1·0649 257·9 1012·6 0·00667 2·113 x 104 3075·5 134·2 
1·5 5 1·0589 257·1 1162·5 0·00765 1·628 x 104 3168·4 103·2 
1·0 10 1·0714 201·3 753·2 0·00460 3·796xl04 6722·0 241·0 

1·0 

o·g 

o·g 

0·7 

0·6 

0 

.:s 0·5 

" 

0·4 

0·3 

0·2 

0·1 

0 
-1·5 -1·0 -0·5 0·5 1· 0 1·5 2·0 

Velocity u (em/sec) 

Fig. I.-Comparison of experimental data (.) with theoretical velocity profiles for 
u~ = 9·1 cm/sec, HO = 13·3 em and ko = 0·41,00 = 5 and Os = 5. 

The profiles for ks = 0·4, Os = 5, and ks = 1·0, Os = 5 are shown in Figure 1. 
The agreement is good near the bottom and near the surface, and in the central region 
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is acceptable for the moment, since the experimental error at these speeds is ±O· 3 
em/sec. However, it is clear that in the central flow region a defect profile is required 
to describe the flow adequately. The computed velocity profile of Fitzgerald and 
Mansfield has this behaviour near the central region on account of the purely 
logarithmic profiles used, but of course the present profile is not a logarithmic one in 
the usual sense except near the bottom and near the surface. 

The computed values ofthe surface set-up, defined by S(x) = {H(x)-H(O)}/H(O), 
are quite distinct in the two cases-for ks = 1· 0 and x = 1 em, S = 4·1 X 10-4, while 
for ks = 0·1 and x = 1 em, S = 1·0 X 10-4• There are no experimental results to 
check these. 

It is clear that there is little to distinguish the various values of ks, save that 
values near unity would appear to be more appropriate than smaller ones; that is, it 
appears that ks is probably larger than ko. This is not surprising, since ks refers to the 
flow near a free surface while ko refers to flow near a rigid wall. 

On examining the constants 81 , 82, 83 we see that 81 and 82 are both large compared 
to 83 although 81 is always greater than 82• From the definition of these quantities 
given in (5.8) we see that for small Froude number, as for instance in shallow channels, 
the balance of forces is essentially between the surface stresses and the inertial forces, 
although it is of course the Froude effect that produces the set-up in this case. If the 
Froude number is large, i.e. for a deeper channel with the same surface friction speed, 
the balance includes the effects of surface flow. 
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