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Summary

The lattice dynamics of harmonic and anharmonic shell models are reviewed.
It is shown that the various dynamical equations for the shell model can be expressed
in the same form as those for the rigid ion model, but with modified force constants.
The anharmonic shell model leads to higher order contributions to the dipole
moment, quadratic and cubic in the normal coordinates, for which explicit expressions
are obtained.

I. INTRODUCTION

In the harmonic approximation the Hamiltonian of a crystal lattice can be
written (e.g. Born and Huang 1954; Cochran 1963)

Hy = 12 (2m,c)_1{pa(lx)}2+q5o—l—% lZ Dol V") up(lc) up(l'’) (1.1)
B i,

where u,(lx) is the a-component of the displacement from equilibrium of the xth

atom in the Ith unit cell, and p4(l«) is the corresponding component of momentum.
In ionic erystals the potential energy can be split up into a part due to the

long-range Coulomb forces and a part due to the short-range repulsive forces, which

are, in the main, due to overlap of electron distributions on near-neighbour atoms.

Thus the force constant @yg(lx,I'x’) can be written as

Dap(lic, V') = Poa(lac, U'i’) + Zg Zr Ds(lic, Ui’ 1.2)

Z, e being the charge on the type « ions.
The equations of motion for a harmonic crystal are then
mybin(le) = — 2 Byup(lic, ') up(l'’) . (1.3)
UVk'B
If we consider an ionic crystal of NaCl structure with N unit cells, (1.3)is a set

of 6N linear coupled differential equations. Writing the displacement as a plane
wave of the form

. ua(lic) = Ua(kq) exp{2miq.r(lk)—iw(q)t}, (1.4)
gives
myw’(q) Un(kq) = Z Maplie', @) Upli'aq), (1.5)
where
Myp(e’, q) = Zl] Bpp(0rc, I’ exp[2miq . {r (') —1(0x)}] . (1.6)
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Thus the set of 6N equations (1.3) has been reduced to sets of six equations for
each of the N allowed values of q. This reduction is possible because of the translation
symmetry of the lattice.

Equation (1.5) can be written concisely in matrix notation as
MU = me?U, (1.7

where M is a 6 X 6 matrix, the dynamical matriz, and U is a six-dimensional column
vector. It is convenient to define a related matrix, the mass-dependent dynamical
matriz D, by

Daﬁ(KK,> q) = (m, mk')_éMtXﬁ(KKla q).

Then for any q the allowed frequencies are given as the square roots of the eigenvalues
of D. This leads to six frequencies w(qj),j =1, 2,...6.

The Hamiltonian (1.1) is that of an interacting N-body system, since the
displacements of the different atoms are coupled in the potential energy term. By
transforming to normal coordinates @(qj) and P(qj) defined by

un(l) = (Nmg)™* % ealr | 44) Q(aj) exp{2miq.r(ix)},
(1.8)
Palle) = (mg/N)* ;;; ex(rc | @) P(qj) exp{—2miq.1(lk)},

where e4(x|qj) are the components of the normalized eigenvectors of the dynamical
matrix D, the Hamiltonian reduces to

Ho=1% §j (P*(aj) P(aj) +’(a)) @*(a)) Q(a))}, (1.9)

where * denotes the Hermitian conjugate.

The Hamiltonian has thus been reduced to one of 6N non-interacting linear
harmonic oscillators. This transformation essentially solves the problem, for once
the frequencies have been determined from (1.7) any thermodynamic function of the
crystal is given by the sum over all modes of the corresponding function of a harmonic
oscillator.

The Hamiltonian (1.1) is essentially that of a rigid ion model, since electron
coordinates do not appear. It is true that the repulsive potential energy originates
from overlap of electron distributions, but in practice a semi-empirical potential is
always used and distortions of the electron cloud during lattice vibrations are not
allowed for. The above model fails both in predicting many details of observed
dispersion curves (Woods, Cochran, and Brockhouse 1960) and in the theory of
dielectric constants (Szigeti 1949, 1950).

Dick and Overhauser (1958) realized that the main defect of the above model
was its inability to take account of the so-called “‘short-range polarization”. As the
ions vibrate the overlap between electron distributions will change, and this will cause
a distortion of the electron clouds thus inducing a dipole moment on the ions, in
addition to the dipole moment due to the electric field. In order to take account of this
short-range polarization, Dick and Overhauser introduced the shell model of ionic
crystals, in which each ion is represented by a rigid spherical massless shell, representing
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the loosely bound outer electrons, coupled by a spring to a rigid spherical core,
representing the nucleus and inner electrons. Thus in lattice vibrations the shell
and core can move relative to each other, resulting in dipole moments on the ions.
This model, although only a first approximation to real deformable ions, contains
most of the features of a real crystal, and gives much better agreement with experiment
than the rigid ion model (Woods, Cochran, and Brockhouse 1960).

II. A StmpLE Harmonic SHELL MODEL

We consider the model illustrated in Figure 1, and take the only short-range
force as that acting between the shells of nearest-neighbour atoms. Although more
complex models with many different short-range force constants have been used

Positive Negative
ion ion

! |
X,e

Shell and shell

centre

L w(lZ)/u(lz)

Fig. 1.—Simple shell model showing equilibrium configuration above
and displaced configuration below.

(Cowley et al. 1963, models I-VI), this is only at the expense of more and more
adjustable parameters. The simple model has all the essential features of the more
complex models and gives quite good agreement with experiment.

The potential energy of the displaced configuration, in the harmonic approxi-
mation, can be written as

=1} % Db, Vi Yo (lie) Fwallie) Hug(l ') +wp(l'ic)}
U'k’'B
+1 2 ke wh(le) —e{Zua(le) + Yewa(le) Ha(le)], (2.1)

where u,(lk) is the «-component of the displacement of the core of atom (Ix), wy(lic)
is the a-component of the core-shell displacement of atom (lk), and Ex(lx) is the
effective field at site (Ix).

If there is no external field, the effective field is (Cochran 1963)

Eylc) = — e“ll Z,, DI, ' Y Zgr up(l'ic’) + Vo wp(V'ic')} - (2.2)
e
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The equations of motion are (Mashkevich and Tolpygo 1957)
My dig(lc) = —0Ppouy(li), (2.3)
0 = 0Pp/owy(lk) . (2.4)

Equation (2.4) expresses the adiabatic approximation, namely, that the shell
displacements instantaneously take up a position to minimize the potential energy.
Using (2.4) we can, at least in principle, eliminate the shell displacements from (2.1)

Using (2.1) and (2.2) the equations of motion become
My ig(lic) = — mzﬂ {Pailloe, U'’) + Lo Z Piglic, Ui’ VpugU'x)
(Dol V') +Z Yo BS(lie, U Vywg(U'x' )], (2.5)
0= ,Zﬁ {Baplle, V') + ¥ Z BEg(lic, Vi Vyug(l'x')

F{Bapllic, Ui’) + o g S11r S + Yo Yior Ballic, Ui Vywp(U''Y] . (2.6)

These equations can be written in matrix notation as
mii = —(r4-zcz)u—(r+zcy)w, (2.7
0 = (ryez)u(r-+k+yey)w, (2.8)

where m, r, ¢, k, 2, and y are 6N X 6N matrices and u and w are 6N-dimensional
column vectors.

Eliminating w from (2.7) and (2.8) gives

mii = —yu, (2.9)
where

v = (r+zcz)—(r+zey)(r+-k-+ycy)i(r+ycz). (2.10)
Using (2.2) the potential energy (2.1) is given by
Pu = I [{(Paplli, V') +Zic Lo Bpllic, Ui Vyua(l) gl )
UVk'B
+{Papllic, V'ic') -+ Ze ¥ P, Ui Vyua(li) wip(l'sc’)
+{@aipllic, V') -+ Y Ze Diipllic, V' Yywa(li) up(l'x’)

+{®OI¢§3(ZK’ Vk') ki 8up 811 Skxr + Y Yo (ﬁgﬁ(lk, Vi Vwg(lx) wg(l'x’)],
(2.11)

which can be written in matrix notation as
Oy = HuT(r4zcz)utul(r+zcy)w
+wI(r+ycz)u+wI(r+k-+ycy)w}. (2.12)
Using (2.8) and (2.10) this becomes
Dy = tuTyu. (2.13)
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Writing (2.9) and (2.13) in terms of components we have

Oy =13 ZZ Pap(lic, ") ua(lic) up(l'’) (2.14)
Vs
and
My Ug(le) = — > dapllic, Uk ugl'x’) . (2.15)
Vk'B

These are of the same form as the equations (1.1) and (1.3) for the rigid ion model,
but with “‘effective force constants” given by the elements of the matrix (2.10).

Introducing the plane wave solution (1.4) as before, we obtain the result that
the allowed frequencies are again given by the solutions of the equation (1.7), the
elements of the dynamical matrix being given by

Mup(ce’, q) = 2;4 Pus(Ok, ic") exp[2miq . {r(l") —1(0x)}] . (2.16)

Taking matrix elements of (2.10) and substituting in (2.16), it can be shown that
the dynamical matrix is given by

M — (R+ZCZ)—(R+ZCY)(R+K+YCY){(R+YCZ), 2.17)

where the elements of the various 6x 6 matrices are given by

Ryplkx’, q) = zl: OX(0k, ') exp[2miq . {r(lc’) —T(0k)}] ,

(2.18)

Cuplrer’, q) = ; ¢Sﬂ(0k, I’y exp[2miq.{r(lx")—1(0x)}],

Zocﬁ(KK,a q) = Zg 50:[3 Sk’ 5
. , 2.19
Yap(ke', q) = Yy Onp Sk’ ( )
szﬂ(KK’, q) = kg Sup dux’ - (2.20)
Using (2.14) the Hamiltonian is
Hy = %‘. @me) {palle)P+3 %‘x hapllc, V') ugllic) ug(l'’) . (2.21)
*

UK’
This can be transformed into normal coordinates, as in the rigid ion case, by using

the transformation (1.8), which gives the same result (1.9), and all the thermo-
dynamic properties can be worked out as before.

IIT. A SiMPLE ANHARMONIC SHELL MODEL

. Tt is well known that some properties of real crystals cannot be explained by
purely harmonic theory, whether for a rigid ion model or a shell model, e.g. thermal
expansion. Thus it is sometimes necessary to include higher order terms in the
potential energy expansion. This procedure is well known for the rigid ion model
(e.g. Maradudin, Flinn, and Coldwell-Horsfall 1961), but little has been published
regarding the extension of the harmonic shell model to include anharmonic terms.

Another phenomenon that emphasizes the need to include anharmonic terms
in the dynamics of the shell model is infrared lattice absorption. For a harmonic
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crystal, which has a dipole moment depending linearly on the normal coordinates,
the predicted absorption consists of an infinitely sharp line (i.e. a 8-function) at the
infrared absorption frequency wo, which is the frequency of the transverse optic mode
of zero wave-vector. However, the experimentally measured spectra of alkali halides
show a broad absorption band in the infrared together with one or more subsidiary
maxima. This discrepancy has been attributed by Blackman (1933), Born and
Blackman (1933), and Barnes, Brattain, and Seitz (1935) to anharmonicity that
couples the harmonic modes and provides for the absorption of a photon by the
creation of two or more phonons. Tt has also been attributed by Burstein, Oberly,
and Plyler (1948) and Lax and Burstein (1955) to the presence of a lattice dipole
moment containing terms that are quadratic, cubic, etc. in the normal coordinates.
This phenomenon, due to deformation of the ions by the motion of those nearby,
also permits multiphonon absorption of a photon. Born has concluded that the
widening of the main band is due to the third-order potential while the side bands
are probably due to the second-order dipole moment (e.g. Born and Huang 1954).

It has been shown by Keating and Rupprecht (1965) that a harmonic crystal
has no higher order dipole moments. Thus to obtain such dipole moments, anharmonic
terms must be included in the shell model. These dipole moments will be evaluated
in Section IV.

We shall now develop the theory of a simple anharmonic shell model. The
potential energy (2.11) of the harmonic shell model was written in the form

Op =1} l%}x {aaplc, U'n’) wa(li) wp(l'c’) +bap(lic, U'n") un(lic) wp(l' )
- 050Uk, li) wallie) up(l'n") +capllic, V') wall) wa(l'’)p,  (3.1)
where
apllic, V') = Dpg(lic, ") ++Zyg Zy DEg(lxc, Ui’ ,
bag(lic, U’y = Da(lic, U'ic’) +Zg Yoo Dp(lic, V')
caplic, Vic') = Bapllic, ') +log S S Sr + Vg Yoo Dp(lrc, V')

In general the potential function (3.1) will also contain cubic and higher order
terms in the coordinates uy(lx) and wy(lx).

(3.2)

We shall include anharmonic Coulomb terms between rigid ions and anharmonic
repulsive terms between shells of nearest neighbours. Replacing for convenience the
triple index (lka) by a single index (A), the potential function can be written as

o=1% /12/1 {a(A A2) wz, wa, +b(M Ae) wa, i, +b(Ae M) wa, wa, +e(A Ao)wz wy}

+iy D %) wp un U,y S %N A g Wi, Up, Uz, U,
PR MAghslg

by I 0N (Adeds) (ua,+wa,)(wa, Fw,)us,Fws)

;'123

+3y X ‘I’R()\l)\zlsM)(uzl+wa,)(u/12—l—WA2)(u,13+w,13)(u;_4—|-w,14), (3.3)

1 2]‘3 ;'4

where @C(A; A2 A3), PC(A; A2 A3)g), DR(A1AzA3), and DR(A; A2 A3 Ag) are respectively
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the third- and fourth-order derivatives of the Coulomb and repulsive potential
energies with respect to the ionic displacements, and y is the usual order parameter.

We now make an approximation. We expand the last two terms in (3.3) and
retain only those terms linear in w;. Since the rigid ion model has fairly good quan-
titative success, it is expected that the core-shell displacements will be less than the
displacements of the cores from equilibrium. Making this approximation, (3.3)
becomes
D=1} AE/I {a(A1 A2) Up, Ug, +b(A1 A2) Ui, Wi, +b(A2 A1) Wy, Ui, +c(A1A2) Wi, w;,z}

142

+&v 2 ®(Al)\2)\3)u}.1uﬂzul3+-21;‘}/2 > @(A1A2A3A4)ullulzul3ul4
Aydpis AAgiyiy

+iy X %) wa, U, uz,—l—%'yz T 0P edsy) Wi, Wi, Ui, Wa, s
AydyAs Ayhrdsdy (3 .4)
where @(A;A2A3) and B(A; Az A3 A4) are the total anharmonic coefficients given by
D(A1 Az A3) = DC(A A2 A3) -+ DR(A1 A2 A3),
and so on.

The equations of motion to be used in conjunction with (3.4) are

mpiiy = —oD[ouy,
285, 0w, (3.5)
0= 8<15/3w,1 .
The second equation of motion gives
0= ,12 {b(A2 A1) wa, (A1 Ao) wp}+y ,12,1 O (M Ao Ag) ua, us,
2 243
-|—J‘3"y2 > ¢R()\1Ag)\3)\4)u,12u13u;,4. (3.6)

AaAsly
This equation embodies the adiabatic principle. It expresses the core—shell
displacements uniquely in terms of the nuclear displacements. Using (3.6) we can

eliminate the w,’s from (3.4) and thus express the potential function in terms of core
displacements only.

Multiplying (3.6) by $w;,, summing over A;, and subtracting the result from
(3.4) gives

@ =1 z% {a(ALdA2) wa, wa, +b(N Ag) uz, wa}
142

+%y ; D(M Az Ag) wp, ug, ua, + &Y T DMz Ua, Up, Ua, U,

14273 1424354

+iy X ¢R(A1A2A3)w;,lu,12u,13+f2«y2 2 ¢R()\1/\2A3)‘4)w1,ulzuﬂ3ul4-
12225 AiAr Ay, (37)

Defining quantities d(A; A;) by

/12 AN Ak) oAk Ay) = 82,2, (3.8)
&
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gives from (3.6)

wy, = — 2 d(AsA)b(A2Ar) ua, — y T dAsA) D (A A2 Ag) Wi, Uz,
Allz l 213
—& X A d(As A1) O™ (A1 Ao As \a) wa, wa, s, - (3.9)
142743%4

Eliminating the w,’s from (3.7) by using (3.9) gives for the potential energy
=13 /12/1 YA A2) up, uz, +3% & 2 (A AeAg)ua, ug, ug,

l 273
&y D (M Aeds d) g, wa, ua U, (3.10)
Aihihyhg
where
P(A1A) = a(A1Ag)— Z b(A1 A3) d(A3 Ag) B(A2 Ag), (3.11)
*3 4

which is the same as the result (2.10) for the harmonic shell model.
The cubic and quartic coefficients are given by

P(A1 A Ag) = D(\ A2 Az)—3 2 b(A ) d(Xa As) DX (A5 A2 Ag) (3.12)
and
P(M A2 Az Ag) = D(AL Az A3 Ag) —4 Z b(A1 25) d(As Ag) D™ (A6 Az A3 Aa)
—3 2 R A d5)d(As A6) PR (A3 Ma M) - (3.13)

Asde

From (3.10) the force constants g(A1 Az As) and (A1 A2 A3A4) should be symmetri-
cal in the X’s. However, the expressions (3.12) and (3.13) are not symmetrical. We
therefore replace these by the symmetrized force constants

(A A2 A3) = P(A1 A2 Ag)— 42/1 {61 M) d(Ma As) DR (A5 A2 Xs)
T b ) (A ds) DR (A5 s 1)
L b(As Ag) d(Ag As) D™ (A5 M M2)} (3.14)

B(A Az A ) = (A Ag Az Ag)— 2 {B(A1 X5) d(As A6) D™ (A6 A2 A3 Aa)
+b(Ag A5) d(As Ae) D™ (N6 A3 Ag A1)
(A3 As) d(As Ag) DX (A6 Aa M1 Ao)
LB s) d(As Ag) DT (N6 A1 A2 Ag)}

-z (DR A2 As) (A5 26) BT (A6 A3 Aa)
576

+0%(2 23 25) d(A5 X) D™ (A6 Aa 1)
L BR( A3 A5) d(As A6) B (N6 A2 Aa)} - (3.15)

Thus we see that the cubic and quartic anharmonic force constants for the shell
model (A1 A2 A3) and (A1 Az Az)g) differ from the corresponding quantities @(A1 Az A3)
and @(A; A2 A3 Ag) for the rigid ion model. This has not been pointed out by Cowley
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(1963), although Szigeti (1959) has pointed out that higher order dipole moments
make an appreciable contribution to the anharmonic potential energy.

The new anharmonic force constants still satisfy the invariance relations due to
translation symmetry, namely,

¢“ﬁ,(l,<, Ui, l”K") - ¢.,xﬁy(o,<, (=, (z"—l)K") ,

, (3.16)
¢aﬁ,ys(lK, l/KI’ lIIK/I’ l/IIKI/I) — l/l(xﬁ,ya(OK’ (l/'—l)K’, (l”‘-'l)K”, (l//l_l)KIII) .

Transforming the potential energy (3.10) into normal coordinates according
to (1.8) and using the fact that the kinetic energy of this model is the same as that
for the rigid ion model, the Hamiltonian becomes

H = Ho+yHs+y"H,, (3.17)
where Hy is the harmonic Hamiltonian
Hy =} % {P*(qj) P(qj) +’(a7) @*(aJ) Q(a)} (3.18)

and the cubic and quartic terms are

Hz =}N* a § A1 +9q2+as) P(q1 15 Q2 j2;; A3 J3) Q(d1 j1) Q(d2 j2) @(a3 ja) » (3.19)
1 7273

719215

Hy=#N7' X% A(Q1+ a2+ 93+ q4) ¥Y(qu j1; Q2 23 d3.53 5 Q4 ja)
qlq2q3q4

Fuirisia
X Q(d1 1) Q(q2 j2) Q(qs js) Q(qa ja) (3.20)

where the ¥ coefficients are given by

P diji;Azd2; Qs j3) = 2 (mucmu mg) " hupy (O, Ui, I'k")
Kkx

Uk’'B
1Ky

X ea(k | d1 1) ep(ic” | Q2 j2) ey(” | g3 )
X exp[27i{q;.r(0x) +qa.r(I'k’) +qs.r(l"x")}],

(3.21)
'lp(ql j] 5 qgjz 5 qs jg; q4j4) = KE‘X (mlc My’ My mlc”’)—_i '//txﬁyd(OK, l,K’, lIIK/I, lu/K///)
UVk'B
1Ky
s

Xea(re| q1 1) es(x’ | Qa jo) ey(x” | A3 j3) es(k”’" | Q4 ja)
X exp[2mi{qy.1(0k) +q2.T(!'x") +q3.1(1" ")

Faar( . (3.22)

These equations (3.17)-(3.22) are all of the same form as for the anharmonic

rigid ion model (e.g. Maradudin, Flinn, and Coldwell-Horsfall 1961), but it must be
remembered that the force constants (3.11)—(3.13) are different.

Thus the same methods of evaluating thermodynamic properties as have been

used for the anharmonic rigid ion model can be used for the anharmonic shell model.
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IV. Tae DipoLE MOMENT

To caleulate properties that are due to the interaction of a crystal with either
a static or a time-dependent electric field it is necessary to express the dipole moment
of the crystal in terms of the normal coordinates. In terms of core and core—shell
displacements, the 2 component of the dipole moment is

M= ?‘ {Zug(lic) + Y g we(lic)} . (4.1)

Substituting for w(lx) from (3.9) gives
M= 2 Z/clux(llKl) + lz chl{
1#1

14k,

- 2 dyally k1, la k2) bgalls k3, l2 ko) wp(ls ka)
S50
l3/c§ﬁ

—3y lz daolly 11, Ia k2) Dasy(la w2, s i3, Lo ca) wp(ls w3) wy(la ra)

— 1% T dpallyrr, L ko) Pagyslle ko, Us ks, la ka, Is s)

peels
Kpeokig
*...0

X wp(la k3) wy(la ka) wolls Ks)} . (4.2)
Transforming to normal coordinates, according to (1.8), gives

M = V%§M(0j) QO)) +1y & Alqr-+az) M(duji; gz j2) Q1) QA2 J2)

aj:
+3 N . %‘aq A(qi+az2+93) M(q1 j1; A2 j2; 3 j3) @(d1 j1) @(Q2 j2) (a3 j3) -
1 7273 5
11205 4.3)

The first-order dipole moment coefficient is

M(0)) = X my? Zeg(r|05)
K

— 3 mpt Yeep(c”05) Dealicx’,0) Baa('x, 0) (4.4)
KKK
aB
the coefficients D and B being defined as in (2.18).

The second- and third-order coefficients are

M(a1j1;9z2]2) = — lzl (e, mic,)* Y, eplic] A 1) ey(ica| Q2 j2)
K,IG;IC‘;IQ
«By R
X Diga(r1 k2, 0) P py(Oxsa, I3 k3, g rc4)

X exp[27-ri{q1 . I‘(lg K3) + qeo. I‘(l4 K4)}] 5 (4 . 5)
M(qij1;92]2;A3J3) = — l zz'z (g, muc, mie) Y, epliea | A1 1) ex(xa| Q2 j2) eals | 43 ja)
Ic,/c;/cglc54/c5

apyd R
X Dy (k1 k2, 0) Prpys(Ox2, I3 k3, laka, 5 k5)

% exp[2mi{qq.r(l3x3) + g2 T(laka) +qs.r(l5 x5)}] -
4.6)
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The first term in (4.4) is the only term that contributes to the dipole moment of
a harmonic or anharmonic rigid ion model. The second term in (4.4) is the additional
contribution from a harmonic shell model. The higher order moments appear only
in the anharmonic shell model.

V. CONCLUSIONS

The lattice dynamics of simple harmonic and anharmonic shell models have
been reviewed. It has been shown that the theory can be expressed in the same form
as the better-known theory of the rigid ion model, but with modified harmonic and
anharmonic force constants.

The shell model is the simplest model that allows for distortion of the electron
clouds during lattice vibrations. This is especially significant in optic modes in
which the two atoms of a unit cell vibrate in opposite directions, and the shell model
gives good agreement with experimental dispersion curves for these modes.

Tt is also seen that it is possible to have deformable ions without the appearance
of higher order dipole moments, e.g. in the harmonic shell model. Inclusion of
anharmonic terms leads to the appearance of higher order dipole moments.
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