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Abstract

This paper discusses the formulation of a quantum mechanical equivalent
of the relative time classical theory proposed in Part I. The relativistic wavefunction
is derived and a covariant addition theorem is put forward which allows a covariant
scattering theory to be established. The free particle eigenfunctions that are given
are found not to be plane waves. A covariant partial wave analysis is also given.
A means is described of converting wavefunctions that yield probability densities
in 4-space to ones that yield the 3-space equivalents. Bound states are considered and
covariant analogues of the Coulomb potential, harmonic oscillator potential, inverse
cube law of force, square well potential, and two-body fermion interactions are
discussed.

I. INTRODUCTION

In Part I (Cook 1972, present issue pp. 117-39) the relativistic two-body
problem was discussed and a system of calibrating proper times was proposed which
permits the simple evaluation of many standard problems in a fully covariant way.
The present paper deals with the Schrodinger quantization of the proper time theory
and examines the properties of various relativistic models whose classical covariant
solutions were obtained.

Section II is concerned with the derivation of the relativistic two-body wave
equation and the properties of angular momentum operators. A covariant addition
theorem is then derived which permits the configuration space and momentum space
eigenfunctions to be coupled to give a covariant wavefunction. This theorem is
applied to the construction of the two-body free particle wavefunction, which is
found not to be a plane wave. This relativistic wave formalism is used to define the
covariant cross section and scattering matrix and an expansion into covariant partial
waves is derived.

Usually relativistic wavefunctions cannot be interpreted as defining probability
densities in ordinary space. It is shown that this is because one is working in a
4-space of hyperbolic symmetry where features of wave propagation are unfamiliar.
If the wavefunction is converted to those eigenfunctions appropriate to spherical
symmetry in 3-space with an additional time coordinate, familiar and meaningful
wavefunctions are obtained. A general symmetry conversion procedure is given in
Section V and this is shown to yield plane waves in 3-space for the case of free
particles. The conversion is applied to general scattering from potentials and
formulae for the scattering matrix are derived.
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+ AAEC Research Establishment, Private Mail Bag, Sutherland, N.S.W. 2232.

Aust. J. Phys., 1972, 25, 141-65



142 J. L. COOK

The problem of bound states is considered in Section VI. Four standard models
are treated: the covariant Coulomb field, the harmonic oscillator, motion under the
influence of the inverse cube law of force, and the square well potential. Only the
boson—boson model of these interactions is solved, but a model for the boson—fermion
and fermion—fermion systems is proposed.

II. SCHRODINGER QUANTIZATION

The notation of Part I is used throughout the following work. Let us now
examine the form of the proper time calibration theory when Schrédinger quantiza-
tion is applied. The quantized relative 4-momentum of the two-body system is
(Schiff 1949)

Q, =ik 0[oR, 1)

and when this is substituted into the component of the Hamiltonian which describes
the relative motion,

(A —V)—@Q2 =0, 2)

such that the equation becomes an operator equation acting on a covariant wave-
function ¥(R), we find the covariant two-body wave equation

2uw# - +1OBPR) =0, ®3)
where
2 o 0
D = G”VE—RTLE—R—,,’

G is the metric tensor, u is the reduced mass, and ¥ is the covariant interaction.

Using the coordinates (30) of Part I and assuming hypercentral forces such that
7" is a function only of the hyper-radius S, we can separate (3) into the component
eigenfunction equations

2
(SZ d‘gz +38 15 +st2 Az) Vs =7"¥s, (4a)
2t_rf , A241
=)+ P =) ¥y =00 v = tanhy, (4b)
2 dzng dTg 2 'm2
(l—z)v —2z—d—£—+ L*— 5Py =0, z=cosf, (4c)
d2¥;/dé2 +m2¥y =0, (4d)

where
F(R) = Ps(S) ¥, (y) Po(0) Py(d)

and Heaviside units have been introduced (% = ¢ = 1). Putting

A2 =2(A+2),  L2=10+1), &)
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we find the free particle eigenfunctions with ¥~ = 0 as

Vs = AsJ+1(@8)/S +Bs Ny+1(Q9)/S, (6a)
¥, = {4, P}*!(tanhy) +B, @} (tanh y)}sechy, (6b)
W, = Ay PM(cos 6), (6c)
¥, = Ayexp(imd), (6d)

where J, and N, are Bessel functions of the first and second kind, P, and @, are
Legendre functions of the first and second kind, the 4’s and B’s are constants, and
the solutions (6¢) and (6d) are chosen to be the same as in non-relativistic theory.
In the following work % and ¢ are shown explicitly wherever their significance in
equations is considered to be important.

The wave equation (3) and solutions such as (6) are valid across the surface of
equal proper time and are independent of proper time in systems where the centre-
of-mass motion can be factorized from the total wavefunction. It is most important
to realize that the relative time coordinate implicit in the definitions of § and y applies
only to ordinary times lying on the surface of equal proper time and that the wave-
function defines wave propagation relative to that particular coordinate. Therefore
the wavefunction and its eigenvalues have a quite different significance from those
used by Tomonaga (1946) and Feynman (1949), in which the particle times, wave-
functions, and eigenvalues apply to all possible surfaces and not just to one special
surface.

The operators

1%( e 4 —e 8)
sinf %o %00
and

12 = ﬁ%ﬁ—a%(sm 0 g ) —l-cose020 j:—} Q?, -+ Qi cosec’0
involve no derivatives with respect to S and y, and

L2P(R) = [(I+1)i2 P(R), (7)
as in non-relativistic theory. The polar operator

0 1 7
A= ~1h{eRay—i—tanh'y (eg 60+s—i£§e¢—a—$)}

satisfies
& 9
Al = hzl(’ﬁ +2 tanhy-a—y) +tanh®y L2} ,
Y
so that the operator

A? = [*—A® = L’sech’ +h2( ~— +2tanhy - ) — L?sech’ —Q?
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has eigenvalues A(A+2) when acting on ¥(R). Neither L nor A contain derivatives
with respect to S. Hence

A2P(R) = {{(I-+-1)— XA +2)}2 P(R) = a® P(R). (8)

If the Bohr correspondence principle (Schiff 1949) is to hold we should choose A2
to have positive eigenvalues, and so I > A.
Now consider the mathematical situation of the theory concerning the expansion
of plane waves
¥ = Bexp(iQ.R) = Bexp(i@SZ) 9)

into pseudospherically symmetric eigenfunctions. The following formulae are given
by Erdelyi et al. (1953). The first is

o0
exp(iQSZ) = 2’T'(v) 20 (D) (1) (@8) ™" J,+0(Q8) On(2), (10)
n—
where v is arbitrary and O is the Gegenbauer function. Comparing (10) with the
solutions (6), it is seen that » = A, v = 1 are the appropriate choices for a plane
wave solution. Furthermore

7 = (coshy cosh §)z —sinh ysinh §, (11)

where sinh 8 = €/, cosh § = ¢/@, and z = q.R/qR, and therefore one can use the
Gegenbauer addition theorem to define solutions in terms of the @}*l(tanhy).
However, these solutions have eigenvalues a2 from (8) which are negative and must
therefore be rejected as not satisfying the correspondence principle. What then is
the alternative to the plane wave expansion?

ITI. CovARIANT ADDITION THEOREM AND FREE PARTICLE SOLUTIONS

The volume element in the hyperspace is
dV = 83 cosh?ysin §dSdydfds (12)

and, using the P}*! solution, we have

2 £) = L T2 O (13)

Yodt AH (A-I4+1)!1 6,0
f—lthzP OPE 0 = 5 nu—at 1)

from Erdelyi et al. (1953) and therefore these eigenfunctions form an incomplete
orthonormal set with 7 > A1, and hence a2 > 0.

From the expansion properties in the three-dimensional case, we expect an
expansion of the form

0 0 l
_ J+1(@8)
#O.R) = A=Z—1 z=§+1 m§—l “amT0]

x P} (tanh y) sechy P}"(cos 6) exp(im¢) ~ (14)
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to represent the free particle eigenfunction that is Lorentz invariant. The a,;n
are functions of the components of the relative momentum @. In order to carry
out the summations in (14) it is necessary to establish a covariant addition theorem,
and this is indicated in a semi-rigorous way.

The spherical harmonic eigenfunctions

Y im0, ¢) = (—1)™{(21+1)(l—m)![4n(l4-m)]}PT(cos 0) exp(imep) (15)

(Edmunds 1957) simplify calculations in non-relativistic theory. To this end, we
define their covariant equivalents

Y im(y» 0, ) = {n(l—n)!/(1+n)}¥,,.(0, ¢) P}(tanh y)sechy, - (16)
which satisfy

*®
ff @nlm('}’, 9, 96) @n’l’m’(% 0; ¢) dQ = Snn’ Sll’ Smm’ ) (17)

where we have used » = A+1. The integral is taken over the whole physical relative
4-space and is easily proved using the orthogonality relation (Edmunds 1957)

™ 27 *
fo sin 6 do fo dé Y 1m(0, $) Y 1m0, $) = Su Smm’ (18)
together with the integral (13) and the volume element (12), which gives
dQ2 = cosh?ysin §dydode. (19)

The components of R are chosen to be (S, y1, 61, ¢1) and those of Q to be (Q, s, 02, $2)
for the purpose of the following argument. The object is to determine a Lorentz-
invariant eigenfunction ¢,(Z) where

Z = Q.R/QS,

which is a superposition of the angular components of the wavefunction (6):

1
gn(Z) = g buim(yz, 02, $2) ¥ nim(y1, 01, b1) - (20)

TMs

However, we will postulate that because Z is invariant under the transformations
Y14 y2, 01> O3, ¢1 > 2, the eigenfunctions on the right-hand side of (20) must
be similarly invariant, provided we assume ¢,(Z) to be a real function. We therefore
put

In(Z) = 2 Z anzm@nzm (y2, 02, ¢2)@mm(y1, 61, 1) . (21)

l=n m=-—1

The usual addition theorem (Edmunds 1957)

Pj(cosw) = Z @ 1m(02, $2) @ 1m (01, $1) (22)

2l+l
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can be used to carry out the summation over m in (21) which yields

_a)!
gn(Z) = % En (21+1)ay; (n(g_l_l__;;)'_) P} (tanh y;) sech y;

X P?(tanh yo) sech y2 Pi(2) , (23)

where z = cosw and a@u; = @pim, as required by invariance under rotations in
3-space.

It was found in all applications in Part I that the geometrical physical region
is defined by | Z| < 1. Regions where | Z| > 1 are actually accessible from the usual
physical ranges of (y1, 61, ¢1) and (yz, 02, ¢2) unless the restriction on Z is taken as a
separate kinematic condition. The sum on the right-hand side of (23) is therefore
explicitly limited to the region |Z| < 1. Inserting a Heaviside function we have

)01 21 = 1= B (1o (2)

4rr I=n (I4n)!
X PY(t) (1—8)! Pi(ta) (1—13)} Pi(2) 01 —Z°) , (24)
where
0(X) =1 for X>0,
=0 X <0,

and #; = tanhy; and 3 = tanhy,. Multiplying both sides by P;-(z) and integrating
over 3-space, we obtain

a(Z,z,) 0
f Pr(2)gu(Z')0(1—2"%) dz’
a(Z,zy)

o
= L 3 (M ) 0~y PR 0~
a(Z,z;)
% f sty PHEVPHE) &, (25)

where a(Z,z) are the limits imposed by 21 <z < 22, since | Z| < 1. Now
2 =ty ty -+ (1—R)H(1—1) (26)

and behaves somewhat like a cosine of an azimuthal angle with respect to z-space.
However, the well-known addition theorem (22) can be written

l
Pye) = Pilt) Pyftz) +2 3, LU=+ D)

Z Tty P7(t;) P7(t2) cos(n arccos Z) (27)

provided equation (26) is satisfied. Therefore, if equation (27) is substituted into the
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left-hand side of (25) we obtain

a(z,2,)

l
: 20 Cnv P (1) PY (t2) dz’ gu(Z') cos(n’ arccos Z') (1 —Z'%)
n' =

a(z,2,

14 1
= 2=0 Cprrr PV (t1) P (tz)f . dz' (1 —8)}1—t3)kcos(n'arccos Z') gu(Z'),  (28)
n’ .
where
Cnl=hnf(l—n+l)/r(l—|—n+l), }l0= ]., kn=2,n#0.

Now the eigenfunctions P? form an orthonormal set, so the expression (28) cannot
equal the right-hand side of (25) unless we choose g¢n(Z) as orthogonal to
cos(n’ arccos Z). It follows that ¢,(Z) must be a member of this latter set with an
appropriate weight function. Hence

gn(Z) = (1—Z2)~t cos(narccos Z) . (29)

The Chebyshev polynomial
Tw(Z) = cos(narccos Z)

satisfies (Gradshteyn and Ryzhik 1965)
! 2
f-1 (1—2°)*Tw(Z) T(Z) AZ = (m[hn)Spn - (30)

It is apparent that for the special case where #; = t3, we have a(l,23) =1,
a(—1,2;) = —1, and therefore
an = 2n2n. (31)

Although the series (28) diverges in the limit #; — f2, Z — -1, the constant a, is
correctly projected from the equation, as a factor (1—z'2) that arises from the process
of evaluating the integral cancels the infinity in the limit. Obviously, the n = 0
case must be dealt with separately. One finds the eigenfunction expansion as a
result of (31)

cos(narccosZ)  2n” § 2’4 @ b1, 0) Y .
__"'""'—(1_Z2)¢ = B a Yun (v1, 01, 1) @ nim(y2, O2, d2)
({—=n)!

T DT Pl A=) A5 Pie). - (32)

[eo]
=ir 2 (2+1) 7t
1=0
The second expansion is used for n = 0.

To find the equivalent to the plane wave expansion we consider the form of
(10) normally used in two dimensions:

[oo]

exp(iQSZ) = Zo (1)" by, J 0 (QS) cos(n arccos Z) . (83)

n =
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The wavefunction that is a superposition of free particle solutions is

S JIu(QS) cos(narccos Z)

7(Q,R) = n§0 W08 (12 (34)
Comparing (33) with (34) we see that a choice of a, = (i)? by leads to
. o oy Jn(@S)cos(narccosZ)  exp(iQ.R)
VOR) = 2 (=05 (1-z Qs1—z%}
= {@282—(Q.R)2}*exp(iQ.R), |Z] <1. (35)

This wavefunction has a plane wave period but is distorted by an amplitude that
depends upon both S and Q. To test if (35) is a solution to the wave equation (3),
we note that

0% f exp(iQ.R)} = —@2f exp(iQ.R) +i(Q. [1f)exp(iQ . R) +exp(iQ . R)([1%f).
The factor {Q282—(Q . R)2}-? satisfies
Q.{8(1—2%41 =0, OXHS(1—22)41 =0. (36)
It is the n = 0 eigenfunction of the homogeneous equation
O%fnim = 0.

The c.m. motion factors from the complete wavefunction. Combining all of these
results leads to a physically meaningful two-boson wavefunction without interaction of

exp{i(r; . Py +12.Po)}  expfi(Q1.Ry +Q2. Rz)}
Q81 —27%} Q2 8(1—2%}

T(rla Pl; T, PZ) = (37)

where r;.P; +1r2.Ps = Q1.R; +Q2. Ry, as explained in Part I, and
R; = (my/M)r1+4(myi/M)rs, Ry =r;—rg,
Q1 = P1+4Ps, Q2 = p(P1/my —Pa/ms),

p = mima/(mi+mg), S=Ra, Q=0Q2, Z=0Q2.Rz/@:8

IV. Cross SECTIONS

Having established an analogy between the relativistic kinematics in terms of
relative coordinates and non-relativistic theory in general, one can almost write
down the covariant quantities without proof. To show that this analogy holds for
the scattering of bosons, covariant cross sections for scattering are derived. These
are not the conventional cross sections associated with two-dimensional areas in
three-space, but are three-dimensional cross sections of the volume in relative four-
space. The expansion (35) is used for this purpose. The Bessel functions behave



RELATIVISTIC TWO-BODY PROBLEM. II 149

for large @S as
Ju(@8) = (2/nQ8)} cos(QS—fnm— ), (38a)

Nu(@S) =~ (2/mQ8)} sin(@QS—jnm—1n), (38b)
or in terms of Hankel functions
HP(QS) = J,(@8)+iN,,(@S)
~ (2/mQ8)} exp{i(@S—nm—}m)}, (39a)
HP(@Q8) = HP*(@8). (39b)

The free particle wave behaves as

Nexp(iQ.S) . < .n; Ja(@S)cosnw
QS(1—2%} "NE @) Ao QS snw
~N X (i) ha(Q8) "> [exp{ —i(QS —nm —}m)}+exp{i(QS —Fnm —1m)}]

0

X (cos nw)/sinw, (40)

where N is a normalization constant and Z = cos w. The first term in square brackets
on the right-hand side of (40) describes an incoming wave and the second an outgoing
wave, propagating through the four-dimensional space-time. The presence of a
scattering and reacting source modifies the outgoing component. The wavefunction
for such a process becomes

Y~ N 3 (i) Ho(QS) > lexp{—i(QS —}nm —}m)}+nn exp{i(@S —knm—}m)}]

n=0
X (cos nw)fsinw, (41)

where 7, is a complex amplitude. Equation (41) holds in the asymptotic region
where QS is large and where it is assumed that no interaction takes place. The
scattered component of the wave is therefore

Yo ~N go ()" ha(QS) "32(1 —yn)exp{i(QS —inm—}m)}(cos nw)fsinw .  (42)

Suppose we confine the region of interaction to a hypersphere of radius S,
whose surface defines a Lorentz-invariant boundary in 4-space. With reference to
the c.m. proper time 7, as defined in Part I, the number of particles Fj, scattered
per second into the solid angle df2, is the number scattered through S§dQ. Hence

F,dQ = —J(S,/Sy) . 8342, (43)
where
J= —(ifi/Z,L)(SUsc Dlpsc _Tsc Dgfsc)
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is the current out of the 4-sphere. Substituting the scattered component (42) into
the equation (43) for the scattering rate, one finds

Fy(2)dQ = (@Q/p) | e IZS%dQ (44)

Put V = @Q/u, as the magnitude of the relative 4-velocity, and define the covariant

cross section as
ZSC = Fs/V . (45)

Using (42), (44), and (45), one obtains a cross section

2
cos nw
sin w

N2
Zf‘sc =73
Q

(1 —1n) (46)

e o)
n=0

Tt is clear that equation (46) for the covariant cross section behaves as if there
were a kinematic singularity at w = 0, on the boundary of the physical region. This
singularity is cancelled by the zero in the Jacobian of the volume element; showing
this explicitly,

[ee]

- N3 cos(n arccos Z) lz 2 o
ZsedQ = — bn(l—mp) ————— | 1—2°)}dZ dzd®
sc Q3 n§0 a( Nn) (1 _Zz)gr ( ) Z
N3 [co) 2
== ng(.) hn(1—mp)cos nw | dwdzd®. (47)

Once again we note how the system behaves as if there were an additional azimuthal
angle w. The form of the cross section (47) applies in any frame of reference. A
partial wave analysis of this type, when carried out in the laboratory system, has the
same form in the c.m. system, or in any other frame of reference. The total scattering
cross section is

Zise = f ﬂdg Zge = (@a"N°|QP) i Bl l—mal®. 48)

A completely analogous derivation of the reaction cross section yields

Zr = 4" N(Q) 2 hn(l—7a ). (49)

The normalization constant N could be chosen to be proportional to @, giving X' the
same dimensions as ordinary cross sections.

The first term in. n = 0 in (49) contains all of the s-wave, since n <I. It
contains contributions from other partial waves as well. The scattered intensity
cannot exceed the initial intensity, and so |9, | < 1. The definition of the covariant
scattering matrix is also wholly analogous to non-relativistic theory. Outside the
region of interaction, the wavefunction satisfying (4a) is

0

VY=2 Cu(In —8n0On), (50a)

n=0
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where the C, are constants and the incoming and outgoing components f, and
Oy, respectively are given by '

.mCoSNw Ip .nCosSnw Oy

jn: Sinw W, 0»”:(1) W(QS—)@, (50b)
with
In= 3mQ8) HPY(@S),  On = (1n@8)'Hy(QS), (50¢)
so that
. n
exp(iQ.R) exp{i(QS—in)}
gNO( Ssinw )_( S — e, 61)
which is equal to (free wave)—(scattered component), with
F(Q,Z) = (2m)}Q-3/2 No(1—8p)(cos nw)/sin w, (52a)
Ny being a normalization constant, and
Zse = |F(Q2)[2. (52b)

F(Q, Z) is the covariant scattering amplitude. »

If the wavefunctions ¥, .#, and 0 are now taken to be column vectors of channel
wavefunctions, Q as channel momenta, and n as covariant angular momenta defined
in each channel, S, becomes a matrix in channel space. From the additivity of the
A, and the fact that it commutes with 5#, one can conclude that n, and hence A,
is conserved throughout the reaction, just as I would be non-relativistically.

V. SYMMETRY CONVERSION

The covariant wavefunctions for bound states lead to convergent integrals
for probability densities and reasonably simple expressions for covariant cross sections.
However, the quantities ’

P=|¥|2, J = (h)2p)(¥Y OP* -¥P*1OY), (63)

derived from the wave equation (3) are densities relative to both ordinary space
and the relative times which define the surface of equal proper time. Therefore,
the question arises as to how to convert these quantities to the conventional 3-space
equivalents. The wave propagation in the relative time direction must be removed
in such a way as to leave a relative energy eigenvalue in the 3-space Schrodinger
equation equivalent to (3). This can be done by defining the Fourier transforms
(Sneddon 1951) at a point in 3-space, with respect to a dummy variable ¢, as

o

P(q,£R) = (2m) 7 f exp(i€T) P(Q,R) dT 6(S)°, (54a)
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[oe]
WQR) = @)t | exp(—ieT P(a,6 R 46, #(,R) = H(g, (P~ R),
(54b)
that is, when ¢ = e the conversion to 3-space is achieved.
Taking the transform of (3), we get
0
(—V2—) +2u(2m) t J exp(iel) VW dT = 2uéy, (55)
—00
where
HY = EY.
Using pseudospherical coordinates, one finds
R
= (27)_*f d(Rtanhy) ¥exp(ieR tanh y)
1
= R(%)“*f dt Wexp(icRt) (56)
-1
and an interaction term
1
p = 2uR(2m) f_l dt ¥'(R, Q) ¥(R, Q). (57)

With a small variation in the relative time coordinate at a fixed point R, the inter-
action behaves as

2uR 2 1 (Fy r .
= ﬁ Eoﬁ(?)w J . (' —t)F Wexp(icRt) dt . (58)

If the interaction decreases with increasing R, and vanishes as B — oo, then provided

—6—(ln“//) -0, 1 <L1, (59)
ot R-o0
one will have for large R
1
p ~ 2uR27) (R, t’)f Y exp(ieRt) dt
-1
~ 2uY (R,0)4. (60)

The wave equation (55) then becomes the non-relativistic Schrodinger equation
(Schiff 1949)

V2 4+ 2u(B— V) = 0 (61)
for small values of ¢, where

¢ = Q?2p —~ E, Hp = By ~ (A +€2[2p) . (62)

Therefore, for large R, or slowly varying potentials, the wavefunction ¢ becomes
that applicable at low velocities, where ¢ is small and e is considered to be zero. This
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would be the case for any weak interaction, implying that particle velocities remain
small relative to the velocity of light. The invalidity of truncating the series (58)
near the null cone where ¢’ ~ 1 indicates that measurements of relative time in
this region affect the behaviour of the system violently and enhance the higher
order terms of the relativistic interaction.

In the absence of any interaction, one would expect the covariant wavefunction
(35), which represents two free particles, to transform directly to a plane wave at
any velocity of the centre of mass, or any physical relative velocity. This is in fact
the case:

_ L (" o R(Q.8) o
b= ) dT exp(ieT)) @08 0(S% 601 —23)
: R
~ =R [ o g ke
Gg. B[ 1 . (2a74+b\\]7 ‘
_ %[—E{arcmn( ar )” " )

where
A = dad—b2, d= @2+ = ¢q2,

b=2q.R, a = Q2R2—(q.R)?.

The integrand simplifies to give

__exp(iq.R)[_{ ) ( toz —t )}]t1=1
e B b Ve o) ) P

where z = (q. R)/qR, ¢t = tanhy, and s = tanh §. Using
z =t t,+(1—)P1—1)Z,
one obtains the value = for the integral, giving

¥ = (3m)glexp(iq. R). (64)

All of formal non-relativistic scattering theory is based upon the free particle
plane wave function (64). Therefore, allowing for relativistic kinematic factors, the
non-relativistic expressions for cross sections, the S-matrix, partial wave expansions,
and any formalism independent of the explicit form of the interaction, including
reaction matrix theory (Wigner and Eisenbud 1947; Lane and Thomas 1958;
Preston 1962), potential theory (Regge 1959), and Regge pole theory, are valid to
arbitrarily high energies. These theories become covariant within the relative time
formalism, provided no measurement is made to test Lorentz invariance. A test of
Lorentz invariance is necessarily an experiment with pseudospherical symmetry in
4-space, and the additional A-degeneracy becomes observable.

It is very instructive to show how the wave fronts propagating in 4-space
combine to give the plane wave (64), and in doing so remove the n-degeneracy. Using
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the eigenfunction expansion (35) and the addition theorem (32), we find

]. 00

= e _ AT exp(ieT) ¥(R) 6(S%)
R (! . 2, Ja(gROA—1)'1—5)?)
= ERy J_l dt; exp(igRt to) X néo (1) by R e —tg) 3
X 2 b PRt —t1) P7(t2) (L—8)*Py(2) . (65)

Now there exists a standard Fourier transform (Erdelyi et al. 1953)

(2] )M ()P(sin ¢~ C(oos $)T, (¥
= foﬂ exp(iY cos 0 cos ) J,—y( Y sin fsin ¢) Cp(cos 0) (sin 6)' ™ do, (66)

where (3 is the Gegenbauer function, which is related to the spherical harmonics
by (Erdelyi ef al. 1953)

I(2) I(p+1) Cy(z) = 274 M(p+20) Tv+3) (21 PL2 (). (67)
Substituting v = n+1%, cos @ = t;, Y = ¢qR, p+v = I43, and cos¢ = t2, we obtain
(2m/qR)i(i _”P?(tz)JzH(qR)
1
= f dty exp(igRt tz) Ju(qR(1—8) (1 —83)*P(t)).,
-1

which, when applied to (65), yields

= §m ij‘.o ()" hn E. bin )q Jrai qR {P(t2))* Py(2)
[ee] 1 B
— ¢S (L) by S g b PR (68)
1=0 (qR)} n=0

Now by = (214+-1)(I—n)!/(l+n)!, and the second sum in (68) is such that it equals
17(214-1) from the addition theorem, so that

b = (m[2q) § (@) (2141) (qR) " J144(qR) Pu(2)

= (4m)iq”" exp(iq.R),

in agreement with the direct result (64).
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When the interaction ¥7(S) is present, the converted wavefunction is

1 .
g = R dty exp(iqRt; ta)

e B I Cu(aRA—D} 1 —))

% 3 b Pl Plt) Pif2)

1 2 )
g o O Ve, Bot) i) ©9)

where

l
gr= 2 an{(l—n)![(+n)}Tnlg, R, t2) Pi(t2)
is the 3-space radial wavefunction, with
n = f , AT exp(ieT’) Gu(@S) P{(cT|R), (70)

and G,(Q8)/QS is the solution to the 4-space radial wave equation. Bertram (personal
communication) has proved the important result

1
27t f A=Y oY) N,y (a1 —Y?)}) exp(izY) d Y
-1

— (i)”(xz—}—az)%” O;;(x(xz—|—a2)‘%){(x2—|—a2)'5("+”) Ny+n((a2+x2)%)}: (71)

where N,(z) is the associated Bessel function. Using this result, we find

1 * . & o, Bn(QS)cos(narccos Z)
2 f_w dT exp(ieT) nEO (1)" by oS 12
=220 B () (4D @R BRI P, (72

where B is any of the Bessel functions J, N, H M, or H®.
The ordinary representation of the delta function (Goertzel and Tralli 1960)
is not useful in this scattering theory. Instead we use the distorted form (40) to

obtain : .
© 1 1 27 . ’
f Q®dQ f az (1—2%)’-'f dzlf g, RO (S—8Y} 1
0 -1 -1 0 .

Q*SS’ sinwsinw’ 1 —2Z%

_ 4 3 g, e} f * Jn(@8) Jn(@S) Q dQ
0

n=0 sin w sin o’ - 88

 4n8(8—8)8(Z—Z) _4n8(S—8) dw—w)
- S —z3t B - SPsinw

, . (73)

with o
Q.S/@S = cos(w—w1), Q.8'/Q8" = cos(w' —w1),
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where the rotation theorem

foﬂ dw; cos{n(w; —w)} cos{n’ (w1 —w')} = (7/hn)dnn cos{n(w—w’)} (74)

has been used. In these equations
Q.S:1/Q81 = Z1 = cos wq, Z = cos w, 7' = cos o,

and S; is a reference 4-vector.
Following standard derivations (Goertzel and Tralli 1960) the equation for the
scattering state is

exp(iQ. S) (1Q.S)

T(S, Q) QS 1 Zz),}

+ HHS'?’dS'dw dz’d®’ X (S, S)¥(S,Q) (75)

and G is the Green’s function

1 (® s.., (" az 2m
G(S’S’):Efo Q3dQ f_ a le)%f dzlf do;

o eXpliQ.(S— S)}( 1 )
Q%88 sinwsinw’ Q*—Q*

cos{n(w—w')}

©
=1 2 gu(8,8) b
n=0

sin w sin o’
= (1/4m)HP(Q | S—S8'])/SS sinwsinw’, (76)
where
n_ [T In@8) Tn(@'S)Q dQ’
gn(S> N ) - J\ SS,(Q,2_Q2)
= Re{HP(QS") Jn(QS)/SS'}, S< 8
= Re{H(QS) J4(QS')[SS'}, S> 8.

Taking the Fourier transform of (75) and using (64), we find the 3-space wavefunction

R—R’
J(q,R) = exp(iq. R——fﬂf expi‘;ﬁ‘ R,] oxplig|R=R'D) gy (s, Q). (77)

From (77) one finds the conventional scattering amplitude as in Schiff (1949) of

16.9)= 4 f f f f as’ expliq’ . R)7(S) ¥(S', Q), (78)

where ¢’ = ¢—qo, qo is the vector representing the initial beam momentum, and
q is the final beam momentum in the direction (6,$). Models for scattering and
perturbation expansions can be evaluated from equation (78).
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VI. Bouxp STATES

There are some specific points concerning the eigenvalues of the covariant
angular momentum tensor which require elucidation. The most important is the
question of its role in the energy eigenvalues for discrete levels in bound states.
Five models are considered here to make this role apparent.

(@) Coulomb T'wo-boson Atom

The Hamiltonian for this problem as in equation (3) can be written in the
notation of Part I as

%T—:é”l’:(

2 2
(Q—A)" (Qa—Ay) )Y, (19)

2M 2u
We now assume, as in Part I, that the electromagnetic potentials are given by
A; = (e?/c)Gy/8S, (80a)
where G is an operator which is assumed to obey the eigenvalue equation
GVY=UnGY, [G,H]=GCH—-HG =0, (80b)

the square brackets denoting the commutation relationship, with G1 a scalar and
Ucm the 4-velocity of the centre of mass; and similarly

As = (€20)GafS,  GoW =UmGa¥. (80c)

When these potentials are substituted into (79) we find

Qi Q 1 A}
H = 2M+2M(Al Q:+0;s. Al) 2M+ 2—#-(A2-02+02-A2)+ﬂ
R . A Clingh (81)

to order 6 at least. Omitting the suffix ecm from the 4-velocity, the following
commutation relations must be valid for the above equality to hold:

[Q1,U] =0, [Q2,U] =0, [Q1,81G1] =0, [Q2,871G2] =0,

[Q2,Ge] = —iS~lesG2, es=S/S; [G2,871]=0;

and therefore
[Q1,A1] =0, [Q2,A2] =0.

These conditions are really only necessary to simplify equation (79).
We define two operators (F1,F32) with constant eigenvalues (f1, f2),

Y=Y, F¥=/HY,
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such that
, (@1/M)G1 —V. UG = Fy,
with V = Qg/u, and

With these operators, upon separating variables, equation (81) yields the radial
wave equation ,

Vs | 3d¥s  {AA+2) —felty, ( 2f1w)

where B = 2u(# —Q2/2M) = w(W2—M?)|M.
Putting 82 = 4F and p = S we obtain the equation

a®Ps  3d¥s ( NN+2) 1 K)
2 ! —C )P =0, 83
in which
K =2fiafp = fi(e?/c)u(—E)
and.

XX +2) = n2—1 = \A+2)—fa02 = n2—1 —fp 02,
Substituting ¥'s = Wp=3/2 into (83) we obtain
W'+ W(—1+Kp~14(}—n'2)p=2) = 0. (84)

This is Whittaker’s equation (Erdelyi e al. 1953). The solution which tends to zero
as p tends to infinity is

Win = exp(—1p) pKoFo(}—K+n', }—K—n'; —p=1)
= exp(—4p) p" T V(}—K+n',20'+1;p), (85)

where ¥(a, ¢;) is the confluent hypergeometric function. It behaves asymptotically
for large p such that

, o I'm'+3+m—K) 1 I'G—K+m—n') g p—4-
_— = " 1( _qym 3 LEAS: K-n'—3—m
s ~ exp(—ip) p m2=0( ) Irow+3—K) m! Ira—K—n)
~ const. exp(—p) pK3/2, ' - (89

Near the origin, no nonsingular solution exists unless (;—K ') is a negative integer.
We have there
Vs ~{I'2n')/[[(3—K+n")}p~n'~t,

Two discernible cases arise:

(i) N = —(4—K+n') is an integer. This solution becomes the same as in the
non-relativistic case, namely the Laguerre polynomials times factors. This is because

L3 (p) = {(—1)NN}W(—N, 20" +1; p)
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and these functions are nonsingular at the origin. However, we would then have
= 3+N+n'.

If the integer solutions for n are chosen, K is approximately half-integer, in which
case the energy levels are '

E = —fi02|K?

and do not tend to the correct non-relativistic limit of the Bohr levels. There are
two possible answers to this dilemma. Firstly, we could choose the solutions where
n is half-integer. This would imply that the scattering theory developed in Sections
III and IV was not applicable to such a pair of particles. An equivalent scattering
theory in which » is half-integer is possible to derive. -

(ii) The second solution is to note from the relation
K, (3z) = ntexp(3z)xn’ W(n'+13,2n'+1; x) (87)

that as « — 0 the solution with integer N cannot give the free particle eigenfunctions
K ,(3p) at negative energies. We can therefore choose N to be half-integer to preserve
this relationship. In this case the singularity at the origin does not allow one to
normalize the solution over the physical volume element. Such two-boson atoms
cannot therefore admit point source potentials which yield the Bohr levels and are
nonsingular at the origin. If we assume the two bosons to be extended sources, it
is possible to introduce a surface cutoff at very small values of 8. Using Green’s
theorem, we find

0
(Wi Wi —Wa Wil = (K1—Ks) | WiWap "dp. (88)

Po

Making use of the radial wave equation (82) we see that a cutoff at po allows the
integral to be written

Wy Ws —Wa Wi] = (Ki—Kz) f Wy We St as. (89)
SO

PpPo
This integral will vanish if

po Wilpo)| Wilpo) = By » 0B, /0K = 0.

The higher terms in the expansion near the origin are found from the relation (85)
and the equations (Erdelyi et al. 1953)

Y(a,c;x) = F(Igl—:——lc—)_l) D(a, c;x) +ate F;f(;)l) Da—c+1,2—c;2), (90)
where
a(a+1)2”

@(acx)—1-|— T4y -

e(c+1) 21
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is the confluent hypergeometric function. For small py we obtain

(1—3c—Bu)(2—c) _ 20/ +1)(Bpt+n'—})

K =

o)

Right at the origin, we would have py = 0 and B, = —n’-}+1. However, Sy and B,
both have to be independent of K and this can only occur if

po=2(—E)Sy oc K1, (92a)
which is satisfied if the energy levels appropriate to the problem are given by

(—B) = @[Ku,  fi=p. (92b)
The surface cutoff
1 @2 —1)(By+n'—%)

Sp = — 93
0=35 Boin 2 (93)

can be chosen as small as desired, provided the actual limit is never taken to the origin.
The normalizations are found from the relation

0
L WxWg S7dS = 202 —3n'+2)(po) " Sxx- (94)

and hence °
'PS,K,n = 8_3/2(2n2—3n+2)‘3(p0)”‘% WK,n'(P) . } (95)

The energy levels are found to be

ol of o ofs 6
E=-—-—==5 = —u ((N—|—n)2+ (N+n)3n+0(“ )) . (96)

When one mass becomes very large, we find for mg > m;

2 4,2
o . o fg
2(N+n)®  2(N-+n)

B = ml(l— T +0(oc6)) . (97)
Two points of importance arise:
(1) The term proportional to £ «4 is missing.
(2) The quantum number n has replaced the (I4-1) in the normal case of one
light boson in a central field.

(b) Linear Harmonic Oscillator
The force

F=-2X Kv XV (98)
can be represented by the potential

¥ =3 1K, X° (99)
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with a wave equation
(—D2/2# +32 KVX%) ¥ =¢7, (100)
14
which separates to give four equations

(&loXE +3K, X)¥, = &,P, (101)
with
e—=xe&, w=I1v,.

The K, must transform as tensors. Putting

26, \t 26
H=alX, oc‘: = jrkK,, oy = T(KLV) - ﬁw:’
we obtain
dz![/v/dfﬁ +(°',,”"f§)':[lv =0. (102)

The standard solutions are the Hermite polynomials such that

VY,X,) = N,, Hy(e, X Jexp(—}e? X2), (103)

with
g, =2n+1, Eny = (n+ilow,, n=0,1,2..,

Ny, = (a)m2nnl)}.

There are therefore zero-point energies corresponding to all modes of vibration
along the four axes. The time-like vibrations have not been observed and it is not
known how they would manifest themselves. These functions form an orthonormal
set over the physical volume element.

(¢) Inverse Cube Law of Force

When Goldstein (1953) formulated the Bethe—Salpeter (1951) wavefunctions
for two spinors interacting via the ladder exchange of neutral bosons, he obtained
a radial wave equation from the quantum field theory of the form

a2
(28w o (104)
in the case of equal masses. This is a special example of the radial wave equation
(4a) for a hypercentral inverse cube law of 4-force. Putting ¥~ = —K/S2 in equation
(4a) we find
@ 3d A2+K)

which is identical with Goldstein’s (1953) equation provided R = @S and 4y = A2+ K
= n2+K—1. In the non-relativistic limit, this force gives the solutions appropriate
to the 7—2 potential. It is therefore not surprising that he found no bound state,
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as no non-relativistic bound states exist (Morse and Feshbach 1953). Goldstein’s

solutions
Vo= R1 H}f)(R) s n' = (1—4n)t, (106)

are obviously those for the inverse cube law of 4-force in the relative time theory.
No bound states exist here as well for 0 << S < oo.

(d) Square Well Potential

With an interaction in equation (4a) of the form

YV = —%, S<a,
(107)
=0, S>a,

where ¥y and a are constants, we have the covariant analogue of the square well
potential. The solutions are

Vo= AJ,(a8)/as, S<a, v
(108)
= BHY(BS)/BS, 8> a,

where
a = {2u(7 0= &)}, B = (2ué)t.

In the bound state region, & is less than zero and hence

Vo =iBHP | B|S)|BIS = (B/|BS)K,(|B]S) (109)

is the solution. These functions tend to zero as S tends to infinity. By choosing
boundary conditions on each solution such that '

a(?-gi;,@) — (1), (110)
S S=a

one also ensures that the internal eigenfunctions form an orthonormal set in the
interval 0 <S8 < @. The energies of the bound states are obtained by noting that
the boundary condition (110) is equivalent to the conditions

pT4(p) Ty (p) = pJ,_1(p) = O, (111)
when p = p, are zeros of J,_1(p). Hence the energy levels are

&, = pfa. | (112)

(e) Two-fermion Atom

There are many possible models of the two-fermion atom and the one derived
here is chosen mainly for its relative simplicity. The main problem is in finding
how to linearize equation (2). We choose the form

(E—F +p1M +p37.Q)Ws =0, (113)
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where ¥ is an eight-component spinor, four components appropriate to one ordinary
spinor and four to the other, with

we—M?%)\ 1 w2—M?)\}

Q=0Q:, B=(1+|V[2e)t = 14+(W2—M2)2Mpu, (114b)

V being the relative velocity. The Hamiltonian for the relative motion is
H = p3y,QF —p1 M +V" v
= p3ys@s —p3ilys/S)ps K +7" —p1.M , (115)
in which
K = PZ(%G/W Anv +%) s VS = Yy XV/S’ (116)
where we have (Corinaldesi and Strocchi 1963)
YuVv +7v7,u = 28/41} ’
Oy = (7/47» —'y,,'y’u)/2i, (117)
and the y,’s are the usual Dirac matrices. From (117) it can be shown that

7, @F = (v, X*[8)S . Q +(i/282)y, X? ., AW, (118)
and using ,
Qs = (S.-Q—3)/S = i(3/aS +3/28) (119)

it can be readily proved that the following relations hold

vE=r=r=p=1,  jo,or=12, (120a)
p1p2ys +p2yspr =0, Kys—ysK =0, Kpa—p2 K' =0, (120b)
[#,K]=0, [#,K%] =0, © (1200)

where we choose p3 = 1 and p; = pg2 = 5.
The analogue of the total angular momentum is

Iy = Apt+30,, (121)
where }o,, is the spin tensor and ' v
J? = §J I = 34, AP +io,, AP tfo,,0r = K2—3 . (122)
We choose ys = y1. Putting ‘ ‘
Fy
2 F
TS - s l/l4 =81 B (123)
2 Gh ,

Gy
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we obtain the following set of differential equations

—i83/2Q 5(GoS%2)— (K [S)Fot- (6 M—V)Fy = 0, (124a)
—iS3/2Q 5(61/93/2)— (K |S)F1+(6— M—")Fy = 0, (124b)
198/2Q 5(F2/S3/2)+ (K |S)Go- (64 M—¥)G1 = 0, (124c)
193/2Q 5(F'1/83/2) - (K [S) Gy + (6 — M —V")G5 = 0, (124d)

and with the aid of (119), while assuming that as in non-relativistic theory K is integer,
we obtain the equations

Gy = Fs, G, = F,q, (125a)
(E+ M—Y¥")F1 —dFs/dS —(K[S)Fs = 0, (125b)
(6— M—Y")Fg +dF1/dS —(K[S)F1 = 0. (125¢)

These are identical with Dirac’s (1958) radial equations, and he has shown that they
have solutions for bound states provided

V= —e2S, &= McH]ta2(P+n)2t, (126)

where P = (K2—a2) and »’ is an integer. When one mass becomes very large, it
can be seen from equations (114) that

& —Eq, M —m1, as mg — 00, (127)

and we are left with Dirac’s formula for the fine structure of the hydrogen atom.
The relative time theory therefore works very well in this case.
There is one important feature of this model. Using equations (122) and (116)
we find
K2—3 = MA+2)+p2 K. , (128)

In the non-relativistic approximation, we replace ps by unity and obtain
A=K—3%, —K-—} (129)

and A must be half-integer if we are to obtain the correct fine structure. This has the
effect of making the radial wave equations the same as in the non-relativistic theory,
but the angular eigenfunctions become, for example,

@nlm = 6(1_t2)§PlK‘%(t) Y0, ). (130)

The boson theory given in previous sections does not apply to spinors and the
mathematical theorems such as the covariant addition theorem and the equations for
symmetry conversion for these eigenfunctions need to be investigated.
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APPENDIX

It is of some interest to show how the partial waves of covariant angular
momentum are related to the partial waves of ordinary angular momentum. In order
that the wavefunction ¥ in equation (50a) should be converted by the Fourier trans-
form to the equivalent wavefunction ¢ in a particular Lorentz frame, we must have

b= Ez: CySF1+8:0y),

where

J, = (@R A2, (qR) Py(2), 0 = (gR)h{},(¢R) Py(2),

Z hnzl n|{Pl (t2)}* Sn
and therefore, from equations (32) and (46),
5 1 § (1—8 )cosnw 2
Y S P ) sin w
172 (l—n)! |2
=@ & 2 (21+1) Z (1 —Sn)hn Tn ),{Pz(tl)} 1—8)Py( z)l

= (r4Q)1—€/g)0se(q, 2) »
where
2

IMs

(2l+1)(1 —81)Pi(2)

Oge =

is the conventional differential cross section.








