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Abstract

Further investigation of steady magnetohydrodynamic flow through a straight
channel of arbitrary cross section with nonconducting walls is considered, in the
presence of anisotropic conductivity due to the Hall effect, where no restriction is
made on the Reynolds number or magnetic Reynolds number. An approximate
solution is provided by a perturbation expansion in terms of the Hall parameter,
assumed small. Corrections are made to the first-order solutions established by
Panton and Hosking (1971) and the solutions are then extended to the second order
for a square channel. It is found that both the Reynolds number and magnetic
Reynolds number terms have a significant influence on the mass transport, the
former far outweighing the contribution to the flow established by Tani (1962) for
the values of the flow parameters assumed.

I. INTRODUCTION

In the previous paper by Panton and Hosking (1971; hereinafter referred to
as Paper I) an investigation of magnetohydrodynamic (MHD) channel flow with aniso-
tropic conductivity was carried out, where the anisotropy was considered to be due
to a significant Hall effect. An error in the boundary condition on B used in that paper
necessitated the re-evaluation of the first-order stream function i, (the y component
of the vector potential) and hence v1, and Biy as given in Paper I. The condition for
1 on the boundary was found to be incorrect and the problem had to be extended
over all space using a condition on i, at infinity. Since the solution of ¢ over all
space was continuous across the boundary of the duct, that part of the solution
applying within the duct could then be used for the subsequent calculations involving
v1y and Byy. Results obtained by the method of Rayleigh and Ritz showed only slight
difference, to first order, from those obtained in Paper I.

The significance of the previous calculations compared with those of Tani
(1962) was in the inclusion of two parameters, namely the Reynolds number R and
the magnetic Reynolds number Ry, which he had assumed to be small (R €1, Ry < 1).
The analysis was performed by constructing minimum principles corresponding to the
resulting MHD equations and boundary conditions. These principles were valid for
arbitrary channel cross sections but were subsequently solved for a channel of square
cross section by the method of Rayleigh and Ritz. The approximate solution was
based on an expansion in terms of the Hall parameter k (considered small) to first
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order only, with no restriction on R and Ry. In this case, no modification to the
mass transport was found but a net axial current was produced by the anisotropy
in the conductivity. At the same time a secondary cross flow was established, identical
with that obtained by Tani (1962) when R and Ry were very much less than unity.

In the present paper, the expansion is taken to order k2, and now significant
modifications in the mass transport are determined. One of these modifications
corresponds to that found by Tani (1962), whilst two others arise from the R and
Rm terms. The results show that whilst the Ry, terms may be omitted with some
justification, the contribution to the flow due to the presence of the R term cannot
be ignored, and is more significant than the contribution obtained by Tani (1962).
Furthermore, the B contribution is found to decrease the flow, that is, opposite in
effect to the modification found by Tani (1962).

Whereas contributions from terms of order k3 may have some influence on the
cross-velocity profiles, these are not of principal interest here and, furthermore, the
contribution to the axial velocity from these terms is asymmetric and hence provides
no net change in the mass transport.

We consider a steady MHD flow in a straight channel of arbitrary cross section
with nonconducting walls. An incompressible fluid with anisotropic conductivity
flows in the presence of a uniform transverse magnetic field. A right-handed cartesian
axis system is used such that the z axis is parallel to the imposed uniform magnetic
field By, while the centre line of the channel is along the y axis. All physical quantities
except pressure are assumed to be independent of y.

II. MHD EqQuaATIiONS

The steady flow considered is governed by the following MHD equations:
continuity equation for an incompressible fluid

Vio=0; 1)
equation of motion
pv. Vo +VP = p~ (VX B) X B +pvr V20 ; 2)
Ohm’s law in the form
j = o(E4+vx B)—(x/B)jx B, 3)

under the assumption of conditions where the ions in the fluid have no spiral paths,
whereupon witi <€ 1, w; being the ion cyclotron frequency and 7; the ion-neutral
collision time, and thus the gradients of the electron pressure P, can be neglected
(Liubimov 1962); the electromagnetic equations

V.B=0, uw =VxB, VXE=0; 4)
and the equation of magnetic induction

7 1VX (X B) —VXVXB—xB1Vx{(Vx B)XB} =0, (5)
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where (5) may be obtained by taking the curl of (3) and using equations (4). In these
equations v denotes the fluid velocity, B the magnetic field density, E the electric
field, j the electric current density, p the fluid density, P the pressure, x the magnetic
permeability, and v the kinematic viscosity. The resistivity n = (uo)~1, where o is the
fluid conductivity which is assumed to be constant. The anisotropy in the conductivity
is due to the Hall term, which is characteristized by the parameter « in equation (3).
If the fluid is fully ionized we have x = we e = oB/ene, Where we denotes the electron
cyclotron frequency, 7. the ion—electron collision time, e the electron charge, and 7,
the electron number density. We find « << 1 is a good assumption for many laboratory
MHD flows, and consequently « is a natural expansion parameter.

III. PERTURBATION EQUATIONS

We seek perturbation solutions of the MHD equations (1)-(5) by expanding the
physical quantities in the form

I = fo+kfi +k2fa+ ..., (6)

where k = «Bo,/B is very much less than unity. The zeroth-order solution corresponds
to the primary isotropic conductivity flow (Shercliff 1953; Tani 1962). The equations
relating to the zeroth order may be found in Paper I, but the first-order equations
are now modified slightly and will be considered afresh, along with the second-order
terms.

To first order, the MHD equations (1)~(5) may be expressed as

Vivy =0; (1a)
p(’vo Vo +o;. Vvo)—I—VP]_ = ,u.—l{(V X Bo) X By +(V X Bl) X Bo}—|—p1/ Vg ; (2&)
J1 = o( E1+voX By1+4v1 X Bo)— By (jo X Bo) ; (3a)

V.B; =0, w1 = VX By, VXE =0; (4a)

and
7YV X (01X Bo) +V X (voX B1)}—V X VX By —B3} VX {(VX Bo) X Bo} = 0; (5a)

where
Yy = (0, 770_1/(-77: Z), O) ’ BO = (O’ BOy(x, 2), BOZ) )

v = (V12, V19, V12) 5 B; = (B1s, By, B1,),
V = (9/ox,0,0/0z),

and all derivatives with respect to y vanish except the zeroth-order pressure gradient
0Py/oy = —G@ (constant).
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We now introduce the dimensionless quantities

x* = zja, y* = yla, 2* = z/a,
= P[pV2, v* =V, B:y = By, /By, R,
B(;)kz =1 Bf = By/By, Ry, B; = By/B,, R
* =j|By, Voo,
where
R, = Vyaly, R =7V,alv, M = BOZa(a/pv)é,

in which @ and V, denote the reference length and reference velocity and R, Rpy,
and M are the Reynolds number, the magnetic Reynolds number, and the Hartmann
number respectively. The components of equations (2a) and (5a), with the asterisks
omitted for convenience, are then given by

R?f_l — —Msz(Bly 9By g, yaBly)Jer vy, 4 X% V Xl) (7)
vy X1 avoy) 2 (&pl 8Boy & aBoy) 20B1y | 2
R( oz ox ox oz ) M B oz ox oxr 0z +M o0z TV, ®)
oP 0B, 0B\ o(VX
RO ma (B, 2By, ) AT, ©)
o(V? x| 2B
(Vi) _ _é; + ¢ By (10)

o2 avl,, Badvoy 1 dvoy  8X18Boy | X1 aBO,,)
ViBy=—7"+R (6z ox  ox 0z oz o= s ox Oz (11)

and
aVi) & 8By 12
dx ~  Oxodz 0xoz’
where the stream functions X; and ; have been introduced such that
vip = 0X1/0z, w1, = —0Xqfo0x, By = of1/0z, Bi,= —of1/ox. (13)
The y component of equation (3a) is
Jiy = —0X1]0z +joz , (14)

since By =0. (For VX E =0, E, is constant and, since {nx E) = 0 across the
fluid wall interface, E, is continuous across this boundary. Assuming that E, is
zero at infinity, then £, = 0 everywhere.)
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Elimination between equations (7) and (9) yields
V2V, +M20(Vih)[oz =0, (15)
and hence with the help of equation (10)
V2V2X; = M?2(0%X1/022 + 02Boy/022) . (16)

Although equations (10)-(12) have been obtained by curling Ohm’s Law, it is found
preferable to use the ¥ component of this equation for the evaluation of 4, since it
is of lower order in i; than either (10) or (12). Using the second of equations (4) in
dimensionless form, to both zeroth and first order we obtain

j1y = 0B13/0z —0B1,/0x = —0X1/0z —0Boy[0z,
which with the introduction of the stream function ; gives
V2 = — X1z —Boy/z. (17)

Subject to the appropriate boundary conditions, equations (16) and (17) may be
solved for X; and i1, and the solutions used in (8) and (11) for v1y and Biy.
The second-order perturbation equations derived from equations (1)-(5) are

V.‘Ug = 0, (lb)

pv1. Voy +pvs. Vg + VPg = p~1{(V x Bo) X Ba+(V x B1) X B
4+ (VX Bg) X Bo} +pv V2vg, (2b)

jay = o(v1z Biz —v15 B1z — Bozv2) — By, (joz Biz —Jjoz B1z —Boz jiz) (3b)
V.Bs =0, wfe = VX Bg, VX Ey =0, (4b)

7YV X (9 X Ba)+V X (v1 X B1)+V X (v2 X Bg)}—V X (VX Ba)

—B&,}[VX{(VXBO)X B1}—Vx{(VX B1)x Bg}] =0, (5b)
where
vp = (Vag, Vay, V22) » By = (B2g, Bay, Bs;) .

When dimensionless quantities are introduced, equations (2b) and (5b) in
component form, with the asterisks again omitted for convenience, are

(% ™ o x1) R P2
bz dx 0z 0% o ox

Boy

@ B
— — MRy By o + M2V +M2Rm(—— 1 (V%1) —Buy 1”)

(V2X2)
oz

— MR Boy 332” + (18)
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0z ox ox oz

Xiovy Xy avl,,) <3X2 oy OXg avoy)
R( +R 0z oOx oxr oz

_aon (%20Boy oy aBoy) 5 (a¢1 8By 9 aBly) 20Bay . o
“MRm(EW_% 2 ) T\ G T e e ) TY 5, TV v (19)

R(% 1 X9 xl) iR 91_9_2
ox 0x 0z oz o

(szz)

=2 @)

0B, oB 0 oB.
= —MZRm(Bm, Y By + “‘I(V%) +Boy— 22 2”)
_aVYs) _ P, By,
oz 9 a2

4R (_%3«/11_3_«,016)(1 g><_132¢1+a¢1ax1
"\ ordz ox 52 ' Ox 92 | oz owoz

@1 8°Boy , 9Boy 32¢1 o1 &"Boy 0By 8%y

+ oz 0xaz+ ox 22 ow g2 | oz axaz)’ (21)

35&2 31)()y 3(,&1 (%w

VB, =2 a<v¢1)+ m( Haivoy | Balvyy  oh ooy

oz ox 0z 0z Ox oxr 0z
X10Byy 9X10Biy | &ndviy | X20Boy  OXa aBoy)
T & ow o ox Tew aw & ) (22)
AV%:) _ 2 @By
ox ~ Oxoz oxoz

4R (_?&_6_9&1__8_9016)(1 3X13¢1+3¢10X1
M\ Gxdrdz 0z o " 0z g2 | Oz owon

_ 8By 0By P | 218°Boy | 2By, M) 23)
0z ox? Ox Oxdz ' oOx dwdz ' oz gi2)’ (
2, OXa 8B1,, ( X1 3!/11 oX1 3(,01 3Boy 81/11 aBoy 3!/11)
R i W - S ol e BT
where
Vog = OXgf0z, wa, = —Xpfou, By = &0z, Bg, = —dsfow. (25)

Elimination between equations (18) and (20) gives

oX18(V2xy) axlawle)) - 2 (a«m (V) aww%n) 2 8(Vih2)
R(a_z oxr  ox oz _VX2+MRm§ éx  or +M oz

(26)
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and hence from equation (21)

2 2 2 2
22, _ g20%e _ 520°By (%6(vx1)_%a(w1)),
VvV —M o =M 022 +E oz ox or oz

&1 &°(X1+Boy)
ox o

o (10(Vi) &1 0(Vih)
—M Rm(% ox  ox o2 +
&1 01+ Buy) _ﬁ_«ﬂa(x1+30,,)+ A a(x1+Bo,,)) . @

0z oOxoz P ox oxdz 02 v

The stream function g2 may now be evaluated from equation (24), and equations
(19) and (22) will then give vay and Bsy under appropriate boundary conditions.

We note that in the limits R, Ry — 0, equations (19) and (22) yield expressions
that are equivalent to those used by Tani (1962).

IV. Bouxpary CONDITIONS

The general boundary condition for the velocity » of a viscous fluid flowing
past a solid surface applies on the boundary I, and is v = 0. In terms of the stream
function this implies ‘ ’

' X = const., Xlon =0, ' (28)

on I', where 8/dn denotes the derivative in the direction normal to I

The boundary condition on B as given in Paper I is incorrect and must be
considered afresh. The condition 1. j = 0 which must apply on the walls of an insu-
lated duct gives @By/ds = 0, where s is a coordinate drawn along the boundary I'.
Thus By is constant on I" and since the net current carried by the duct is zero this
constant must also be zero (see e.g. Roberts 1967). Hence we have

B,=0 on T. - (29)

The components By and B, however, are subject only to the conditions
(n.B> =0 and {(nx B) = 0, where the angle brackets denote the jump across the
fluid—wall interface, so that a knowledge of the external field is necessary to allow
specification of these components on the boundary. In order to determine the solu-
tions for B, and B, and hence ¢ within the boundary I', a solution of the stream
function ¢ must be found over all space using the condition

$—>0 - at infinity . , (30)

The solution of ¢ within the boundary I" may then be retrieved as a part of the
solution over all space which is continuous across the boundary I'.

V. VARIATIONAL PRINCIPLES

The boundary value problems for the first- and second-order solutions, subject
to the conditions (28), (29), and (30) are now replaced by corresponding functionals
whose extremals give the required solutions. The variational principles relating to the
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first-order equations are identical with those in Paper I except for the principle
involving 1, which will now be examined.
Consider the integral

oo | ool B o,

where X; and Boy are known functions of # and z. Suppose that #;(z,z) minimizes
I, and that Jj(x, ) represents a variation in ; such that

‘/’i(x’ z) :V ‘/’l(x’ 2)—}—67](%', Z) ’ (32)

where ¢ is small and 7(x,2) is arbitrary. Then

all space
0 0
+ fc 7(z, z)(%dz ——%l-dw) =0 (33)

(see e.g. Kantorovich and Krylov 1958), where ¢ is the “contour at infinity”. By
the condition (30) 7 is zero on ¢ and hence the second integral vanishes. Thus since
7(x,2) is arbitrary 8I; = 0 if and only if equation (17) is valid over all space.

The structure of the second-order equations is essentially similar to the first-
order perturbation equations for which variational procedures have been considered
both in Paper I and above. Variational principles related to equations (27), (24),
(19), and (22) will thus be stated only.

The integral

Xs) > B oxX10(Vix1)  oxy (V2
Ta(Xs) =ff [%(szz)z—l-%Mz(a—:) -—Xz{M2 azzly+R(3_z1 (3x 1)_5:1 (azX1))
A R

o aRy (ST ST | W o4 By o
"\ oz oz or 0Oz ox 92 | ox p2 0z Ox oz

0z 0xdz 92 Ox 92 ow | Owéz 0z | ower oz

o 0°Boy vy Py oBoy | P vy | aBoy)” dwde (34)

is stationary for X, satisfying boundary condition (28) and equation (27).
Similarly, the integral

=[] ) () nfp

all space

T 'a?"a—z“a;)}]dzdz (35)

is stationary for values of 4, satisfying (30) and (24).
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Finally, the integral

= A2 a2 e

+ (aBzy) } + 2y{ (3)(2 8voy 0Xe 3’!)0,, aX]_ avly oX1 %)

17 0z ox ox 0z ' o= o= or 0z

PR (a¢1 8Biy  &10Byy | &3 dByy _%aBoy)}
"\ oz ox ox oz 0z ox ox 0z

20(VH) o ( o Ovoy | Difa oy B Bvyy
+B2y{M oz M B T ox 0z ' oz owx ox oz
oX10B1y 0X1 0By | Oy dvyy,  OX28Boy OXa aBoy)”
P TR "aly mir e m el e e o e L
(36)

is stationary for values of vgy and Bgy which vanish on the boundary I” of the region
A and satisfy equations (19) and (22).

VI. NUMERICAL SOLUTION FOR A SQUARE CHANNEL

We now consider a numerical solution for a
channel of square cross section, with || <1 and
T 77 |z] <1 (region A in Fig. 1), using the direct method
of Rayleigh and Ritz. The form of the solutions of
B, A B, the zeroth-order variables voy and Byy, and the first-
order terms X;, v1y, and Bj, are identical with those
T = used in the original calculation of Paper I. The
'l.\i B, B, solution for i; over all space will now be considered
in detail.

We divide the whole space into four distinct
Fig. 1—Regions of solution  pegiong of influence as shown in Figure 1. Within

B, B, B;

x=-1 1

for 1. the duct (region A), we assume the trial form
$14(2,2) = T amad™" 2" = P(x,2), (37)
m,n .

where the symmetry in « and z is determined from the trial forms of X; and By, and
equation (17).

Outside the duct we must assume forms for ¢; which vanish as  and z tend to
infinity. In regions By, where |z| <1, we choose

¢1Bl<x» z) = P(xs z)/xzr ’ (38)

satisfying the condition (30) as || — co, whilst in regions By, where |z| <1, we
choose
‘l’le(x’ z) = P(x,2)[2%, (39)
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satisfying (30) as |z| — oo, and in regions B
P1B,(7,2) = P(,2) /x2’z23 - (40)

satisfying (30) as |x| and |z | both approach infinity.
The trial forms can now be substituted in equation (31), which may be written
in the form

i) = ff F(x,z) dxedz 42 ff G(x,2) dedz +2 jj G(z,2) dedz
A B, "B,

+4 H ((z,z) dedz, (41)
where B

reo= 5 (] o),

o = (22,

and the coefficients a,,, are determined to minimize I(i}1).
In region A, where values of the coefficients for X; and By, have already been
evaluated, substitution of the trial form (37) into the first part of equation (41) gives

N N 3
_ X o . dcx
Tialh) = ,,,,%#, “"‘”(k,zlio Wt Akt ,5;0 @m2k+1)2nL 20+ 1)) ©(44)

where N is an integer to be determined, the cy; are known coefficients relating to
X; and Byy, and

Smk 8nl
Cm i 2h—T)@n T 241) ~ @mEZhr)@nta—0)"

AR nk,l = (45)

In the outer regions &X1/0z +0By/¢z vanishes, and we are left with the mini-
mization of three integrals involving ¢; only. The trial form for region B; may be
written

N
1/;1}31(;1:, 2) = > amanM—%‘zZn’
m,n=0
where 7 is an integer >> N4-1 for convergence of the integral. Substitution into the
g 24 g
second part of (41) gives

‘ 5Lis, (1) = Z Z U et Ao 1 | (46)
. m,n=0 k,l=0
where
4(m—r)(k—r) 4nl
Cm—+2k—4r—1)2n+21+1)  2m+2k—4r+1)2n+21—1)°

AR ka = — (47)

Faor region Bz we choose s >> N1 in the trial form (39) for convergence of the
integral, giving

N N

Iig,(p1) = X Z amnalczAm nk,ls (48)
m,n=0 k,l
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where
’ 4D _ 4dmk _ 4(n—s)(l—s) (49
mmkd (2m+2k—1)2n+20—4s+1)  (2m+2k+1)2n+21—4s—1) (49)
Finally, in region Bs for r,s > N--1, we obtain v
' / N N , 7
Le)= 2 X amaudSni, ‘ - (50)
m,n=0 k,l=0
where
2(m—r)(k—r) 2(n—s)(l—s)
I
monk = O 2k —4r—1)(2n+-21—4s+1) + @m+2k—4r+1)(2n+2l—ds—1) (51)
Combination of the above expressions for the four regions then gives
N N 3 e o _
I =2a(ZaA‘—Z ) 52
) = 2 amn 2o, Bt Amnkt = Gk D@a o)
where )
Amnin = A jei+245n 1+ 2450 k1 + 4450 k1 (53)
- e
35 3:20f~ x °
$ :'\4. r'l' +
301 + % X
‘ g" g 3151 .
— +
= sl 310F X o
S % + .
' o2op x 1,5 =N+5 305~ X
: O r,s=N+4 ° 4
| r,s=N+3 X s=5 + X
154 ® s =N+2 3-00 + s=6
+ rns=N+1 +
(a) (v)
10 1 1 | 1 | 2-95 | 1 | | |
i 2 3 4 5 4 5 6 7 8
N . r

Fig. 2.—Values of the integral I1(41) at Hartmann number M = 0-5 for (a) selected values of
N, r, and s and (b) N = 3 and selected values of 7 and s.

The expression for Iy(y1) is now minimized with respect to the parameters
aij such that 8I1/éas; yields the (i,j) element of an array whose inverse provides
the required solutions. ~Thus '

ol Y 3 4.le ] !
[50/_11] - [ 2 Oamn(Ai,i,m,n+Am,n,i,y) - k,l2=0 (2@+2k+1)(2j+2l+1) - 07, (54)

m,n=

for 0 <, j < N, is the matrix equation to be solved for the determination of the
parameters dyy.
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In the numerical calculations that were carried out, the minimization of I;
for a particular value of the Hartmann number depended on a suitable choice of N
and consequently r and s. Parameters an, were evaluated for a range of Hartmann
numbers and for values of N from 1 to 5. At the same time, r and s were allotted
values within the range N+1 to N+5. Substitution of these solutions in the integral
I, (equation (52)) then gave an indication of the correct choice of the parameters
N, r, and s for the minimization of I;.

=0

10%(jy),

-sf- (a) 1 -8 (®)

1
=)
%
1
=3
£

N o
=)
>
ol
®©
|
)
%
|
)
£

%o
o
A
=)
0o

Fig. 3.—Magnitude of the axial current j,
B for R =104, @ = 10-2, and Ry = 102,
6 with N = 3 and r,s = 4:

(a) at the channel cross section z = 0

for selected values of the Hartmann

0

z=
T

= 4r number M between 1 and 10,
Rz - (b) at the channel cross section. z = 0
- for selected values of M between 1 and

2

10, and
~ (C) (c) along the central axis for values of
0 [ SR N S R N | ] M between 0-5 and 10.
1 2 3 4 5 6 7 8 9 10

Figure 2(a) shows the values of I; at Hartmann number 0-5 for values of N
from 1 to 5 and for r,s up to N+5. The data indicate a flattening out in value of
the integral from N = 3 onwards, and a final choice of N = 3 was made to economize
on the amount of computation necessary as the array sizes increased for increasing
values of N. Inspection of the values at N = 3 in Figure 2(a) indicates a suitable
choice for » and s equal to N+1, as the local minimum here increases for larger
values of r and s. Confirmation of this tendency is given in Figure 2(b), where values
of the integral for N = 3 are shown for selected values of » and s.

The final choice of parameters for the minimization of I; was then N = 3 and
7,8 = 4. The resulting calculated values of if; were substituted in the variational
principle for the evaluation of v1, and By given in Paper I. The results obtained using
the new variational form for ; are similar to those obtained earlier, indicating that
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the original expression of ¢;; was an approximate trial form, although derived from
incorrect boundary conditions. As in the previous calculation, we obtain a cross
flow identical with that found by Tani (1962), together with the net axial current
jy = V% represented in Figures 3(a)-3(c), where the chosen physical parameters
are representative of a laboratory flow.

To first-order in %, there is no change in the net axial flow since v; is asymmetric.
The axial velocity profile for v1y at z = 0 is shown in Figure 4; we note that the
asymmetry is most pronounced near M = 3 and decreases as M becomes large. The
cross electric current profiles produced by the first-order contribution are asymmetric
and, when combined with the zeroth-order cross currents (Shercliff 1953), the net
result is an asymmetry in these profiles.

Fig. 4.—Velocity profile of v1y
for the first-order contribution
to the flow at 2 = 0 for R = 104,
G = 10"2, By = 10-2, and
selected values of the Hartmann
number M between 1 and 10.
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All first-order terms having now been calculated, we proceed to the second-order
or k2 calculations. In this analysis all terms involving Ry, in the second-order equations
are ignored, although those from the first-order calculation are still retained. Thus
the terms that arise as factors of k2 are: (i) those involving {RG} (Tani 1962), (ii)
those involving {R2(RG)3} and, (iii) those involving {RRm(RG)3}; whereas terms of
the form {R2 (RG)?} are small in comparison with (i), (ii), or (iii) and are neglected.

Since Ry terms are ignored to the second order, we need only consider the
~ following trial forms. Let

Xo = w2(1—22)2(1—22)2(g1 +9222 +g32?), (55)

satisfying the boundary condition (28), for substitution in equation (34), where
g1, g2, and g3 are chosen so that Ia(X») is stationary, and

vay = (1—a?)(1—22)(ky +k22? +ksa?) (56)
and
By = 2(1—2)(1—22)(i1 +i222 +-1322), (57)

for substitution in equation (36), where k1, ko, ks, 41, 19, and 43 are chosen so that
I4(vey, Bay) is stationary.
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The influence of the {RG} terms on the mass transport is shown in Figure 5(a).
The value at M = 5 is in agreement with Tani (1962), namely an increase in the flow
of 0-0175%2R@, but additional terms involving R and Ry, which were not included
by Tani, are also significant. The effects of these terms on the mass transport for
values of the Hartmann number up to 10 are shown in Figures 5(b) and 5(c). The
contribution by the Reynolds number term {R2(RG)3} decreases the flow, this influence
being most marked near M = 3 and decreasing as M becomes large. The influence
of the magnetic Reynolds number term {RRm(RG)3} is variable, increasing the flow
up to about M = 5-5, with the maximum effect near M = 3, and decreasing the flow
for higher values of M.
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- The relative significance of these terms compared with Tani’s (1962) contribution
may be seen by considering their ratios at M = 3, namely

{RARGY}[{RG} ~ —10-6(RG)2R2,  {RRm(RG)3}/{RG} ~ +10-8(RG)2RRy.

For values of R = 104, @ = 102, and Ry = 10-2, which are typical of a laboratory
flow, we find {R%(RG)3}/{RG} ~ 106 and {RRn(RG)3}/{RG} ~ 1, that is, the Reynolds
number term is of much more significance than Tani’s term for the given values of the
flow parameters, whilst the magnetic Reynolds number term is of equal significance
with Tani’s term.
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VII. CONCLUSIONS

The analysis of the Hall effect in a magnetohydrodynamic flow for a channel
with nonconducting walls using perturbation methods has given the following results.

To first order, the characteristic fluid cross flow pattern has been established,
although there is no change in the net flow along the channel. However, a net axial
electric current flow is established at this order, along with an asymmetric cross
current flow, disturbing the generally symmetric cross-current pattern established
at zeroth order.

To second order, there are two important influences on the net fluid flow along
the channel due to the inclusion of Reynolds number and magnetic Reynolds number
terms. For typical laboratory values of the parameters involved, these influences
have been found to be of a much greater significance than Tani’s (1962) result for the
Reynolds number term and of equal significance for the magnetic Reynolds number
term. The inclusion of Reynolds number terms in studies of flows of this type is thus
seen to be of the utmost importance.
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