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Abstract

Results are reported of an investigation into the effect of the chosen boundary conditions on the
steady finite-amplitude convective motions in a layer in which the average energy flux is imposed.
The boundary conditions are chosen with a view to the application of the results to solar granulation
and supergranulation. It is shown that, at high Rayleigh numbers, solutions do in fact exist for
which there is no modulation in the energy flux and little fluctuation in the temperature across the
boundaries.

Introduction

In studies of finite-amplitude convection, one usually assumes that the average
temperature at the convective layer boundaries is given and that the fluctuation of
the temperature about this average value vanishes at these boundaries. These
assumptions correspond to the usual laboratory situation but are unlikely to be
appropriate if one wants to extend the results of such calculations to astrophysical
problems. In a star the average energy flux across the convective layer is given and
has to be conserved. This requirement, in the Boussinesq approximation, corresponds
to the assumption that the temperature gradient on the two boundaries is given.
Alternatively, this corresponds to the assumption that the Nusselt number is given.

In order to approximate to an astrophysical situation a little more closely, we
assume that the average temperature T,, at the bottom of the convective layer is
given, whereas the average temperature at the top of the layer is not imposed. Besides
the usual assumptions of no overshooting and free boundaries, one has to decide
on the appropriate boundary conditions to be applied to the temperature fluctuations.
In this paper two cases are considered: (A) in which the temperature fluctuation is
assumed to vanish at the top and bottom of the convective layer; (B) in which the
gradient of the temperature fluctuation vanishes at the top and bottom of the con-
vective layer. Since in practice there must be some interaction between the convective
zone in a star and its surroundings, it is likely that the true picture will be somewhere
in between the above two extreme cases.

It is shown that the boundary conditions have a marked influence on the results.
The assumption of no temperature fluctuation leads to a marked modulation of the
flux, even at low Rayleigh number. On the other hand, the assumption of no modula-
tion in the flux leads to the result that the temperature fluctuation can be made very
small for large Rayleigh numbers, i.e. for very deep convective zones. The latter
model would be more likely to approximate the situation existing in supergranulation
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which is only observable as a velocity pattern and not as an intensity pattern (Bray
and Loughhead 1967).

Basic Equations

The required basic equations, in the mean-field approximation (Roberts 1966),
can be written as

(D*—a®?W = Ra*F, (D*—a®)F = WDI,, DT,=FW—N, (lab,c)

where D = d/dz, and q is the horizontal wave number, R the Rayleigh number and
N the Nusselt number. The Rayleigh number is given by

R = god3T,e/vk, )

where g is the gravitational acceleration, o the coefficient of volume expansion, d the
thickness of the layer, T,, the temperature at the lower boundary, v the kinematic
viscosity and k the thermal diffusivity. The vertical velocity W, the temperature
fluctuation F and the average temperature 7' are functions of z to be determined
subject to the boundary conditions:

@ W=DW=F=0 at z=0andl, (3a)
(B) W=D*W=DF=0 at z=0andl, (3b)

where z = 0 specifies the lower boundary, and the layer thickness d has been taken
to be the unit of length. The equations (3) are valid only if the perturbations are
two-dimensional rolls or convection cells with square or rectangular planform. The
value of a determines the shape of the convective cells, with large values corresponding
to elongated cells. ,

In the present problem the Nusselt number N is assumed to be given. It then
follows from the boundary conditions (3) and equation (1c) that DT, = — N on the
two boundaries. The elimination of DT, and F between equations (la)-(1c) yields
the following sixth-order differential equation in W

(D?—a?)*W = W*D?*-a**W —RNa*W , @
which has to be solved subject to the following boundary conditions at z = 0 and 1:
A) W =D?W =D*W =0, (5a)
(B) W = D?*W = D’W—-2a’D*W+a*DW = 0. (5b)

Linear Problem

Before attempting to find the solution to the nonlinear problem, it is necessary
to solve the linear equations. Neglecting the nonlinear term in equation (4) gives

(D*—a?)*W = —R_Na*W, (6)

where R, is the so-called critical Rayleigh number; convection only occurs at Rayleigh
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numbers larger than this critical value. Equation (6) has to be solved, for a given
value of N, subject to the boundary conditions (5a) or (5b).
The actual temperature gradient at the boundaries is given from equation (1c)
by the expression
(dTo/d2)cruar = — NToo/d. Q)]

It follows that, once a value has been selected for the Nusselt and Rayleigh numbers,
the thickness of the layer and the temperature at the lower boundary will be uniquely
determined by the assumed value of the temperature gradient at the boundaries,
i.e. by the assumed value of the energy flux across the layer. It should be noted that
the numerical results given in this paper correspond to the case when the Nusselt
number is equal to one, unless otherwise specified.

ISF

Fig. 1. Critical Rayleigh number
R. as a function of the horizontal
wave number a when there is no
modulation of the energy flux at
the boundaries.

R, (103)

The dependence of the critical Rayleigh number R, on the horizontal wave number
a is now examined. In the absence of temperature fluctuations at the boundaries,
i.e. for F = 0 (Case A), this dependence is given by (Chandrasekhar 1961)

R, = (W +a?)[a?. | 6)

In the absence of fluctuations in the energy flux on the boundaries, i.e. DF = 0
(Case B), we have, on solving the differential equation (6) by the initial-value tech-
nique, the results as summarized in Fig. 1 for N = 1. It can be seen that in this case
R, increases with a but does not tend to infinity as a tends to zero. The minimum
of the R (a) curve occurs at a = 0, which is unusual. In most linear calculations
(e.g. Chandrasekhar 1961) R (a) has a minimum for some finite value of q, called the
critical horizontal wave number a_, and tends to infinity as a tends to zero.
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Fig. 2. Variation across the layer, for the indicated Rayleigh numbers R and boundary conditions
(Case A or B), of: (@) and (b) the temperature fluctuation F, (c) the temperature gradient DT,
and (d) the average temperature T.

Numerical Solutions of Nonlinear Equations

The numerical integration of the nonlinear equation (4), with boundary conditions
(5a) or (5b) was carried out by initial-value and quasi-linearization techniques, and
the results of the integrations are summarized in Figs 2 and 3.

Case A

When no temperature fluctuations are allowed on the boundaries, the shape of
the F(z) curve follows the usual pattern except that the maxima decrease with increasing
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Fig. 3. Variation, for Case B and the
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(a) the vertical velocity W across
the layer,

(b) the temperature fluctuation F
across the layer and

(¢) the maximum vertical velocity
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Rayleigh number for R > 1400, whereas the gradient of F at the boundaries tends
to a constant value. This behaviour is illustrated in Fig. 2a.

Case B

Figs 2b-2d illustrate the behaviour of the temperature fluctuation F(z), temperature
gradient DTy(z) and average temperature 7,(z) for various values of the Rayleigh
number when no modulation of the energy flux is allowed on the boundaries. It can
be seen from Fig. 2b that the shape of the F curve changes drastically as the Rayleigh
number changes from the low to the large values, and that an isothermal layer
develops in the central region of the layer while the temperature at the upper boundary
increases gradually. In the compressible case, the isothermal layer corresponds to a
region where the temperature gradient equals the adiabatic temperature gradient.

Figs 3a and 3b show the variation of the W and F curves with changes in the assumed
value of N from N = 1. Fig. 3¢ show the variation of the maximum vertical velocity
W max With wave number for all values of a for which convection exists at R = 6010
(for N = 1).
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Asymptotic Solutions

When the Rayleigh number is large, the numerical integrations become much
more difficult and time consuming. Since the Rayleigh number is probably large in
astrophysical applications (Spiegel 1971) we now derive analytical expressions, that
are valid at high Rayleigh numbers, for the limiting amplitude and the temperature
fluctuations at the boundaries.

As explained in detail in previous papers (Van der Borght et al. 1972; Van der
Borght and Murphy 1973a, 1973b) the following equation should be satisfied in
the main stream

Y(D2-a®?¥ =1, where W = (NRa??Y. (9a,b)

Following a method first introduced by Howard (1965) we use the following truncated
Fourier expansion for ¥
Y = A,sinnz + A5 sin3nz. (10)

The coefficients 4, and A4; are then given by (see Appendix 1)

2% (n* +a?)? ) (7% + a?)?
A ~ 1 - d Ar v ——— 2 _A,. 11a,b
VY a? ( 3 (972 + a?)? an 2T O +a?)? ! (i1a,b)

It is then evident that the maximum amplitude W,,,, is given by
Woax = (NRa*)(4;,— 45). (12

Values of W,_,, for N=1 and a = &, as derived by numerical integrations, are
compared in Fig. 4a with the values predicted from the formula (12) at large Rayleigh
numbers. It is seen that the computed values do in fact tend asymptotically to the
theoretical values predicted by the expression (12). Since, in the main stream, we have

FW =N (13)

at high Rayleigh numbers, it is also possible to predict the values of F(1) from the
formula (12).

In order to derive asymptotic expressions for the modulation of the flux (Case A)
and temperature modulation at the boundaries (Case B) we have to proceed with the
integration of equations (1b) and (1c). From equation (10) it can be seen that, near
the origin, we have

Y = Az, where A = n(A;+34,). (14a,b)

On eliminating DT, between equations (1b) and (Ic), we obtain the following
equation in F
(D*—a*)F = W2F—NW . (15)

Using the following scalings in the boundary layer
(=P*, W=PY, F=P *N, where P=NRa*, (l16a,b,c,d)
we can write the differential equation (15) as

d2f/d{® = y*)f—y, where ¢ = AL. (17a,b)
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Fig. 4. Comparison as a function of the Rayleigh number R of values predicted by the asymptotic
theory (curves) with those derived by numerical integration (points) for:
(a) the vertical velocity Wiax,
(b) the modulation of the flux DF(0) at the boundaries,
(¢) the maximum of the temperature fluctuation F,,,,,
(d) the position Zyay Of Fiay,
(e) the temperature fluctuation F(0) at the boundaries.
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Equation (17a) must be solved subject to the boundary conditions:
A) f=0 at (=0, [f=()"' at {=o0; (18ay,5)
® df/d{ =0 at (=0, f=(4)"" at {=c0. (18by )

These boundary value problems can be solved by numerical methods, and this has
in fact been done in order to check the accuracy of the following analytic solutions.
Eliminating y between equations (17a) and (17b) yields

d*f/d*— A0 = —AL. (19)

In order to derive the general solution of this second-order linear inhomogeneous
differential equation in £, we have to find the complementary function and a particular
integral. The complementary function is the general solution of the homogeneous
equation

d’f|d?—4*f = 0. (20)

The general solution of this equation (e.g. Kamke 1959) can be expressed in terms of
the modified Bessel functions of order 1 as follows

f=C BLGAP) +C, 1,340, @n

We now show that a particular solution of equation (19) can be obtained in terms
of the modified Struve functions. It is well known (Abramowitz and Stegun 1965)
that the modified Struve function L,(z) is a solution of the differential equation

dw  dw 43zt
2 2 2
— tz— — (V)W = 2L 22
iz Tz @+v) *T(v+%) @2)
This result can be generalized. It can be verified by successive differentiation and
substitution that the expression
y = x*L,(Bx") (23)
is a solution of

d’y 1-2ady ( y—1\2 vzyz_az) 4BE T o et nyra-z
¢y = _ = v =2 (24
& T oa \BET = )T wro+d @9

A comparison between equations (24) and (19) shows that the latter admits the follow-
ing particular integral

f=—{@n*T@/A4 LG40, 25)

Adding equation (25) to (21) then gives the general solution of (19). It now remains
to determine the constants C; and C, from the boundary conditions (18a) or (18b).

Case A

It follows from the properties of the modified Bessel and Struve functions that
(Appendix 2)

lim {*1,34(%)} = 0, lim {{{1_,3A)} = 43241, ?H; {C*L,340%} = 0.
- -0 nd
e : (26a,b,¢)
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The boundary condition (18a,) is then satisfied if
C,=0. 27

With the help of the appropriate asymptotic expansions for I, and L, it follows
that, for z large (Appendix 3),

Ly@)—I4(2)  ~T@)/rTR) (32)*. (28)

If we sélect for C; the value
= (2n)*TF)/44%, (29
it follows (Appendix 3) that

[ = {Cn* TG4 H1L,3 40 - L340} (30)

is a solution of the differential equation (19) and that it satisfies the boundary
condition (18a,). From this expression for f we have

(df/df)=0 = w*T(3)/AT (), Gh

(dF/dz),-o = NniT(3)/4T(5). 32)

and therefore

We see that the modulation of the flux at the boundaries is appreciable and of the
order of 599. In Fig. 4b a comparison is given between the computed values of
this quantity and those predicted by the asymptotic theory.

It is also possible to derive the position and value of the maximum temperature
fluctuation either by analytic means, making use of equation (30), or by numerical
integration. We have chosen the numerical method for the sake of expediency. For
N =1 and a = =, we find that

Smax = 1:08345 and Comax = 3°15. (33)
The values of F,,, and z,,,, are then given by
F, max — Nf max/ (N Raz)* ’ and Zmax — Cmax/ (N Raz)* . (343: b)

These values, for a = 7 and N = 1, are compared in Figs 4c and 4d with those
derived from numerical integrations.

Case B

We use a similar procedure to that adopted in Case A. It can be shown (Appendix
2) that

hm 91 ,a4) =0,  1m3(rL,a4a)) =0,  (35ab)
0df g0 dl
. d
lim (¢ LAAD) = 4124 T6). (350)
In order to satisfy the boundary condition (18b,) we have to adopt the value

C, =0. (36)
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It then follows, as for Case A, that

f=A{Cm*T@/A4}H{1_ G4~ L,GAL)} (37

satisfies the boundary condition (18b,) (Appendix 3). A similar expression was
obtained by J. Latour (personal communication) in an investigation of the asymptotic
behaviour of the Nusselt number at large Rayleigh numbers when the average
temperature is given on the two boundaries. In the problem under consideration
in the present paper, the heat flux at the boundaries, i.e. the Nusselt number, is
given and no further integrations are required.

From equation (37) we obtain

f0) = ¥(n/4)*, (38)
and therefore the temperature fluctuation at the lower boundary (z = 0) is given by
F(0) = 4(n/4)* N*(Ra®)"%. (39

Due to the symmetry of the problem, the temperature fluctuation F(1) at the upper
boundary is given by the same expression. In Fig. 4e are given the values of F(0)
as evaluated by numerical integration and those predicted by equation (39) for large
values of the Rayleigh number, for a = = and N = 1. It is seen that the computed
values do in fact tend asymptotically to those predicted by the theory.

Conclusions

The present results show that some interesting characteristics are possessed by
the steady finite-amplitude solutions of the convection problem for non-self-interacting
planforms within the Boussinesq approximation in the case of an imposed average
energy flux across the convective layer. Two families of solutions have been considered :

(A) In the case of no fluctuations in the average temperature on the boundaries,
the solutions have the usual form and show a strong modulation of the convective
flux on the boundaries. This could provide a picture of ordinary solar granulation.

(B) On the other hand, the supergranulation is observed as a velocity pattern
and not an intensity pattern. If one imposes zero fluctuation of the energy flux at
the boundaries, the present results show that finite-amplitude solutions do in fact
exist and that for deep layers the resulting fluctuation in the temperatures at the
boundaries is also quite small. For such deep layers the Boussinesq approximation
is unlikely to be valid and compressibility would have to be taken into account.
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Appendix 1

Equation (9a) can be written

(D*—a?)?yY = 971, (AD)

Multiplying this equation by 2sinknz and integrating between the limits 0 and 1,
we obtain

1 1
2 f (D2—a??¥sinknzdz = 2 f (sin knz)/¥ dz. (A2)
0 0
Keeping in mind that a Fourier expansion of the form

Y =) A,sinnnz (A3)
1
requires the boundary conditions
Y=D"=0 at z=0andl (Ad)

to be satisfied, we obtain by means of a series of integrations by parts:

1 1
f D*¥sinknz dz = (kn)* J ¥ sin knz dz - (AS)
0 0 :
and
1 1
f D?¥sinknz dz = —(km)? f Ysinknz dz. (A6)
0 0

It then follows that the left hand side of equation (A2) can be written
1 ' 1
2 f (D?—a?)? ¥sinknz dz = 2(k*n? + a?)? f Vsinknz dz. (A7
0 0
Substituting equation (A3) in this equation, we find that

1 :
2 f (D?—a?)? ¥sinknz dz = (k*n*+a*)* 4,. (A8)
0
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Restricting ourselves to a two-term Fourier sine expansion and neglecting higher
order terms, we have

1 1 . 1 —=(A43/A,)1 +2cos2nz)

¥~ A, sinnz + Azsindnz A, sinnz (A9)

Substituting equations (A8) and (A9) in (A2) gives
1
(K*n®+a?)? 4, =2 f (sinknz/A,sinnz){l —(43/4A)(1 +2cos2nz)} dz.  (A10)
0
Thus, when k& = 1, we have

(n*+a*)* 4, = (2/4,)(1 - 4;/4y), (AlD)

and, when k = 3, we have
1
On*+a®)? 4, = (2/4,) f (1 +2cos2nz){1 —(A;3/A)(1 +2cos2nz)} dz
0

= (2/4)(1—34;/4;). (A12)

From equations (A11) and (A12) we get, in the first approximation, the approximate
expression (11b) for 4;/4,. On using this expression in equation (A11), we obtain
the approximation (11a) for 4,.

Appendix 2

The series expansions for the modified Bessel and Struve functions can be written,
to the leading order term, as

I(2) = G2)’/T(v+1)  and L)~ (32" {TGHT(v+3)}.  (A13)

It then follows from these expressions that

5 o _ A} s 2 _ATRE N s
{F1,(347%) ml, *1_,A) T {(* L340 2————5,21_(%)1_(%)C .
(Alda,b,c)

The general solution to equation (19) can be written (see equations (21) and (25))
f=C 3 LEAD) +C, I ,GAL) — {2 T3)/44%} (T L3407 . (A19)
In Case A the boundary condition (18a,) must be satisfied. It then follows from

equations (A14) and (A15) that C, = 0. Similarly in Case B the boundary condition
(18b,) must be satisfied. It then follows from equations (A14) and (A15) that C; = 0.
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Appendix 3

Asymptotic expansions for the modified Bessel and Struve functions 7, and L,
can be written (e.g. Abramowitz and Stegun 1965)

exp z p—=1  (u—1)E-9) . =
IV(Z)_)(an)*(l— ot 31827 ), where  p =4?, (Al6)

and

L) —» [ +n-t 5 (DT Tt

o Tv+3—k) Gz T (A17)

Equation (28) then follows from equations (A16) and (A17) for large values of z.
Thus for large values of {, we have

(H{I3GA) - LGAD)} ~ {n 2 22 T@) 43} (AI8)

In Case A, with C; and C, given by equations (29) and (27), equation (A15) of
Appendix 2 then yields the expression (30) for . Alternatively, using equation (A18),
we have for large {

f=A4D™,

and the solution (30) therefore satisfies the boundary condition (18a,). Similarly,
in Case B, with C; given by equation (36) and letting

C, = Qn)*I(}/44*, ' (A19)
~ equation (A15) of Appendix 2 then yields the expression (37) for f. This expression
satisfies the boundary condition (18b,).
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