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Abstract

The field of a radiating charged particle embedded in an expanding universe is discussed and
approximate solutions of the field equations are obtained.

Introduction

McYVittie (1933) obtained a generalization of Schwarzschild’s exterior solution in
isotropic coordinates which represented the field of a mass particle in an expanding
universe. The geometry of McVittie’s solution is described by the line element

2
ds? = (17%%;) dr? —{1+p(r)2r}* exp(B(1)){dr?* +r*(d6? +sin20dg?)}, (1)
with f = —2/i/u, where both here and subsequently an overhead dot indicates
differentiation with respect to ¢. The space around this mass particle is not empty
but is occupied by a distribution of matter of nonzero density and isotropic pressure.
Vaidya and Shah (1957) obtained a generalization of this solution which corresponded
to the field of a radiating mass particle embedded in an expanding universe. The
object of the present investigation is to obtain a solution representing the field of a
radiating charged particle in an expanding universe. The solution obtained here is
shown to reduce, when the electromagnetic field is switched off, to the field
obtained by Vaidya and Shah for a radiating mass particle in an expanding universe.

Field Equations
Bonnor and Vaidya (1970) discussed the metric form
ds? = —r*(d6* +sin®0dg?) +(1+ V) de* —2drds )]

in connection with spherically symmetric radiation by a charged particle on the
Einstein-Maxwell theory. In this metric, ¥ is a function of r and ¢ given by

V= —2mr~! +4nq*r 2, 3)

where m and g are arbitrary functions of 7. .

In order to consider the field of a radiating charged particle in an expanding
universe, we take the space-time conformal to that described by the metric (2) and
choose a line element of the form

ds? = exp(w){ —r?(d6* +sin20d¢?) +(1+ V) de? —2drds}, @



860 L. K. Patel and H. C. Shukla

where here V is an as-yet-undetermined function of r and ¢, and w is a function of
= r—t. The nonvanishing components of the Einstein mixed tensor G} for the
metric (4) are

200* o*V’ | 4 1

G} =(1 V( *2 —)

1expo = (L4 N\30™ +=—+ st i T
—w** —*? —20%r ™t —r72, (52)

Giexpw = Giexpw

* *y7 V// VI
= 1+ V)|0** +30*? + 2+ 2 )
(1+ )(“’ T+ Ty Yy TR )
—20** —3w*? —*r !, (5b)
2w* o*V’ | 4 1
G4 = (1 ( sk *2 4 27 _)
iexpw = (1+ V)| 0** +1o0** + - +2(1+V)+r(1+V)+r2
—o** —*? —20*r 7t —r72, (5¢)
*y’ o*V 14
-Gt = (1 (_ ok *2 @ )
iexpw = (14 V)| —o** +iw +2(1+V)+2(1+V)+r(1+V)
+0** —3w*?, (5d)

where the indices correspond to the coordinates
xt=r, x*=0, x*=¢, x*=t. (6)

In equations (5) and subsequently, an asterisk and a prime are used to denote differ-
entiation with respect to x and r respectively.

We take the space surrounding the charged particle to be occupied by radially
flowing radiation of density ¢ together with a spherically symmetric matter dis-
tribution of nonzero density p and pressure p. The energy-momentum tensor for
such a distribution can be taken to be

Ti = (p+p) v' v, —pdi + 08 & + Ei, ™
with
vo,=1 and &Y, =0, (8a,b)
and with
Ei= —F"“F,, +16;F,F”, ©

where Fj, is the antisymmetric electromagnetic field tensor satisfying
Fy = Aip—Ar and (—9)_*{(—9)%17“},1: =J%\ (10a,b)

In equation (10a), A4, is the four-potential, J* is the four-current vector and a comma
preceding an index indicates partial differentiation with respect to the coordinate
of that index in the equations (6). For the present problem we take the four-potential
to be

4; =r"q0%, (11
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where ¢ is an arbitrary function of z. The resulting nonzero components of E!and
J'are
El = —E%2 = —E} = E} = }r *q*exp(—2w) (12)
and
Ji= —r2gexp(—2w)é; . v 13)

It is clear from equation (13) that the current is radial and null, that is, gz J*J* = 0.
For the line element (4) we can take

M=v2=9p>=0 and & =8=¢=0. (14a,b)
From equations (7), (8), (12) and (14), we have
T = —p+3r~*g*exp(—20), T3 =T3=—p—ir *q*exp(-2w),
15)
T = p +3r *q* exp(—2w), T = —0(&)expo.
The field equations G = —8nTj then lead to

—1V" 4172V = 3V '0* + V(0** —30*? —r ' o*) —8nq* r*exp(—w), (16a)

8np = G +4nq*r~*exp(—2w), (16b)
8np = —G% —4ng®r *exp(—2w), (16¢)
810 = (¢1) 2 Glexp( —w). (16d)

It should be noted that, when g = 0, this field reduces to that discussed by Vaidya
and Shah (1957). In the following section we obtain approximate solutions to the
field equations (16) by the method developed by Vaidya and Shah.

Approximate Solutions of Field Equations

Zeroth Approximation
In the zeroth approximation we put @ = 0. Equation (16a) then becomes
V" +r 2V = —8ng*r 4, a”n
which has the solution
V= —2mr ' +A4r* +4nq*r~2, (18)
where m and A are arbitrary functions of z. We avoid a singularity at r = oo, by
taking 4 = 0. Equation (18) then reduces to the same form as equation (3) and the
remaining field equations (16b)—(16d) yield
p=p=0, 4no= ()" 2(m—4dnqgr-Hr~2, J'= -r"246{, (19a,b,0)

which is the solution of Bonnor and Vaidya (1970). Moreover, if g = const. we
obtain the field of a radiating particle discussed by Sheth (1970), and if ¢ = 0 we
obtain the isolated shining star solution of Vaidya (1953).
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First Approximation

In the first approximation, we neglect the terms in w?, w*?, ww* and w** on the
right-hand side of equation (16a). We note, of course, that the assumption that the
above quantities are of the same order of smallness is a purely mathematical device.
After substitution from equation (3), the field equation (16a) then becomes

—3V" +r72V = 3mow*r ~? —8ng*r 3{o* +(1—w)r 1}, (20)
which has the solution
V = —=2mr~! +3mo* +4nq*(1 —w)r ~2. 1)

The remaining field equations (16b)—-(16d) now give

p=p=0, J =—r2jexp(—2w)d{, (22a,b)
8no = (&) "2 exp(—2w){ —2mw*r ! + 2 —mw*)r % —4ng§(ro* +2—2w)r~3}.
(22¢)

If we now impose the restrictions
2m/m = w* and ¢ = const., (23a,b)

equations (22b) and (22¢) give J' = 0 and ¢ = 0. Hence the first-approximation
solution, with the restrictions (23), describes the field of a charged particle in an
expanding universe. The electric field of a point charge, as given by this solution,
vanishes at large distances from the charge. Moreover, if we let ¢ = 0, we recover
McYVittie’s (1933) solution for a mass particle in an expanding universe.

Second Approximation

In the second approximation, we neglect the terms w?, w*3, ww**, ww*?, w*w**
etc. The field equation (16a) then becomes, upon substitution of the expressions (21)
and (3) for ¥ in the coefficients of w* and of w*? and w** respectively,

=3V +r7 2V = 3mo*r~? —2m(o** +w*?)r !
+4ng*{w** — 0*? + 20 (@ —1)r ! —(0*—20+2)r " *}r 2. (24)
This equation has the solution

V= =2mr~! +3mo* = 2mr(0** + 0*?) +2ng*{(0> — 20 +2)r "2 +(0** — w*?)} .

(25
The remaining field equations (16b)—(16d) then give

8mp = exp(—w){ —10**(1—2mr~') —o**(L+mr~!) + ng*Qo** —*})r 2}, (26a)
8mp = exp(— w){3w**(1 —2mr ™) + 3mw**r ! —3n¢’Qw** — w*?)r=2}, (26b)
8no = (£') " 2exp(—2w)

X 2mr~% —@*r "1Q2ri+mr ) + 0¥ Gm+mr ) + o**Qm+mrY)

+271¢*Ro** — 0*?)r ~% +4ngd{ww* — w* — (0? - 20 +2)r 1}r2]. (26¢)
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However, if we let ¢ = const., we obtain J* = 0 and
8no = (E1)~2 exp(—2w){2nir 2 —*Qui+mr~Y)rt + w**Gm+mrY)
+0**2m +mr~Y) +2nq*Qe** — 0*H)r}. %))

Thus, in the second approximation, we obtain the field of a radiating charged particle
embedded in an expanding universe in which the density of flowing radiation sur-
rounding the charge is given by equation (27). The method of approximation used
here is quite general, and one can use it to obtain the solution to any desired degree
of accuracy.
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