Aust.’J. Phys., 1975, 28, 1-5

A Note on
Unitarity in Resonance Theory

W. K. Bertram and J. L. Cook
AAEC Research Establishment, Private Mail Bag, Sutherland, N.S.W. 2232.

Abstract

Equations resulting from the unitarity of the collision matrix are investigated in standard resonance
theory. The nonuniqueness or otherwise of fitted resonance parameters is discussed.

Introduction

In a recent paper, Adler and Adler (1972) showed that, given a set of cross sections
for a fissile material, then in a perturbation approximation there is no unique solution
for the reaction matrix parameters when there are more than two fission channels
present. One difficulty in their approach is that their perturbative solutions do not
satisfy unitarity, and it remains unclear as to whether their conclusions are general
or depend upon the approximation used. In the present paper, the resonance theory
is presented in a way slightly different from theirs, but one in which unitarity is easier
to investigate. The conditions under which Kapur—Peierls (1938) reaction matrix
parameters may be found are considered.

Background
Following Lane and Thomas (1958), the collision matrix elements can be written as

Ucc’ = exp(i(gc+gc’))(5cc’ +ich’) . (1)
The transition matrix 7,.. can be shown by standard theory to be given by

T = ; Az VacVarers )]

where 7, is the reduced width of the reaction matrix, and A is the Wigner level matrix,
defined as

Az = (E;—E)oy, —ily, with Fa =4 VicVaes 3.9

while the reaction matrix R is given by

Rcc’ = ; Yac YA,c’/(E}.—E) . (5)
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The level matrix may be expressed in terms of its eigenvalues as
AM.’ = Z S}.u S/l'u/(cu_E)s where Cy = ;, Slu(Al;.’1+5U,'E) Sl’u (61 7)
u

are the complex eigenvalues of A~!+IE, and S is a complex orthogonal matrix of
the eigenvectors of A. The T matrix (2) can then be written in the Kapur—Peierls
(1938) form

! = Zgucguc’/(CM—E)’ (8)

where the Kapur—Peierls reduced width is

ue = Zz: S}.u Vac- (9)
The complex energy
C, =u,—iv, - (10

can be interpreted as arising from a resonance at energy &, with half-width v,.
In the Adler-Adler theory, the cross sections

e™(E) = Y |U,|* €8))
c(x)
take the form
0(E) = cE™* Y. Y (G v, +(u— BHP}{(u:— E)* +v2} (12)
J A .

for reaction cross sections and, for the total cross section, the form

- . —E)a3sinw + B2 cosw)) -
oX(E) = cE *{ ( a2 cos & — B0 sin w)v, + 4 d d
1(E) (T Bisinay, + TR
+2g,E”*(1—cosw);, (13
where ¢ is a proportionality constant,  is the potential scattering phase shift and

g, is the spin statistical weight factor, while A is summed over states with the same J
and parity. In this theory we have the important restriction

062 +1ﬂg = g%n = Z Su}. Svﬂ.ynn'yvn° (14)
v
The Adler—Adler coefficients, in terms of the KapuraPeierls parameters, are
GP +iHP =Y XM XP/(C¥—~C;), where X§) = Z 9ic9%. (1516)
n

We can show also, from the orthogonality of S and the hermiticity of X, that

Z ﬁg = 0’ Z Hg.x) =0, Z(ng) +ng’x)) = gin* (173’ b9c)
A P x
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Adler-Adler Nonuniqueness

Adler and Adler (1972) showed that to first order in I';;./(E,— E, ) their param-
eters are given approximately by:

a?. +lﬁg = an +21 ;" ru).yun?ln/(Ep—El)9 (18)
"

Gy +iHj} =TT, ,/2l;, +2i ;ﬂ FSAVMYM/(E,‘—E;,)’ 19)

G}: = [‘2”[').7/21“11 and H% = 0, (ZOa,b)

where
F).u = rfu +%?un'y}.n9 rgn = ZgJF).nE_* = Yan> Fl;n = % %;_) 'y}.cv‘zc' (213’ b,C)
¢l

Using equation (19) as an example, we have
%Hg /)’ln = ;}. F:). yun/(Eu_El) s (22)
i

and the whole argument of Adler and Adler concerning the nonuniqueness of param-
eters is based upon the observation that, in equation (21c), we cannot specify the
individual y,, when the number N, of channels is greater than two. Adler and Adler
did, in fact, give alternative solutions which yielded the same cross section in a number
of special cases. However, the role of unitarity in this approximate version of the
theory is obscured because the approximation itself violates unitarity to a slight
degree.

Role of Unitarity
Unitarity essentially implies the condition

Im ch’ = 2 nc”Tc‘:c” . (23)

If we substitute the Kapur—Peierls form (8) into equation (23) and equate the residues
of the resonance poles, we obtain

Gic =20, g X,,/(CE=C)). (24)
n
If we define the complex hermitian matrix B by
Blll = 2i Xl“/(c;: - C;') ’ (25)
then in matrix notation we have

g. = Bg¥ and g = B*g,, (26a,b)

from which we obtain
BB*=1. 27
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We can associate a matrix B® with each reaction by defining
B =21 X /(Cx-C)). (28)
On denoting the hermitian conjugate by a dagger, we note also that

S7'g. = (S*)'g* = Stg¥, (29)
so that we have
B = SSt. (30)

The matrix which complex-conjugates the Kapur—Peierls widths must also obey the
condition (30) where S diagonalizes the level matrix.
In radiative capture channels we can write a random phase approximation as

Y Vedoe ® 100, @D
e(y)
where I , is the average radiative width. Thus we obtain

stl) = Z Zyvcslv))pcsup = F B).u (32)

c(y) vo

Also equations (28) and (16) yield

B = B(n)+B(F)+B(v) (33)
from which we obtain

(F)_{%I(C -C¥) F}Bzu GinGin- (34)

The problem to be solved is, given a set of Adler-Adler resonance parameters
which determine a cross section uniquely, how much information can be obtained
about the Kapur-Peierls resonance parameters? From equation (14) we can deter-
mine the g,, up to a sign, and so from equation (34) we must find either of the matrices
X® or B. We assume that the average radiation width I, is known. For fissile
materials, equation (15) then gives

G(y) +1H(v) = I" ZX(n)Blu/(C* C;.) (35)
and ’
G +iH = ¥ XGXEUCE-Cy. ©9
u

For N resonances, this represents 4N constraints upon B or X®. These are insuffi-
cient to determine any of the fission widths, and we regard these widths as the unknowns
in the problem.

Now let us consider the effect of unitarity. We assume only one neutron channel.
Equation (27) yields N % constraints while equations (26) give 2N (N + 1) constraints,
where N is the number of fission channels. These constraints are not independent,
and so we choose the greater number N2, The equation

X(F) z glc guc (37)
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yields an additional N2 conditions, so that in all we have 2N 2 4 4N constraints and
only 2NNg unknowns. The problem as posed, therefore, has no solution unless some
of the constraints are redundant or relaxed. For example, the C, are not really
independent variables but are intimately connected with the reduced widths g,. by
way of equation (27). It follows that 2N 2 1 2N(2— Ng) redundancies must occur
via these relations if the fission widths are to be determined.

The most sensible approach to this problem is to fit cross sections directly to the
Kapur—Peierls form while using the unitary nature of the T matrix as a constraint
upon the fit. Then all of the above conditions are automatically satisfied and Adler—
Adler parameters can be derived rather than fitted directly.

A knowledge of B obtained in this way does not permit the determination of S.
It is a consequence of the work of Adler and Adler (1972) that S is not a unique
matrix and, for more than two fission channels, a number of such matrices can be
defined which obey equation (30) and diagonalize a suitable level matrix. Another
problem related to the above is, given a set of Kapur-Peierls parameters, can one
find a unique set of Wigner-Eisenbud (1947) parameters?
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