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Abstract

The free convection flow along a semi-infinite horizontal plate oscillating in its own plane is analysed.
The basic flow is purely buoyancy induced, while the oscillations in the plate cause a time-dependent
boundary layer flow and heat transfer. The boundary layer equations are linearized and the first
two approximations are considered. Two separate solutions valid for high and low frequency
ranges are obtained by a series expansion in terms of frequency parameters. The skin friction and
the rate of heat transfer are studied for both frequency ranges. For very high frequencies, the
oscillatory flow pattern is of a ‘shear-wave’ type, unaffected by the mean flow. It is found that the
phase of the skin friction at the plate lags that of the plate oscillations by 47 and the rate of heat
transfer has a phase lag of 7.

Introduction

In the study of unsteady boundary layer flows, one aspect that has received much
attention in recent vears is concerned with boundary layer responses to imposed
oscillations. The theory of this was initiated by Lighthill (1954) to study the effect
of free stream oscillations on flow and heat transfer along plates and cylinders. The
extension of the theory for free convection boundary layers along a semi-infinite
vertical plate was carried out by Nanda and Sharma (1963), Eshghy et al. (1965)
and Kelleher and Yang (1968), but the case when the plate is horizontal was not
considered. Recently, however, Muhuri and Maiti (1967) have studied free convection
flow and heat transfer along a semi-infinite horizontal plate when the plate temperature
oscillates about a constant mean, and they have obtained separate solutions for low
and high frequency ranges. These oscillatory flow and heat transfer problems are
important in engineering because such flows occur often in practice. To an observer
standing on the rotating element of a turbomachine the flow appears as an oscillation
superimposed on a mean flow. The effect of fluid or surface oscillations on the heat
transfer from a surface to the surrounding flow is of particular interest to the
engineer.

The main aim of the present investigation is to study the effect of plate oscillations
on the free convection flow and heat transfer along a semi-infinite horizontal plate.
We consider a thin flat plate extending from the origin to infinity in the x direction,
where x measures the distance along the plate lying horizontally in quiescent fluid
and oscillating in its plane at right angles to its edge. The plate is heated to a uniform
temperature 7, and placed in an ambient fluid at 7,. Thus the basic flow is entirely
due to buoyancy forces over a horizontal plate whose temperature differs from that
of the free stream. The effect of the buoyancy forces is to induce a longitudinal
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pressure gradient which causes flow. It is an interesting flow in its own right, yielding
a steady outer streaming for the boundary layer equations as a result of free convection
alone; moreover, this problem should be easily amenable to experiment in a laboratory.
The steady free convection flow over the plate is perturbed due to its harmonic
oscillations. By assuming that the magnitude of the oscillations is small (of order
& < 1) compared with the mean velocity induced by the convection, we are able
to employ techniques of linearization for this perturbation.

In the present treatment the basic steady flow is considered using the Karman-
Pohlhausen method, and an approximate solution to be used in the subsequent study
of unsteady flow is obtained. Two different solutions for low and high frequency
ranges are developed from the perturbation equations. The method of solving
the problem is essentially the same as that developed by Lighthill (1954), except
that it is extended to obtain series solutions for low and high frequencies. The
matching between the two solutions is found to be quite satisfactory. For very high
frequencies the phase of the rate of heat transfer lags behind that of the plate
oscillations by 4n and the skin friction has a phase lag of 1.

Basic Equations

The boundary layer equations for two-dimensional free-convection incompressible
unsteady flow past a semi-infinite horizontal plate are (Verma 1970; see also Sparrow
and Minkowycz 1962)

ou Odu ou o((” 0*u
At Tt (LY Rt (o
ou Ov
oy = 0, (1b)
00 a0 00 %0
—67+,u6x+va_y—a57’ (1c)
where § = T—T,, with T and T, being the temperature of the boundary layer and

free stream respectwely, u and v are the velocity components along the x and y
directions respectively, x being the coordinate along the plate and y normal to it;
g is the acceleration due to gravity; o is the thermal diffusivity of the fluid; and
p and v are the coefficients of thermal expansion and kinematic viscosity respectively.
In accordance with the usual practice for free convection flows, we restrict the effect
of the density variations to the formation of the ‘buoyant force’, which is the first
term on the right-hand side of equation (1a).
The boundary conditions for equations (1) are

y=0: u=e¢Ul), v=0, 06=0, (<1 (2a)
y— 00! u—0, 0-0; (2b)

where U(t) = Ujexp(iot), U, being assumed to be independent of the frequency of
oscillations w, and 6, = T,,— T, T, being the plate temperature. It is assumed that

the plate oscillation velocity is small compared with the mean horizontal velocity
indnced hv the cteadv ctate canvection



The solution of equations (1) with (2) are obtained in terms of complex functions,
the real parts of which have physical significance. We take u, v and 0 each to be
the sum of a steady component and a small oscillating component:

u = uy +euy exp(iot), v = vy +ev,exp(iot), 60 = 6, +ed, exp(iot), (3)

where the components u,, v, and 6, for the steady mean flow satisfy the equations

auo 6u0 ‘_ (3 © azuO
w +ooge = ab{ | 9°dy)+vé;f’ (42)
Oug , 0vy
P + E =0, (4b)
a0, 00y 0%0,
u°797+v°_67~a§7’ (40)

with the boundary conditions
y=0: uo =0, wvo=0, 0,=0,; (52)
y— 0! uy, — 0, 6, » 0. (5b)

Neglecting squares of ¢ and dividing by exp(iwt), we find that u,, v, and 0, satisfy
the following set of differential equations

. ou, ou, dug dug _ o0 (([* 0%u,
iou, +u°a_x+U°W+u16_x+vl 3y —gﬂax , 0, dy +va—y2, (6a)

Ouy | Ovy
w0 (6b)
. 00, 00, 00, 90, 06,
.16091 +u0—67 +Uogy~ +ula—x+01 ay = OCW, (60)
with the boundary conditions
y=0: u =U,, vy,=0, 6, =0; (7a)
y—> 00! u, -0, 0, - 0. (7b)

Steady State Solution

Let us consider the set of equations (4) and (5) which describe the steady free
convection boundary layer flow along a horizontal plate. We shall employ the
Kéarman-Pohlhausen method of integration to solve these equations. Integrating
equations (4a) and (4c) over the width of the boundary layer, we obtain

([ , A N il ‘ ,
a‘(fo “0‘”)”(Fy‘)y=,o ‘g”a—x(fo f 00 dydy), (8a)

a([” _ (40,
i, roto) = =o(3) ., @
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We assume the velocity and temperature profiles

Uy = Vo(x) (’7_2’72"‘2’14_’15), 0o = %Bw(3_5’70+5’13—3'l3) > )]
where

Vo(x) = 39P0,0°d3e/dx, 1 =y[5, 1= /oy,

¢ and 9, being the viscous and thermal boundary layer thicknesses. The expressions
(9) satisfy the conditions (5a) at y = 0, together with

) dug 0%uq 00, 0%0, )
y - ! -57*0, a—yz_’O, 6—y-—>0, 6y2_)0’
0*u o((* 0%0
=0: —0) + ——(f 0,d ) =0, < 0) =0,
y v(ayz =0 gﬁ ax o 0 y ayz y=0

3 3
G8) 0 €8) oo
ay y=0 ay y=0
Substituting the profiles (9) into equations (8a) and (8b) and considering only
the similarity cases, we obtain

946~ = 994%(404 —21) G(4), A® = 12375(404 —21)/474, (10)
where
4 = 3y/6, 8 = Ax*P(?[gpo,)'"?,
o = vfa, Vo(x) = 315 44X (g0, v*)*'*,
and
Gd) =t =547 +547 — 184”7, 421,
= el A AL, a<1,

It should be noted that the mean horizontal velocity induced by the steady convection
is zero at the edge of the plate, and the analysis is invalid for small values of x.
However, the mean velocity increases as x'/> and so the results are valid far down-
stream.

The results of practical interest here are the rate of heat transfer, or Nusselt
number Nu, and the skin-friction characteristics of the problem, and these can now be
obtained easily. The steady-state rate of heat transfer Nu, in nondimensional form
is given by

v = (5), 5 ) -5 av
while the corresponding nondimensional skin friction at the wall g is
1/5 2
= apoy) ()5 &
Specific values of Nu, and 7§ for three values of the ratio ¢ are set out below.
=072 Nuo = 0-328 T = 0-901
1-0 0-361 0-785

10 0-652 0-361



It is obvious that the skin friction decreases and the heat transfer increases as ¢
increases. These results are a reliable guide to the physical situation since the
K4arméan-Pohlhausen method has been proved to be a successful tool in predicting
the effects of an increase in the Prandtl number on the physical properties of a flow
(Lighthill 1954).

We now proceed to investigate the nature of the flow and the temperature fields
due to the oscillations of the plate. As noted previously, the solutions for low and
high frequency ranges are developed separately.

Oscillating Plate Solutions
(a) Low Frequency Range

We make use of the Karman—Pohlhausen method again here to solve equations
(6) and (7). Integrating (6a) and (6¢) from y = 0 to co, we obtain the averaging
conditions

u\  _ o[ (" LA
(ay)y 0 _gﬁé;(fo J; 01 dydy) 2(ﬁ(J‘O toth dy)

—iw j: u, dy, (13a)
(aaey)y —io f: 0, dy + %(f: (o 8+ 0) dy). (13b)

Also, equations (6a) and (6¢) and their first differentials at y = 0 are
iwU, = gﬁ%(fo 0, dy) +v(‘§y”1)y=o, (14a)
o(%), ., ), (5, s
5,0
o), )L o

Consistent with the conditions (7) and (14), we assume the profiles for u; and 6,
s [Up = (1=Sn*+41°)+ Ay (1= 41+ 5n°)

+ A0 =30+ 20°) + A = 20" +1°) (152)

0,/0,, = (Uo8*/vx){By(ny—4ng +3n3)+ By(ms — —2n5+n3)} . (15b)

In these equations the 4; and B; are functions of w to be determined. They may
be obtained by substituting the profiles (15) into equations (13) and (14), which
leads to the following expressions.
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Ay = 175A5412(10B1+B2)~1a>*(3 +34; 54, +&54,)

"'TS’A.SA(%+2772A1 9240A2+34465A3)’ (16a)
A, = %iw* —ﬁAS(IZBl +Bz), Ay = Liw*4, —Q—%TASA ). (16b)
Bl ‘= 0A2{241w*(12B1+B2)+ AS(Bl H(A)+BZ GI(A))'I"F(A)
+A,E(4)+A4,1(4) +A3J(A)}, . (16c)
B, = Liw*c4*B, +L04?, ~ (16d)
where

H(4) = | —J—AZ A4 —mAS <1,
=4—12—A—1 —4—5A +475A5 =>1;
Gi(d) = 1554 — g 4 + 145 4* —z54°, <1,
= 3547 — 1= _4+“1§2L0A_5, =>1;
F(A)=%—2—17~A4+—72—7A5, <1,
=2—2~f—A_1 +%A_4—T1TA—5, =1;
E(A)=6—53—A—-1‘3‘5A4+%A5, <1,
=R T, A
1(4) =’1_§§A2 —ﬁ?A‘t —I—ﬁl—ds, <1,
=1—1A7 1A - 0 A7, 4=1;
J(A)=%A 135A4 23‘1‘45 4<1,
= o —714" +717A—4_T6-5—A R R

and the nondimensional frequency parameter w* = wé%/v. Equations (16) may be
solved by expanding the 4; and B, in series of the form

= Y Aio*)", i=1,23, B; = Y B,(io*)", j=1,2. a7
n=1 n=1

Substituting these expressions in equations (16) and comparing likevpowers of iw*
on both sides, we get:

forn = 0,

A10 = il?AAs{%A(IOBlo‘f'BZO) "(’42_99? +2‘;;2 A10 +9;Z-0 A20 + 34465 A30)}’ (183‘)
By = _%GAZ{Z]_OAS(Blo H(4) +Bzo.G1(A)) +F(4) + 450 E(4)
+ Az I(4) + A5, T ()}, : (18b)



Azo = — 5o AA(12Big+ Byo),  Aso = —5bsAd’, By = oA?; (189

forn =1,

Ay = TlsAAs{%A(IOBll"'BZl) _(2‘”2/111 + 1§;4A21 +34465 A31)}
— (3 +3 410 +15 420 +d5430) > (192)

By = —+04*{34 A(12B,4+ By) + 545 A*(By; H(4) + By, G,(4))
+ Ay E(4) + 45, 1(4) + 45, T (4)}, (19b)

Ay = 4+ —55544°(12B1 + By, Az = £ 410> B,y = 164’B;y;  (19c)
and, for n > 2,

Ay = ﬁAAS{%A(IOBln"*‘BZn) _(2‘7‘;2 Ay +9§Zo Azp + 34465 A3n)}

—(% +%A1,n—1 +’1'1—5‘A2,n—1 +61—0A3,n—1)9 . (203')

By, = —10A%{;% A(12B, ,_,+B,,,—1) +4% A*(By, H(4) + B,,G,(4))
+A,, E(4) +A4,,1(4) +A3nJ(A)}, (20b)
A2n = _6(1)0 AA5(12B1”+BZ,,), A3n = %Ax,n—la an = %O'AZB1,n—1- (200)

The solution of equations (6) and (7) in the limiting case w —-0 is the quasi-steady
solution, to be denoted by u,,v,,0,. These quantities are the coefficients of ¢ in the
velocity and temperature field distributions for steady flow with an imposed oscillation
gU, of the plate. Hence

00,

Do, 9, = Uyl @1)
0

U,

Oug

m’ vy = UO

us=U0

That this solves equations (6) and (7) where @ = 0 can be verified by direct substitution.
It can also be verified easily that this quasi-steady solution corresponds to Ao,
Ao, A30, Bio and B,, given by equations (18).

The profiles (15) for u, and 0, can now be expressed as the sum of the in-phase
and out-of-phase components as

Uy = U+iuy, 0 = 0,+i6,. (22)

The longitudinal components of the vélocity and temperature fields may thus be
written in the form

u = uy +eR,cos(wt+¢,), 0 = 0, +eRycos(wt+dy), (23)

where :
Ru = (ur2+u%)% ’ RO

¢)u = arCtan(uZ/ur)a ¢0

(07 +03)*,
arctan(6,/0,) .

Il
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The rate of heat transfer for low frequency fluctuations is finally obtained in
dimensionless form as

2/5 2 1/5
) 520D
y= w W

—eAA 1 Re (exp(ia)t) Y B 1,,(ico*)") = eNu, cos(wt+ ¢dy,), (24)
n=0

Nuf

while the dimensionless skin friction is

. ou vx \®
= sewtion(y) (i)
T eexp(iot) 5 ),-0\s35%3

- eA“lRe(exp(iwt) 5 Al,,(ia)*)") = o1, cos(wi+ ), 25)
n=0

where the amplitudes Nu,, 7, and phases ¢y,, ¢, are defined by these expressions.

(b) High Frequency Range
For high frequencies of oscillation Lighthill (1954) has shown chat the oscillating
flow is to a close approximation an ordinary ‘shear wave’ unaffected by the mean flow.
Following Lighthill, we have the oscillatory horizontal component u, of the velocity
given by
Uy = Uyexp{—(io]n)y},

which is obtained by retaining the terms with the factor w together with the derivatives
of highest order in equation (6a). This relation shows that for very high frequencies
the thickness of the oscillatory boundary layer is of order (v/w)?, that is, it is small in
comparison with the thickness of the steady boundary layer, which is of order
(vx/Uy)*. Thus one can expect the entire oscillatory flow to be contained within
the steady boundary layer. Because of this, in order to solve equations (6) and @)
for large w, we expand u,, v, and 0, in inverse powers of w?:

uy =+ uy o u, 0 uy + o, (26a)
vy =0 oo +o oy 070, + (26b)
0 =010+ 20, +0 10, +0 30,5 + ... (26¢)

In terms of a new variable z = yw?*, equations (6) take the form

Puy . duy Oug ~1f, Ouy Juy
v P —iuy = (00-52_ +01-a7) to (“0737 +u15€‘)
_ o([”
-—w 3/2gﬂa—x<f/ ) 0, dz), (27a)
Ouy 300
-a—x—+w I 0, (27b)
0%0, . _ 00 00 _ 00 a0
o 0221 —i0; = ’L(Do-a—zl +v1-&9) +ow l(uo-a—x1 +u173-;°). (27¢)



Within the oscillatory boundary layer, the steady flow can be approximated (in
terms of y = zew ™ %) as

2
wo = w0 +y(32) +5 (%)
y=0

oy 6y
= (Vo/8)zww™* ——(2V0/52)Z o+ ..., (28a)
ov 0%
Vo —00(0)4‘}’(6;) +2'(6y0)
= (Vo/56x)z*w ™ + ..., (28b)

26, zL(aZOO)
0 —00(0)+y(6y) (2
—(50,,/348)z00”F + .

Substituting equations (26) into (27) and using (28), we obtain for u,, and 6,, the
differential set

(28¢c)

2
aWOIMO_o a&°1mo_o (29)
0z2 0z?

with the conditions

z=0: wu,=U,, 0,0=0; z—>00: U,—0, 0;,—-0.

The solution of equations (29) is
U0 = Ugexp{—(io/v)*y}, 0, =0, (30)

which is unaffected by the steady mean flow. Interaction terms, however, appear in
the subsequent higher approximations. The first nonzero term in 6, is 6,3 which
satisfies the equation

0%0 . 56, U, 0 (1 .
a——2 —if,; = ——32—°a~x(g)zexp{—(1/v)*z}, (31).

with the boundary conditions
Z=O: 913=0; Z — 00! 613_)0.
From equation (31) we get

2U, 0, [vzexp{—(i/v)*z} + 2v3(ifv)?

0,5 = (exp{—(i/a)éz} —exp{—(i/v)i‘z})}. (32)

3xads|  i(1-o) (1-0)
We thus obtain the velocity component u and the temperature field 6 as
u = ug +eexp(iot) Ugexp{ —(iwv)ty}, (33a)
. 2Uqy 0, 0(yw* exp{—(iw/v)ty}
0 — 0Yw
0, +aexp(1wt)w3/2Ax5{ =0

+( A ))z(exp{ —(iwja)ty} —exp{ —(iw/v)? y})} (33b)



344 R. L. Verma and P. Singh

We finally have then the rate of heat transfer for high frequency oscillations
given in dimensionless form by

. _ . _('20_1) xz/s( v: \'*  2ecexpli(wt—im)}
Nuy = geXp(lwt)<ay y=0 0, \gB0,)  3dw*A(1+e%)? (34)

while the nondimensional skin friction is

1/5
T = (%%)F(Jsexp(iwt)(#i—@) = ¢4~ ! (w)**exp{i(wt—in)}. (35)
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Figs 1 and 2. Frequency responses of the amplitudes (a) and phases (b) of (1) the rate of heat
transfer Nu and (2) the skin friction 7. Each characteristic is shown as a function of the
dimensionless frequency parameter w*/w} for three values of . In all cases the dashed
curves represent the high frequency solutions.

For sufficiently large values of w* we find that the amplitude of the rate of heat
transfer increases with frequency and its phase lags behind that of the plate
oscillations by 90°, while the skin friction increases with frequency and has a phase
lag of 45°.

(¢) Discussion of Results

The frequency responses of the amplitude and phase angle of the rate of heat
transfer and of the skin friction as functions of w*/w¥ for values of ¢ of 0-72. 1-0



and 10 are shown in Figs 1 and 2 respectively. The low and high frequency solutions
were matched on the basis of the skin-friction oscillations, taking the matching
point as the critical frequency wg (which depends on ¢) at which the low frequency
solution predicts a phase lag equal to that of the shear-wave solution (Fig. 2b).
It can be seen that the amplitude and phase of the fluctuating components of the
rate of heat transfer and the skin friction all increase initially at low frequencies.
For higher frequencies the phase lead of Nu and 7 reaches a maximum and then
decreases to become a phase lag and approaches an asymptotic value at very high
frequencies. It is found that, while the amplitude of the rate of heat transfer changes
significantly as ¢ increases from 0-72 to 10, the amplitude of the skin friction is not
greatly affected.
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