
Partial Wave Analysis of 
the l8O(p, ao)15N Reaction 

L. W. J. Wild and B. M. Spicer 

Aust. J. Phys., 1979, 32, 187-93 

School of Physics, University of Melbourne, Parkville, Vic. 3052. 

Abstract 

A partial wave analysis of the differential cross sections for the 180(p,OCO)15N reaction has been 
carried out by applying the formalism of .Blatt and Biedenharn (1952), made specific for this reaction. 
The differential cross sections, measured at 200 keV intervals from 6·6 to 10·4 MeV bombarding 
energy, were subjected to least-squares fitting to this specific analytic expression. Two resonances 
were given by the analysis, the 19p states being at 14·71 ±0·07 MeV (1/2-) and 14·80±0·07 MeV 
(1/2 +). 

1. Introduction 

Jolivette and Richards (1969) pointed out that an explicit and simple analytic 
form for the differential cross section of the reaction 160(d,O(d4N* (2·31 MeV) 
could be obtained from the general equations of Blatt and Biedenharn (1952). In 
the case quoted a pair of spin zero even-parity particles emerge from a single state 
J" of a compound nucleus formed initially by a 1 + and 0+ pair. The simple analytic 
form takes account of interference between all partial waves involved in both the 
incident and exit channels. 

This paper reports that the same general approach of Jolivette and Richards 
(1969) is possible for the case where a spin zero and spin 1/2 pair form a single state 
of angular momentum J" which then decays into a spin zero and spin 1/2 pair. 
This simple situation is exemplified by the 180(p, O(oysN reaction, which is discussed 
here. The present measurement was made as part of an overall program to study 
the charged particles from 180 plus proton reactions; complete details will be 
published later. 

In Section 2, the analytic form for the differential cross section is given and 
discussed. Sections 3 and 4 present the experimental data and the results of the 
analysis respectively. 

2. Form of Differential Cross Section 

The 180(p,O(o)15N reaction has both entrance and exit channel spins of 1/2; 
the entrance channel spin s is 1/2+ while the exit channel spin s' is l/r. Thus, 
for a compound state of angular momentum and parity J1<, the angular momentum 
conditions are 

s + I = J1< = s' + I' , s,s' = 1/2+, l/r. (1) 
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In this case, both I and I' are uniquely determined by the angular momentum and 
parity of the compound nucleus state, such that 

1= J_-!(_I)"+J-t, I' = J+t(-I),,+J+t, (2) 

where n is the parity of the compound state. As a consequence it is meaningful to 
attempt to express the analytic form of the differential cross section in terms of the 
angular momentum J of the compound state. 

Blatt and Biedenharn (1952) give the cross section formula 

where 

1 +s 

dO"a's',as = ;zL 
S ms=-s 

+s' 
L dO'a's'msl',a:sms ' 

ms'= -s' 

a's'rns"asrns =~; L L L L L i/-I'nt i dO" \ OC! +J J+s J+s' +1' 

dQ J=O M=-J I=IJ-si I'=IJ-s'l IL'=-I' 

(3a) 

x ( -S~'S'l',as/) (lOsms I JM)(l',u's'ms' I JM) Y/'IL'(O, ¢) \2. (3b) 

Here S:'s'I',asl is the probability amplitude for a collision with total angular momentum 
J from channel asl into channel a's' I' (S is in fact an element of the scattering matrix), 
a (a') is used to denote all quantum numbers needed to specify the channel other 
than s and I (s' and I '), and the notation x == (2x + I)t has been used. 

The simple relationships (2) between the angular momenta enable that part of 
the expression (3b) within the modulus signs to be written explicitly in terms of 
J and the sums to be carried out. Then, introducing explicit forms for the 
Clebsch-Gordan coefficients (Condon and Shortley 1935), and using the fact that 

YI,l(O,¢) = (21+1 (l-I)!)tdPlCOSO) 
4n (1+ I)! Od' 

we find 

dO"oc's',as ---em-
= t~;[1 J~t {(SJ-t.J+v)(J+-t)PJ-t(COSO) - (SJ+t,J-v)(J +-t)PJ+t(COSO)}1

2 

I ~ {(S )dPJ - t (s )dPJ+t 12}] + l;Jt J-t,J+t,J -cw- + J+t,J-t,J -cw- . (4) 

Here we have written Sll'J for the complex amplitude of the pair of partial waves 
that give a particular J" for the compound state. Each sum contains contributions 
from both even and odd parity states of a given J. The angle 0 is measured in the 
centre of mass system, and ~a is the reduced wavelength of relative motion in the 
180 + P channel. 
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Fig. 1. Differential cross sections of DC particles leaving lsN in its ground 
state, for proton bombarding energies between 7·4 and 8· 0 MeV. These 
results are presented as a typical set of differential cross sections. The 
curves represent least-squares fits to equation (4). Statistical errors are 
about the size of the data points . 
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Fig. 2. Total cross section a for the 180(p, DCo)15N reaction as a function 
of the proton energy Ep between 6·6 and 10·4 MeV. 
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The trajectory of the complex amplitude SIl'J = Rll'Jexp(icf>Il'J) corresponding 
to an isolated resonance is a circle traced in the counter-clockwise direction. The 
radius of this resonance circle is (rIX1rlX'I,)tjr, and its centre is determined by the 
nonresonant background, as discussed by McVoy (1967); r is the total width of the 
resonance, r al and r lX ,!, being the partial widths appropriate to the entrance and exit 
channels respectively. 

3. Experiment 

Differential cross sections were measured for the l80(p, aoysN reaction at 200 keV 
intervals from 6·6 to 10·4 MeV proton energy in the laboratory frame. The target 
system consisted of a small volume gas cell; its construction and the manner of 
obtaining absolute cross sections using it have been described previously (Crinean 
et al. 1975). The particle identification system, which was necessary to separate the 
a particles from scattered protons, deuterons and tritons, has also been described 
previously (Hudson et al. 1972). The protons were obtained from the Melbourne 
University variable energy cyclotron. Measurements were also made of the excitation· 
functions at 35° and 90° laboratory angles, in 50 keV steps. Excitation functions 
for this reaction have not been measured previously in the present energy range. 

The most significant feature of the angular distributions is the rapid change of 
shape with change in bombarding energy. Indeed, there is no indication of any 
single consistent feature which might be taken as an indicator of a direct reaction 
process; this lack, in fact, encouraged the attempt to analyse the reaction data 
within the compound nucleus framework. 

The differential cross sections are shown in Fig. 1. The total cross section was 
obtained by fitting the data with a Legendre polynomial series, and Fig. 2 shows a 
plot of this total cross section (= 4nao) as a function of proton energy. The probable 
error associated with the absolute cross section values is estimated to be about ± 10 %. 
The dominant feature of the total cross section is the large peak centred at 7· 2 MeV 
incident proton energy. 

4. Analysis and Results 

The measured differential cross sections were least-squares fitted to equation (4) 
and the magnitudes and phases of the reaction amplitudes SIl'J were determined as 
a function of energy. The number of data points in the measured angular distributions 
limited the number of partial waves that could be considered. The compound nucleus 
states able to be considered were thereby limited to J" up to 5j2±. No satisfactory 
fit was obtained for the 6·6 MeV angular distribution; however, all other cases 
considered were fitted well. This is consistent with the finding of the Legendre 
polynomial series fit which indicated that the inclusion of terms higher than P 6( cos 8) 
gave no improvement in the X2 of the fit to angular distributions above 6·6 MeV. 

Two methods of searching for the reaction channel amplitudes were employed. 
The first method made an independent fit to each differential cross section, while 
the second method used the parameters found in the fit at one energy as starting 
parameters in the search for the best fit at the next energy. The energy dependence 
of the magnitudes~of all the reaction channel amplitudes determined by these methods 
is shown in Fig. 3. 
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Fig. 3. Energy dependence of the reaction channel amplitudes Sll'Jo for the indicated r values, 
as a function of proton bombarding energy. The results were determined by two methods: 
(a) an independent fit to each differential cross section, and (b) parameters found at one 
energy being used as starting parameters for the search at the next energy. 
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The two fitting methods produced differences in detail in the reaction amplitudes 
SIl'J; however, the dominant features are the substantial peaks in the Jft = 1/2+ 
and l/r reaction amplitudes near 7·2 MeV. The differences in detail are due to 
inherent ambiguities in this method of analysis (Jolivette and Richards 1969). The 
results indicate that the peak observed in the excitation function is due to two over­
lapping states which interfere. The energy dependences of the 1/2+ and l/r reaction 
amplitudes were fitted with Breit-Wigner resonance shapes, and these fits resulted 
in the resonance parameters given in Table 1. 

Table 1. Resonance parameters in 180(p, ao)15N cross section 

Resonance Proton energy (c.m.) 
r Ep (MeV) 

1/2- 6·72±0·07 
1/2+ 6·80±0·07 

19p excitation energy 
(MeV) 

14·71±0·07 
14·80±0·07 

Width (lab.) 
(keV) 

270±70 
400± 100 

To attempt to confirm the resonance nature of the two peaks in the reaction 
amplitudes, attention was turned to the phases deduced for the SIl'J channel amplitudes 
from the least-squares fitting of the data to equation (4). As noted in Section 2 
above, the work of McVoy (1967) indicates that the trajectory of the complex ampli­
tude, for an isolated resonance, is a circle traced in the counter-clockwise direction. 
The plots of the two peaks are shown in Fig. 4. 

Fig. 4. Resonance 'circles' for 
the 1/2+ and 1/2- states of 19p 

(following McVoy 1967). 

The present attempt to demonstrate the resonance circles from actual data suffers 
from several disadvantages. Firstly, the differential cross sections were measured 
at intervals of 200 keV, which are larger than is desirable for such resonances. 
Secondly, Fig. 3 shows substantial background beneath these two states. The lack 
of data below 6·6 MeV bombarding energy precludes any estimate of the energy 
dependence of this nonresonant background. Thirdly, there is known to be an inherent 
ambiguity in the phase determination in this method of resonance study (Jolivette 
and Richards 1969), and the present data do not contain enough information to 
remove this. We have attempted to minimize the ambiguity problem by plotting 
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the phases determined in the second (sequential) method; it was felt that this pro­
cedure was more likely to lead to a consistent set of amplitudes and phases. Fig. 4 
shows that this expectation was in fact borne out. 

In spite of the above problems, Fig. 4 does show that resonance 'circles' are 
obtained, and this is taken as confirmation of the resonance nature of the peaks. 
Analysis of the differential cross sections therefore leads to the identification of two 
states in the compound nucleus 19F, whose parameters are given in Table 1. The 
1/2- state appears to be a new state of 19F, provided that the 14· 80 MeV state 
(1/2+) is identified with the resonance observed in the 180(p, n)18F reaction by 
Bair et al. (1964), who give the excitation energy as 14'78±0'02 MeV. The widths 
(laboratory system) also compare well: Bair et al. give 300 keV and our value is 
400± 100 keV. 
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