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Abstract

The Schwarzschild metric with 4 > 0 allows circular orbits only within the annular region
3m < ro < (3m/A)*. For m < A% this region includes a narrower annular zone, throughout which
circular orbits are stable but outside of which they are unstable.

The existence and stability of circular orbits in a Schwarzschild field in the absence
of the cosmological constant A4 have been considered by Darwin (1959) and Mielnik
and Plebariski (1962). However, there have been various suggestions that plausible
cosmological models should include the cosmological constant (see e.g. Gunn and
Tinsley 1975; Lake 1977), and with this in mind I examine here the effect of taking
A > 0 upon the existence and stability of circular orbits.

In the presence of the cosmological constant, the metric describing the Schwarz-
schild field takes the form

ds* = yc?dt? —y~tdr? —r2d6* —r?sin®0d6?, (la)
where
x =1=2mr™1 —3Ar2, (1b)

The geodesic equations for equatorial orbits in this field yield
dt/ds = " p, r2d/ds=h, 1 =yc?i?—y" 172 —r2p?, )

where p and 4 are parameters related to the energy and angular momentum of an
orbiting test particle (Felice 1968). These equations in turn yield the following
relation governing equatorial orbits

d2u+ U =24 3m A u3
> " W T 3T
where we have transformed the radial coordinate to u = r~'. Equation (3) is identical
with the relation given by Adler and Bazin (1975) apart from the presence of the term
involving A.
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We now consider circular orbits u = u,, with a small radial perturbation of & on u,.
Equation (3) then becomes

d%e m A _
a7 Thote = 37 T3mluo+e)* — 305 (o +9)7, @
from which we obtain
d2e/d¢? +e(1 —6mu, — A/h?u) =0, )
with
h? = (3mud — A)[3u(1—3muy), ©)

having retained first-order perturbation terms only. For equation (6) to have a
positive real root /4, we obtain the following condition for the existence of circular
orbits

3m<ry<r*, where r* = (3m/A)?}, (7a,b)

bearing in mind that we require y, > 0. Note that the first of the inequalities (7a)
agrees with Darwin (1959).

The stability of circular orbits in the region given by (7a) requires that (see
equation 5)

1 —6muy, —A/R*uf > 0, 8)
or
F(uy) > 0, (%)
where
F(up) = —18m*uf +3mud +15mug A —44. (9b)

Now F(u,) = 0 has two positive roots 1/« and 1/B, with « > B, and so circular
orbits are stable in the region
f<ro<a<r*.

Form < 147 % we have 1/a > u* (where u* is the reciprocal of r *) because F(u*) < 0.
Thus, for a given m and a postulated 4, it is possible to calculate « and by numerical
methods. Finally, if 4 is allowed to approach zero, we recover the results of Darwin
(1959) for the Schwarzschild field in the absence of the cosmological constant: namely,
that the region 3m < r, < oo permits circular orbits and that the region 6m < ry < c©
permits stable circular orbits.

References

Adler, R., and Bazin, S. (1975). ‘An Introduction to General Relativity’ (McGraw-Hill: New York).
Darwin, C. (1959). Proc. R. Soc. London 249, 180.

Felice, F. D. (1968). Nuovo Cimento B 52, 351.

Gunn, J. E., and Tinsley, B. M. (1975). Nature 257, 454.

Lake, K. (1977). Phys. Rev. D. 15, 3513.

Mielnik and Plebanski (1962). Acta Phys. Pol. 21, 239.

Manuscript received 12 September 1978




 
 
    
   HistoryItem_V1
   AddMaskingTape
        
     Range: all pages
     Mask co-ordinates: Horizontal, vertical offset 15.71, 692.29 Width 452.42 Height 6.28 points
     Origin: bottom left
      

        
     1
     0
     BL
    
            
                
         Both
         1
         AllDoc
         1
              

       CurrentAVDoc
          

     15.7091 692.2911 452.4202 6.2836 
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.0d
     Quite Imposing Plus 2
     1
      

        
     0
     2
     1
     2
      

   1
  

 HistoryList_V1
 qi2base



